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ABSTRACT 
 

Using statistical modeling in the wavelet domain, we address the 
problem of image denoising. Despite being effective, the 
denoised images can suffer from the Gibbs-like artifacts, like 
ringing around the edges and speckles in the smooth regions. We 
employ shift-invariant (SI) wavelet denoising in order to reduce 
these unpleasant artifacts. Not only is the visual quality greatly 
improved but also a PSNR gain of about 0.7~0.9 dB is obtained. 
The proposed approach, siPAB, outperforms siHMT, which is a 
competitive SI wavelet denoising approach, by 0.1~0.5 dB. 
Keywords: Shift-invariant wavelet transform, image denoising, 
interscale statistics. 

 

1. INTRODUCTION 
 

In a Bayesian wavelet denoising approach [1-4, 6-10], a 
prior is first specified for the wavelet coefficients of the 
unknown image, and then the Bayesian estimate is 
computed. 

However, the simple Gaussian prior is not 
appropriate. The actual density of the wavelet coefficients 
usually has a marked peak at zero and heavy tails. The 
Gaussian mixture model (GMM) [4] and the generalized 
Gaussian distribution (GGD) [9] are commonly used 
instead. Although GGD is more accurate, GMM is used in 
this paper due to its simple form. 

Moreover, the wavelet coefficients are not 
independent [10]. Statistical correlations like interscale 
dependency [6, 10] and intrascale dependency [8] have 
been exploited in image denoising. A hidden Markov tree 
(HMT) was employed by Crowse et al. [6] to capture the 
interscale dependency. However, HMT is computationally 
costly in the training stage. To overcome this [10] 
introduced nine meta-parameters to eliminate the training 
stage, leading to a scheme called uHMT. Alternatively, [3] 
established that the density of the wavelet coefficients can 
be well fitted by a 3-mode GMM (section 2). The PAB [3] 
approach dispenses with the HMM and yet the 
performance favorably compares with HMM based 
approaches, like HMT and uHMT.  

The PAB approach suffers from some visual artifacts, 
usually in the form of Gibbs-like ringing around the edges 
and speckles in smooth regions. This is similar to other 
traditional (maximally decimated) wavelet denoising 
approaches. The reason lies in the lack of shift invariance 
(SI). Coifman and Donoho [5] proposed SI wavelet 
denoising by “cycle-spinning”. An improvement of about 

0.8~1 dB PSNR [2, 10] has been reported for SI wavelet 
denoising. In this paper, we extend the PAB approach [3] 
to SI wavelet denoising, which we call siPAB.  

 
2. THE PAB APPROACH 

 
In [3], only interscale dependency was employed. Given 
their parent, the distribution of the child wavelet 
coefficients is modeled as a 3-mode GMM. The variances 
for these 3 modes in the GMM are linearly dependent on 
their parent. This is different from HMM-based 
approaches, where the variances, predefined in uHMT 
[10] or obtained by expectation-maximization algorithm 
in HMT [6], are constant. Fig. 1 is a typical conditional 
density of the child in the vertical band of level 1. The 
crux of the method in [3] lies in obtaining this conditional 
density, which captures the statistics of the interscale 
dependency between children and their parent. It consists 
of two steps: variance estimation and Gaussian mixture 
modeling. 
 

 
Fig. 1 The conditional density of the child in the vertical band of 
level 1, the magnitude of whose parent coefficient lies between 
10 and 11. The solid line denotes the conditional density, the 
dotted one for the fixed mixture model, and the dashed one for 
the Gaussian model. 
 
2.1 Variance estimation 
 
The following formula is employed to estimate the 
variance field: BAmpc +=σ , where cσ  is the variance 
of the child c and pm  is the magnitude of the 
corresponding parent p. This stems from the intuitive 
observation that large coefficients persist across scales. 
Thus, it can be assumed that the children are of 
large/small variance if their parent has a large/small 
magnitude. Fig. 2 shows this kind of dependency of level 
1 on level 2. Other levels share this near-linear property. 
Usually, in the same level, the horizontal band and the 
vertical band show similar statistics, while the diagonal 
band has a smaller variance assuming the magnitude of 
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the parent is same, as it can be seen from fig. 2. Thus, the 
true model becomes bandlevelpbandlevelbandlevelc BmA ,,,, +=σ . 
For the coarsest level, no parent exists. The parent-on-
child dependency is utilized to estimate the variance field 
for the coarsest level. Table 1 lists the fitted parameters 
for A and B [3]. 

 
Table 1: Parameters for the empirical model. 

