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ABSTRACT

The model coefficients for the case of the non-orthogonal
basis in Jacquin’s mappings are contrast scaling and
luminance offset. After orthogonalization, the model
coefficients become range block mean and contrast
scaling. These two fractal coding algorithms have the
same encoding procedure except that luminance offset is
replaced by range block mean, and however, their
decoding algorithms are different. In this paper, we prove
that the orthogonal decoding algorithm converges faster
than the non-orthogonal algorithm, while the two
decoding algorithms produce the same iteration series if
the initial image is the range-averaged image and the step
size equals the side-length of range block.

1. INTRODUCTION

In 1988, Barnsley and Sloan [1] originated fractal image
compression where an image is represented by an attractor
of a set of affine transforms. Later, Jacquin implemented a
block-based fractal compression algorithm by Partition
Iterated Function System (PIFS), and formed the standard
algorithm for fractal block coding [2]. Jacquin’s method is
based on the hypothesis that real world images exhibit
affine redundancy. Under this hypothesis, an image is first
segmented into range blocks, and each range block is then
encoded by finding the best affine map to minimize the
distortion between the range block and the candidate
domain blocks by searching a global or partial domain
block pool (similar to the codebook for vector
quantization). As a result, the fractal code of each range
block consists of a scaling parameter and a luminance
offset, and the location of the best matched domain block.
When decoding, the image is reconstructed by iteration on
an arbitrary initial image.

Many researches on fractal coding are focused on
speedup of fractal encoding [3-10] and fractal decoding
[11, 12]. A detailed investigation on fractal coding can be
found in [4, 13]. The affine transform in most of fractal
coding methods [2-8] is defined by a scaling parameter
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and a luminance offset, and we refer to fractal coding as
the non-orthogonal fractal coding. @ien and Leps@y [11]
derived the orthogonal fractal coding through
orthogonalization, where the affine transform is defined
by the range block mean and contrast scaling [9, 14]. @ien
and Leps@y proved that the orthogonal decoding
algorithm reaches the attractor in a finite number of
iterations if the step-size equals the side-length of range
block. Moon et al. [12] proved that the range-averaged
image is the optimal initial image for the non-orthogonal
decoding algorithm. However, what is the difference
between orthogonal and non-orthogonal fractal coding
algorithms? Which decoding algorithm converges faster?

In the paper, we prove that the orthogonal decoding
algorithm converges faster than the non-orthogonal
decoding algorithm, while two decoding algorithms
generate the same iteration series if the initial image is the
range-averaged image and the step-size equals the side-
length of range block.

The remainder of the paper is organized as follows.
Section 2 introduces the orthogonal and non-orthogonal
fractal coding. In Section 3, we prove the orthogonal
decoding algorithm converges faster than the non-
orthogonal counterpart, followed by conclusions.

2. ORTHOGONAL AND NON-ORTHOGONAL
FRACTAL CODING

Jacquin-styled fractal image compression is a block-based
compression scheme [1-8]. An image is first segmented
into range blocks (of size Bx B). A domain block pool
Q is a set of domain blocks (of size 2B x 2B), generated

by sliding 2B x 2B window in the step-size O within the
image [3]. Given a range block R = {ry}, a domain

block D={d;} , and an affine transform

7(D) =sp(D)+ gU (s is a scaling parameter and g is a
luminance offset), the affine parameters s and g can be
obtained using the least square method.

(s, ) =arg min E(R. D) =arg min|R ~sp(D)=gU[" (1)
5,2 5,8
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where U is a matrix whose elements are all ones, p is a
contractive operator which shrinks D into the same size
with R [2], and ”” is the L, -norm. As a result,

s=<R-RU,p(D-DU) >/||p(D—1_)U)||2 , g=R-sD

where R and D are the average intensity of the range
block and domain block, respectively, <.,.> is the inner

product. Note that the matrices are converted into the
vector by concatenating adjacent rows before the inner
product and L, -norm are computed. By minimizing

E(R,D) over D e Q, the fractal code of the range block
R is obtained as:
(5:8.1p.jp) = argmin £(R, D)
where (i, jp) is the top-left corner coordinate of the
best matched domain block. In place of g with R-sD,
we derive
(D) = sp(D)+ gU = RU + sp(D) — sDU
=RU +sp(D—DU)

