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ABSTRACT

Fractal-based image compression techniques give efficient
decoding time with primitive hardware requirements,
which favors real-time communication purposes. One such
technique, the Weighted Finite Automata (WFA) is
studied on grayscale images. An improved image
partitioning technique — the binary or bin-tree
partitioning — 1is tested on the WFA encoding method.
Experimental results show that binary partitioning
consistently gives higher compression ratios than the
conventional quad-tree partitioning method. Moreover, the
ability to decode images progressively rendering finer and
finer details can be used to display the image over a
congested and loss-prone network such as the Image
Transport Protocol (ITP) for the Internet, as well as to
pave way for multi-layered error protection over an often
unreliable networking environment such as the UDP.

1. INTRODUCTION

Data compression has been an important issue in relation
to transmission and storage of information for a long time.
In particular, digital images require a large amount of
space in their internal representation often as arrays of
pixels, incurring too much storage space and transmission
time over a communication channel. Techniques for
finding more compact image representations are desired.
Also, general-purpose and selectively-reliable transport
protocols have been developed to transmit compressed
images over the Internet [1].

Many image compression techniques have been developed
to suit different applications. Lossy image compression
techniques can provide high compression ratios but
introduce some annoying artifacts. Fractal-based image
compression is one of the lossy data compression
techniques that have been developed in the last decade. It
makes use of self-similarities existing in an image at
different resolutions under a set of affine transformations
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and exploits this kind of redundancy in order to alleviate
the high cost of storage, thus achieving compression.

The WFA method attempts to represent a sub-image as a
weighted sum of other sub-images to accomplish
compression. WFA starts with an image to be processed.
It locates sub-images that are identical or very similar to
the entire image or to other sub-images, and subsequently
constructs a graph that reflects the relationship between
these sub-images vis-a-vis the entire image. The various
components of the graph are compressed and the final
product is a much more compactly represented domain.

An important issue involved in fractal-based image
compression is the partitioning of an image into sub-
images or blocks for encoding. There are various
approaches to the use of different block shapes. One such
commonly used approach is based on quad-tree
partitioning. It has also been shown that a partitioning
scheme based on rectangular blocks is simple yet offers
high quality of decomposed images [2]. In this paper, we
investigate a simple, new approach to WFA-based image
compression with binary partitioning. In particular, we
seek to improve the compression ratio by introducing
intermediate steps into quad-tree partitioning. We will
show that binary partitioning gives higher compression
than quad-tree partitioning for images of 512x512 pixels.

2. WEIGHTED FINITE AUTOMATA
FOR IMAGE COMPRESSION

First we introduce WFA as a modelling tool for specifying
greyscale images, and then we describe inference
algorithms in the next sections for their construction.

The WFA accepts grayscale pictures containing 2™x2™
(me Z") pixels where pixel intensity ranges from 0 to 255.
According to Culik and Kari [3, 4], a WFA specifying an
image does not merely search for one of the known states
that best matches the sub-state under investigation; but
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instead, it uses a linear combination of (possibly all)
known states to arrive at a better approximation.

An m-state WFA A, over alphabet Y. is specified by:
1. Arow vector I* e R™ (initial distribution),

2. A column vector F*e R™" (final distribution),
3. Weight matrices w* ¢ R™ for all ae Y.

To display WFA using diagrams, represent the m states by
circles; the initial (first value) and final (second value)
distribution being shown inside each state. If (Wa )[/ £0,

place an edge from state i to state j, labeled by q4((w, ),-j)‘
For example, suppose that we have the initial distribution

I*=(1 0), final distribution FA :[é ; weight matrices:
1

10 1 1 1 1 1 1
‘L% =2 s ‘11 = 2 4 9‘&3 = 2 4|, ‘Lg = 2 2.
0 1 01 0 101

Each state represents a portion of the image and the edges
attached to a state represent the linear combination of
states which, when calculated, produce an approximation
of the image portion. The diagram of such a WFA is given
in Figure 1 below for illustration.
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Figure 1. Diagram representation of the WFA

Given the WFA A over alphabet ). shown in Figure 1, the
initial distribution 74 =(1 0) is obtained from the first

value inside each state, ordered by the state number;

similarly the final distribution g4 :[éJ is obtained from
1

the second value inside each state.