LH HL HH 
Level A B A B A B 

1 3.5 0.26 3.7 0.26 2.3 0.15 
2 8.5 0.38 10 0.41 6.5 0.29 
3 24 0.35 30 0.35 13.5 0.6 
4 60 1.9 62 2.4 37 1.1 

 

 
Fig. 2 Variance field estimation in level 1. The solid line denotes 
the horizontal band of level 1, the dotted one for the vertical 
band and the dashed one for the diagonal band. 
 
2.2 Gaussian mixture model 
 
Like the marginal density of the wavelet coefficients in 
the whole band, the conditional densities of )|( pc xxp  
and )|( cp xxp  also appear non-Gaussian: marked peak at 
zero and heavy tails. In PAB, as in Chipman et al. [4], a 
GMM is used to fit this type of non-Gaussian property. If 
the variance σ  for x is known, the following mixture 
model is specified to fit this non-Gaussian property [3], 
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For a noisy image, the noise-free wavelet coefficients 
are unknown and it is impossible to obtain the true 
variances σ  in the model mentioned above. In [3], a 
substitute σ̂  for σ  was obtained from the denoised 
parent coefficient for all except the coarsest level or from 
its four noisy children for the coarsest level. With mσ  
known, the following MMSE estimator is used to estimate 
the noisy coefficients 
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3. EXTENSION TO SI WAVELET TRANSFORM 

 
Here, we extend the PAB approach [3] to SI wavelet 
denoising in order to reduce the ringing and speckle 
effects. The idea of SI wavelet denoising [5] is simple: 
first, to circularly shift the image; second, to denoise all 
the shifted images; last, to align and average over the 
denoised images. This strategy aims to “average out” the 
translation dependency in maximally decimated wavelet 
transform, and was coined as cycle-spinning [5]. 
However, the direct implementation of Average [Shift-
Denoise-Unshift] will have computational complexity 

)( 2nO . In fact, cycle-spinning can be implemented in an 
undecimated wavelet transform, where the complexity 
reduces to )log( nnO .  

The PAB approach [3] can be easily extended to the 
undecimated wavelet transform. However, the relationship 
between parent and child is a little different in the 
undecimated and decimated representations. In the 
decimated wavelet transform, each parent has four 
children, while the wavelet trees in an undecimated 
representation overlap---the same coefficients appear in 
more than one tree. This redundancy introduces a 1-1 
parent-child relationship. The change from a 1-4 parent-
child relationship to a 1-1 relationship makes only a very 
small change in the top-down procedure to estimate 
variances. In the traditional decimated 1-4 scheme, the 
variance estimate for a node, in all except the coarsest 
level, is obtained from its denoised parent, and therefore 
the 1-1 scheme can retain the same character. However, at 
the coarsest level, since the node has no parent, its 
variance is estimated from its four noisy children in the 
decimated 1-4 scheme. Now, with a 1-1 relationship, only 
one noisy child node is available for each parent at the 
coarsest level. In order to reduce the noise effect, the 
variance for a node p in the coarsest level is estimated 
from the average of the magnitudes of five nodes, which 
consist of its child c and its four nearest neighbors 
(denoted by ▲) in the finer level, as in fig. 3. 

We summarize the approach below: 
1. Non-decimated wavelet transform. 
2. From coarsest to finest, compute the denoised 

coefficients 
a. Linearly estimate the variance based on its 

denoised parent (five noisy children for the 
coarsest level) according to table 1. 

b. Compute denoised coefficients from (2). 
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3.   Reconstruct by the undecimated IDWT. 
 
 
 
 
 
 
 
 
 
 
Fig. 3 Five coefficients for the estimation of variance pσ  in the 

coarsest level. 
 
4. EXPERIMENTAL RESULTS AND CONCLUSION 

 
As in [3, 10], the Daubechies’ length-8 wavelet D4 [7] is 
employed to decompose the images into four levels. In 
table 2, the results of PSNR for 11 images [10] of size 
256×256 are listed. Compared with the PAB approach, 

this SI-wavelet denoising approach gains an improvement 
of 0.7-0.9 dB, similar to the gains in other SI wavelet 
approach [2, 10]. It also outperforms siHMT with a gain 
of 0.1~0.5 dB.  

A visual display of the image “bridge” can be found 
in figure 4. A noticeable improvement of visual quality in 
the denoised images by siPAB can be easily observed, 
over those denoised by PAB, because both the rings and 
the speckles are greatly eliminated. To compare siPAB 
and siHMT, in figure 5 we particularly focus on the bridge 
image to compare the visual effect because the PNSR 
indexes for two approaches, used to denoise this image, 
are almost same. Note: it is a little difficult to compare the 
visual effects, because of the similarity as reflected in the 
near identical PSNR indexes for two approaches. By 
taking a detailed look at the images, we can see that 
siPAB performs slightly better than siHMT in preserving 
the straight lines, while the siHMT works slightly better 
than siPAB on the texture. 