As a result, due to <U , p(D—BU )> =0,7 is converted
into the orthogonal form [11]. The af_ﬁne transform of the

@

orthogonal form is determined by R and s, only § is
obtained by the least square’s method. For a given range
block R and a given domain block D, the distortions of
the two affine transforms are equal, and hence, the best
matched domain blocks of R obtained by the orthogonal
and non-orthogonal forms are the same. As a result, there
is no difference between the encoding procedures of the
two forms except that the fractal code of R of the

orthogonal form is {s,ﬁ ,ip.jpt . However, their
decoding algorithms are different.
The non-orthogonal decoding algorithm (s, g ) is

RY) = sp(D("—” )+ gU=RU+ sp(D("_l) - BU) 3)

Whereas, the orthogonal decoding algorithm (ﬁ ,8) 1s:
RM =RU + sp(D('H) - D(”’I)UJ (4)

D in (3) is constant, while D™ in (4) is the average of
the (n-1)-th iteration domain block, and it is a variable that
is updated as the iteration proceeds.

Qien and Lepsey [11] revealed the significance of
orthogonalization for fast decoding, and proved the
orthogonal decoding algorithm reaches the attractor in a
finite number of iterations under some conditions. The
choice of initial image of the iteration procedure has been
discussed for speeding up convergence. Whether for non-
orthogonal or for orthogonal decoding algorithms, the
range-averaged image (produced by replacing each pixel

of the range block with mean of the range block) is the
best initial image [11, 12].

3. FAST CONVERGENCE

Qien and Lepsey have proved that, for 2° x2° range block
and 2°"' 2! domain block, the orthogonal decoding
algorithm exactly reaches its attractor in b +1 iterations
for arbitrary initial image and in b iterations if initial
image is the range-averaged image. They have also shown
by the experiments that the orthogonal decoding algorithm
converges at least as fast as the non-orthogonal decoding
algorithm, however, they have not proved it. In this paper,
we prove that the orthogonal decoding algorithm
converges faster than the non-orthogonal counterpart, and
two decoding algorithms produce the same iteration
series, if the iteration started from the range-averaged
image. First, we state Lemma 1 and 2, and then we prove
the fast convergence based on these two Lemmas.

Lemma 1: If X={x,x,,---,x,} is a n-dimensional

= 1Ix .
vector, and X :—in is the mean of X, then
n
i=1

|x - XU| <|x -aU| For aer'
The equality holds if and only if a = X .

Lemma 2:

p(DU) =D = p(D) = p*(D) = ---

R11 R12 R21 Rr2
R13 R14 x5 R24
SN e

R = Rr1 Rr2
RS R4
=
R31 R32 RA1 R4
R33 R3g R43 Ra4
oo R34
N
FSY R34

Figure 1: Mapping between range block and domain block

Lemma 1 has been proven in [14], Lemma 2 is easy to
prove, because of the relation between the average
operator and the spatial contractive operator p . For
simplicity, we assume & = B, that is, the step-size equals
the side-length of range block. As a result, each domain
block consists of four range blocks (see Fig. 1). The
following notations are introduced for the proof of
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R, Ry

theorem 1 and 2. Let p=
R, R,

j denote the best

. 0 g
matched domain block of R , and D(n)=[R1( 1) R{I)J
R™ RY

(n=0,1,2,---) denote the nth iteration of D . Let

D, = (R“ Ry denote the best matched domain block
Ri3 Ri4

(n)
of R;, and pm _ [Rn

(n) . .
' R ] denote the nth iteration
Ry

R
of D;. Fig. 1 shows the range blocks and domain blocks
and their relations. Next, let us begin to prove theorem 1.