When an edge exists from state i to state j (i and j may be
the same state), place the value enclosed in parenthesis in

position (i, j) of matrix WEA where a is the label

associated with the edge. For example, the bottom edge
joining state O to state 1 has label “3”and a value of ¥2; in

position (0,1) of weight matrix VV3A we place the value 2.

To visualize the actual image that results from this WFA,
refer to Figure 2 shown in the following column.

—

Figure 2. Actual image being described by this WFA

3. THE QUAD-TREE APPROACH TO
WFA IMAGE ENCODING

A multi-resolution image is specified by assigning the
grayscale value 0 to 255 to every node of the infinite
quad-tree. If the outgoing edges of each node of the quad-
tree are labeled O, 1, 2, 3 we get a uniquely labeled path to
every node; its label is called the address of the node. The
address of a node at depth k is a string of length k over the
alphabet Y, = {0,1,2,3}. Hence, a grayscale multi-
resolution image can be specified as a subset of strings
over the alphabet Y. Regular sets of strings are specified
by finite automata; therefore, finite automata can be used
to specify regular multi-resolution images.

If a finite automaton A represents an image I, then each
state of A must correspond to a sub-square of I, with the
initial state corresponding to the entire I. Moreover, if
there is a transition from state i to state j labeled by O (or 1
or 2 or 3), then the image corresponding to state j is the
SW (or NW or SE or NE respectively) quadrant of the
image corresponding to state i. An example below in
Figure 3 shows the recursive zooming of the quad-tree.

T

11 13 31 33

10 12 30 32

01 03 21 23

00 02 20 22

Figure 3. The addresses of the quadrants of the 4x4
square, and the sub-square specified by 3203

From the previous section we know that in order to arrive
at a good approximation of any state image, a linear
combination of some known states is employed. In
mathematical terms, the crucial part of the WFA
construction algorithm lies in representing a given vector
by linear combinations of other known vectors. Since our
goal is data compression, we have to approximate a vector
with as few others as possible and as accurately as
possible. Obviously these two requirements have to be
balanced. The approximation with matching pursuit (MP)
was introduced by Mallet and Zhang [5]. In this technique,
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an approximation is constructed step by step using a
greedy strategy.

The MP approximation of a vector V is constructed by
selecting the best matching vector from a given codebook.
The component of this best matching vector is then

subtracted from V . The residue is now encoded in the

same way as V and the process continues until a given
abortion criterion is fulfilled.

Let pneN and D:{go,.__,g/rl} with g, €R"
(iefo,...,p—1}) be a set of p>n non-zero vectors. The

set D is often called the dictionary, codebook or domain
pool. With span (D) we denote the set of all linear

combinations of vectors in D . In order to make the
following calculations a bit easier we assume that, without
loss of generality, each vector in the dictionary has unit
Euclidean norm HﬁH If span (D)= R" then D contains a

set of n linearly independent vectors. The matching
pursuit algorithm begins by projecting v on a dictionary
vector g and computing the residue Rv by:

V= <\7, g, >gi0 +Rv
Since Rv is orthogonal to ¢ (by virtue of the vector inner
product), the following equation holds:

12 _|/= 2 2

I =72, + o]

Hence, we have to choose g such that ‘<‘7’g" >‘ is

maximized, since residue HRVH has to be minimized. The

next iteration continues with Ry instead of V , and we
compute the following iteration:

1. Set Rv=v
2. Subsequent residues are computed by solving
simultaneously:

R"v= <R'"v, 8 >8i,,, +R"y

m 2 m 2 m+1
HR VH :‘<R v, 8; >‘ +‘R v

‘ 2

By choosing g, to maximize each of the K R"v,g, >‘ .