 
Table 2: Comparison of PSNR for different approaches with 2.0/1.0/05.0=nσ  

 SiPAB si-HMT [10] PAB [3] uHMT [10] 
Baby 33.0/30.0/26.9 33.1/29.6/26.3 32.0/28.8/25.9 32.4/28.9/25.8 

Birthday 30.9/28.1/25.6 29.6/26.4/23.7 30.3/27.4/24.9 28.9/25.8/23.1 
Boats 31.8/28.2/25.0 31.4/27.4/24.1 31.0/27.3/24.1 30.4/26.4/23.3 

Bridge 28.8/25.4/22.7 28.9/25.3/22.7 28.1/24.8/22.0 28.1/24.6/22.0 
Buck 33.6/29.8/26.4 33.7/29.6/25.8 32.8/28.8/25.2 32.5/28.4/24.7 

Building 30.5/27.2/24.0 30.4/26.6/23.5 29.7/26.3/23.0 29.7/25.9/22.8 
Camera 31.0/27.4/24.2 31.1/27.0/23.7 30.2/26.5/23.3 30.3/26.2/23.1 
Clown 31.5/28.0/24.6 31.7/27.8/24.5 30.7/27.0/23.6 30.6/26.8/23.7 
Fruit 33.1/29.8/26.5 33.3/29.7/26.4 32.4/28.8/25.5 32.2/28.5/25.3 
Kgirl 32.4/29.3/26.3 32.6/29.3/26.4 31.8/28.8/25.4 31.6/28.3/25.4 
Lena 31.2/27.7/24.9 31.1/27.6/24.5 30.4/26.9/24.1 30.4/26.7/23.8 

Average 31.41/28.05/25.01 31.28/27.61/24.51 30.66/27.22/24.11 30.43/26.76/23.76 
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Fig. 4, Image bridge (a), noisy version (b) with level of 0.1,  denoised copies by (c) siPAB, (e) siHMT, (g) PAB, and (j) 
uHMT, and their error images. In order to have a visible scene, the error images have been scaled at a same ratio. The darker 
the pixel, the bigger the error magnitude. The SI wavelet denoising has an improved visual effect, which can be seen by 
comparing siPAB with PAB and by comparing siHMT with HMT. As siPAB and siHMT are concerned, it is a little difficult 
to compare the visual effect, especially for the printed images, because the PSNR indexes are almost same, where PSNR for 
siPAB is 25.42 and siHMT has an index of 25.36. 

 
                                                             (a)                                                                                      (b) 
Fig. 5, Two different portions of the bridge image and their error images for siPAB (the second row) and siHMT (the third 
row). (a) siPAB performs a little better in preserving the structures, like the straight lines of the balustrade of the bridge, than 
siHMT. (b) siHMT works slightly better than siPAB on the textured regions. 

(a) Original bridge image (b) Noise level=0.1

(c) siPAB (d) Error for siPAB (e) siHMT (f) Error for siHMT 

(g) PAB (h) Error for PAB (i) HMT (j) Error for HMT 

  siHMT

  siPAB

1008


	Index
	ICIP 2004 Home Page
	Conference Info
	Welcome Message
	Techincal Program Overview
	Technical Program Committee
	EDICS Categories
	ICIP2004 Paper Submission Statistics
	ICIP2004 Paper Statistics - Final Program
	ICIP2004 Organizing Committee
	Sponsors
	Exhibition
	Venue Access
	Social Activities
	Other Information
	Call for Papers for ICIP2005

	Sessions
	Monday, 25 October, 2004
	MA-S1-Computational Radar Imaging
	MA-L1-Watermarking I
	MA-L2-Face Recognition
	MA-L3-Video Compression Standards I
	MA-L4-Biomedical Image Processing: Segmentation and Qua ...
	MA-L5-Error Resilience / Concealment I
	MA-P1-Image Segmentation: By Color, Texture, and Edge
	MA-P2-Image Filtering and Morphological Processing
	MA-P3-Image Enhancement I
	MA-P4-Video Segmentation
	MA-P5-Low-level Image Indexing and Retrieval
	MA-P6-DCT-based Video Coding
	MA-P7-Image Compression and Applications
	MA-P8-Distributed Source Coding and Others
	MP-S1-Deformable Models and Applications
	MP-S2-Media Security Issues in Streaming and Mobile App ...
	MP-L1-Face Detection, Recognition, and Classification I
	MP-L2-Video Summarization and Browsing
	MP-L3-Image Filtering and Partial Differential Equation ...
	MP-L4-Image/Video Indexing and Retrieval
	MP-L5-Watermarking II
	MP-P1-Video Compression Standards II
	MP-P2-Error Resilience/Concealment II
	MP-P3-Biometrics I
	MP-P4-Image Segmentation: By Multiple Features and Othe ...
	MP-P5-Image Enhancement II
	MP-P6-Video Object Tracking
	MP-P7-Biomedical Image Processing: Compression and Regi ...
	MP-P8-Video Coding