Theorem 1: The orthogonal decoding algorithm (4)
converges faster than the non-orthogonal decoding
algorithm (3), that is,

-

new n>1

<[r- &S

Proof: Based on PIFS theory, the original image is
approximated by the attractor of fractal transforms. Since
(3) and (4) have the same collage error, collage error is

ignored, range block R equals
R=s5p(D)+gU = RU + sp(D —BU)

when n =1, Theorem 1 has been proven in [14], that is,

-t -

new old
Let us proceed to the second iteration. For the non-
orthogonal decoding algorithm

2 1
R=RG) =splp- DY)

) (1
—sp Ri=Ripq Ry=Rypy
- O] (O]
Ry —R3oq Ry =Ry

—s s1P(D, _DI(O)) $,0(D; _Déo))
s3p(D; = D) s,p(D, - D§")

—s 51,02(D1 _DI(O)) Szpz(Dz _Déo))
530> (D3 = D) 5,p°(Dy - D)

Thus

4
oS-t

For the orthogonal decoding algorithm

R —R)
My _ 1 1,new
p(D DneW)_p(R3 —R(l)

3,new

_ F FZ_HI H,
AR F ) \H, H,

where
Fy =5,(p(D; = D{*") = p(D; = D" W
H, = p(F))=s,(p>(D; = D)= p*(D; = DO YW)

Thus

|r-RrE| =5

new

p(D—DiLL)—p(D—D,E‘eL)UH

< s“p(D ~pv

new
4
>
I=1

4
< Z:ss,Hp2 (D, - D,(O) )H = “R - Rgd) “ (Lemma 1)
I=1

)H (Lemma 1)

P(D, - D)= p* (D, - D |

Repeat the process until the nth iteration, we have

[R=R2| < oD =D& <355, [0 (D, - D]
=1

new

4
3 (n=3)
< ZSS,] S1|12 Hp (Dlllz - Dl\;‘z )H s

L=15,=1

< E 88,8,
- sll hiy S’llz”'ln—l
L=l =1l =1

Thus
st

n (0) — (n)
P (Dyyyq,, = Dipl, )H = HR - Ry

<|r-rS

Theorem 2: if the initial image is the range-averaged
image and 6 = B, then the orthogonal and non-orthogonal
decoding algorithms produce the same iteration series, or
in other words,

R — g

new old

Proof: since the initial image is the range-average image,
then D = D,, , furthermore,

p(D-DYy=p*(D-DP)=-..=0 (Lemma 2)
Following the proof of Theorem 1, we easily obtain
R-Rf) = R-RY) or R = RY)
Figure 2 shows PSNR vs. iteration times for 256x256

Lena image using the orthogonal and non-orthogonal

decoding algorithm. The Lena image is encoded with

2% x2? range block and 2*"' x 22! domain block (single

level), and the fractal codes are obtained by full search of
global domain block pool, and initial iteration image is
uniform image with 128 or the range-averaged image. Fig.
2(a) shows that PSNR of the orthogonal decoding
algorithm is always larger than PSNR of the non-
orthogonal decoding algorithm if the initial image is the
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uniform image. The experimental result is in compliance
with Theorem 1. Fig. 2 (b) shows the decoding algorithm
produces the same PNSRs if the initial image is the range-
averaged image, and the experimental result is in
compliance with Theorem 2. Experimental results also
shows the orthogonal decoding algorithm exactly reaches
its attractor in two iterations if the initial image is the
range-averaged image, and an additional iteration is
needed if the initial image is uniform image with 128. The
result is in compliance with Property 2 [11].

In summary, Theorem 1 provides a simple and clear
proof of Property 2 [11]. Combining Theorem 1 and 2
provides another proof of the theorem presented by Moon
et al [12] that the range-averaged image is the optimal
initial image for the non-orthogonal decoding algorithm.

‘ —e— orthogonal —s— non-orthogonal ‘

1 2 3 4 5 6 7 8

(a) Starting from uniform image with 128

‘ —e— orthogonal —s— non-orthogonal ‘

32

31 — ae > - - -

30 /
29 /

28 -
27
26 -
25

1 2 3 4 5 6 7 8

(b) Starting from the range-averaged image

Figure 2: PSNR vs. iteration times using the orthogonal
and non-orthogonal decoding algorithm for 256x256 Lena
image

4. CONCLUSIONS

In this paper, we prove that the orthogonal decoding
algorithm converges faster than the non-orthogonal
algorithm. We also prove two decoding algorithms
produce the same iteration series, if the initial image is the
range-averaged image and the step size equals the side-
length of range block.
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