3. Finally, summing up the last equation in s from 0 to
a stopping index M —1 yields:

M-

V= Z<R’”v,gim >g,.m +R"y

m=0

4. THE BIN-TREE APPROACH TO
WFA IMAGE ENCODING

The discussion so far has been under the assumption that
the WFA is approximated by recursively dividing into 4
state image quadrants, each zooming to a higher level of

detail. However, each of the quad-tree partition looks at
only 25% effective area of the original state, much of the
spatial correlations are lost in the division process.

Seeing in this light, we propose a modification of WFA
image approximation using binary partitioning. The idea is
to first divide the current (square) state g horizontally into
2 (rectangular) sub-states ¢’y and ¢’;, and later divide ¢’y
and ¢’; again vertically to produce 4 (square) sub-states
q” 00, 9 015 " 10 and g”;; just as what a single division of
the quad-tree partitioning would have done. This
effectively separates the previous quad-tree partitioning
into two steps: a horizontal cut followed by a vertical cut.
The rational behind this separation is to better utilize the
spatial correlations among image segments, by looking at
50% effective area. An example is given below in Figure 4.
Instead of mechanically following the horizontal and then
vertical cut to every (square) state image, a further
enhancement tests both alternatives and picks the better
choice. However, this involves some back-tracking.

(N

E {E{E

| M
&
N
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SN
Figure 4. This image is cut twice: horizontally followed
by vertically (redundant sub-images are in pale shades)

An outline of the WFA construction algorithm is presented
below: Suppose that an image has been partitioned into a
set of non-overlapping regions. Starting with the complete
image, the current range image is recursively inspected if
it can be approximated with a linear combination of
arbitrary known sub-images. If a linear combination yields
only a poor approximation, this range image will be bin-
tree divided again and the recursion continues, while a
new state image is appended to the WFA under
construction. On the other hand, if this approximation
already satisfies the given quality threshold, the
corresponding transitions are appended to the WFA and
the recursion terminates.

The main task of the image regeneration involves

calculation of all the range images. This only requires
some simple manipulation for each range image:
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M
'//A = Z w; 'VV,'A
P

Where W, are the (quantized) weights and W* are the

weight matrices for automaton A in the linear combination
of M domain images. Every range image must not only be
computed at its fixed size in the original image but also at
any desired size in the linear combinations. Moreover,
domain images that are referred to more than once are
cached (stored in an array) to avoid multiple computations
of the same image segment.

5. RESULTS AND DISCUSSIONS

In order to align our comparisons along with standard
images used in the literature, we choose to benchmark the
WFA encoder with three of the widely used grayscale
images (512x512 pixels) — Boat, Goldhill and Lena.

Rate-distortion curves are given below in Figure 5:
34
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Figure 5. Rate-distortion curves of image quality verses
compression ratio (Boat, Goldhill and Lena)

The platform used is Pentium III 1.4GHz 512MB memory
running Windows XP Professional. The results obtained
are comparable to those achieved by Hafner in [6]. We
further observe the following for WFA encoding method:

1. Shape of the curves tends to be wide apart at low bits-
per-pixel, and converge at high bits-per-pixel. This is
evident for WFA since it uses a linear combination of
known state images to approximate new ones; the
bigger the domain pool, the higher the probability of
finding a good approximation; no matter which
partitioning method is used.

2. At the same PSNR ratio, bin-tree partitioning
outperforms quad-tree partitioning by 10% to 25%
reduction in storage; while at the same compression
rate, bin-tree partitioning leads quad-tree partitioning
by 0.5 dB to 1.5 dB.

3. Encoding time for all the three images is in the order
of a few 100’s of seconds, whereas the decoding time
is in the order of several 100’s of milliseconds.

6. CONCLUSION

In this paper, we have presented a binary partitioning
method for the WFA-based image compression. A square
image is split into rectangular and square blocks with
binary partitioning of the image. Experimental results
show that binary partitioning gives higher compression
results than quad-tree partitioning for large images. The
improvement can be as high as about 17% for 512x512
images. From the transmission perspective, the proposed
binary partitioning approach to fractal image compression
can be designed to decode partially received, out-of-order
image data. This scheme can be customized to couple with
the Image Transport Protocol for image transmission over
loss-prone congested or wireless networks.
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