	Tuesday, 26 October, 2004
	TA-S1-Content-based Analysis of Multi-modal High Dimens ...
	TA-S2-Image Forensics
	TA-L1-Feature-based Image Segmentation
	TA-L2-Denoising and Deblurring
	TA-L3-Biometrics II
	TA-L4-Lossy Image Coding
	TA-L5-Wavelet Video Coding and Scalability I
	TA-P1-Stereoscopic and 3-D Processing I
	TA-P2-Face Detection, Recognition and Classification II
	TA-P3-Motion Detection and Estimation: Block Matching
	TA-P4-Feature Extraction and Analysis: Color and Textur ...
	TA-P5-Watermarking III
	TA-P6-Video Indexing, Retrieval and Editing
	TA-P7-Interpolation
	TA-P8-Geosciences and Remote Sensing and Environment
	TP-S1-What is the Latest in Networked Video?
	TP-L1-Super-resolution and Interpolation
	TP-L2-Deblocking, Restoration, and Enhancement
	TP-L3-Motion Estimation and Detection
	TP-L4-Image Segmentation
	TP-L5-Biomedical Image Processing: Compression, Registr ...
	TP-P1-Stereoscopic and 3-D Processing II
	TP-P2-Face Detection, Recognition and Classification II ...
	TP-P3-Video Streaming and Networking
	TP-P4-Shape Extraction and Analysis
	TP-P5-Watermarking IV
	TP-P6-Image/video Storage and Retrieval
	TP-P7-Wavelet Video Coding and Scalability II
	TP-P8-Image Modeling

	Wednesday, 27 October, 2004
	WA-S1-Content Understanding for Home Photograph and Vid ...
	WA-S2-Pattern Discovery in Real-world Broadcast Video
	WA-L1-Image Scanning, Display, and Printing I
	WA-L2-Image Formation I
	WA-L3-Stereoscopic and 3-D Coding &amp; Processing
	WA-L4-Image Coding I
	WA-L5-Source-Channel Coding I
	WA-P1-Motion Detection and Estimation: Optical Flow and ...
	WA-P2-Watermarking V
	WA-P3-Feature Extraction and Analysis I
	WA-P4-Image Segmentation: Level Set and Active Contour
	WA-P5-Transcoding
	WA-P6-Implementations and Systems
	WA-P7-Document Image Processing and Other Applications
	WA-P8-Biomedical Image Processing: Segmentation and Com ...
	WP-L1-Image Representation, Rendering, and Quality Asse ...
	WP-L2-Stereoscopic Image Processing and 3D Modeling
	WP-L3-Feature Extraction and Analysis II
	WP-L4-Image/Video Segmentation and Tracking
	WP-L5-Distributed Source Coding and Scalability
	WP-L6-Video Streaming
	WP-P1-Image Coding II
	WP-P2-Source-channel Coding II
	WP-P3-Stereoscopic and 3-D Coding
	WP-P4-Super-resolution and Mosaic
	WP-P5-Image Formation II
	WP-P6-Motion Detection and Estimation: Other Methods
	WP-P7-Watermarking and Cryptography
	WP-P8-Image Segmentation: Clustering and Statistical Me ...
	WP-P9-Image Scanning, Display, and Printing II

	Tutorials
	Plenary Sessions
	Special Sessions
	Table of Contents of Printed Proceedings

	Authors
	All Authors
	A
	B
	C
	D
	E
	F
	G
	H
	I
	J
	K
	L
	M
	N
	O
	P
	Q
	R
	S
	T
	U
	V
	W
	X
	Y
	Z

	Papers
	All Papers
	Papers by Session
	Papers by Topics

	Topics
	1.1.1: Lossy coding
	1.1.2: Lossless coding
	1.1.3: Image compression standards
	1.2.1: DCT-based video coding
	1.2.2: Wavelet-based video coding
	1.2.3: Model-based video coding
	1.2.4: Scalability
	1.2.5: Transcoding
	1.2.6: Video compression standards
	1.2.7: Other
	1.3: Stereoscopic and 3-D Coding
	1.4: Distributed Source Coding
	1.5.1: Source/channel coding
	1.5.2: Networking
	1.5.3: Error resilience / concealment
	1.5.4: Video streaming
	1.5.5: Other
	2.1.1: Linear filtering
	2.1.2: Nonlinear filtering
	2.1.3: Level set and fast marching
	2.1.4: Partial differential equations
	2.1.5: Other filtering techniques
	2.2.1: Multiframe image restoration
	2.2.2: Contrast enhancement
	2.2.3: Deblocking / artifacts removal
	2.2.4: Deblurring
	2.2.5: Denoising
	2.2.6: Other restoration techniques
	2.2.7: Other enhancement techniques
	2.3.1: By edge
	2.3.2: By color
	2.3.3: By texture
	2.3.4: By multiple features
	2.3.5: By other features
	2.3.6: Active-contour / snake-based methods
	2.3.7: Clustering-based methods
	2.3.8: Model-fitting-based methods
	2.3.9: Statistical-classification-based methods
	2.3.10: Morphological-based methods
	2.3.11: Level-set-based methods
	2.3.12: Other segmentation methods
	2.4.1: Video object segmentation
	2.4.2: Temporal segmentation
	2.4.3: Video shot segmentation
	2.4.4: Tracking
	2.4.5: Other video segmentation techniques
	2.4.6: Other tracking techniques
	2.5: Morphological Processing
	2.6.1: Stereo image processing
	2.6.2: 3D modeling &amp; synthesis
	2.6.3: Other techniques
	2.7.1: Color
	2.7.2: Texture
	2.7.3: Shape
	2.7.4: Shading
	2.7.5: Other features
	2.8.1: Perceptual / human visual system
	2.8.2: Source modeling
	2.8.3: Noise modeling
	2.8.4: Other
	2.9.1: Face detection, recognition and classification
	2.9.2: Fingerprint analysis and coding
	2.9.3: Iris analysis
	2.9.4: Human activity, gait analysis, and gaze analysis
	2.9.5: Goal-oriented analysis tasks
	2.9.6: Other
	2.10.1: Interpolation
	2.10.2: Super-resolution
	2.10.3: Mosaic
	2.10.4: Registration / alignment
	2.10.5: Other techniques
	2.11.1: Block matching
	2.11.2: Optical flow
	2.11.3: Parametric model for motion estimation
	2.11.4: Change detection
	2.11.5: Camera calibration
	2.11.6: Other motion detection techniques
	2.11.7: Other motion estimation techniques
	2.12.1: Hardware and software co-design
	2.12.2: Embedded and real-time systems
	2.12.3: Paralleled and distributed systems
	2.12.4: Other system platforms
	3.1.1: Super-acoustic imaging
	3.1.2: Tomographic imaging
	3.1.3: Nuclear and x-ray imaging
	3.1.4: Magnetic resonance imaging
	3.1.5: Other
	3.2.1: Radar imaging
	3.2.5: Multispectral / hyperspectral imaging
	3.2.6: Other
	3.4: Optical Imaging
	3.5: Synthetic-Natural Hybrid Image Systems
	4.1: Scanning and Sampling
	4.2: Quantization and Halftoning
	4.3: Color Reproduction
	4.4: Image Representation and Rendering
	4.5: Display and Printing Systems
	4.6: Image Quality Assessment
	5.1: Image and Video Databases
	5.2.1: Low-level image indexing and retrieval
	5.2.2: Relevance feedback and interactive retrieval
	5.2.3: Content addressable browsing
	5.3.1: Video partition/shot detection
	5.3.2: Video features for retrieval
	5.3.3: Low-level video indexing and retrieval
	5.3.4: Semantic video retrieval
	5.3.5: Content summarization and editing
	5.4: Multimodality Image/Video Indexing and Retrieval
	5.5.1: Watermarking
	5.5.2: Cryptography
	6.1.1: Image segmentation and quantitative analysis
	6.1.2: Computer assisted screening and diagnosis
	6.1.3: Visualization
	6.1.4: Image compression
	6.1.5: Image registration and fusion
	6.2.1: Astronomy
	6.2.2: Geosciences
	6.2.3: Remote sensing
	6.2.4: Environment
	6.3: Document Image Processing and Analysis
	6.4: Other Applications

	Search
	Help
	Browsing the Conference Content
	The Search Functionality
	Acrobat Query Language
	Using Acrobat Reader
	Configurations and Limitations

	About
	Copyright
	Current paper
	Presentation session
	Abstract
	Authors
	Pei Chen
	David Suter



