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ABSTRACT
In spectral clustering algorithms, selecting the cluster num-
ber and determining the parameter of affinity function are
two generally unsolved problems. In this paper we analyze
in detail the influence of these two parameters on clustering
results and show their close relationship. We further extend
one of them, the cluster number, to intrinsic cluster num-
ber family, which is designed to achieve stable clustering
hierarchy. Specifically, we use random walk on graph and
eigengap to discover the intrinsic structure of the data. We
proposed an algorithm to simultaneously determination the
cluster number family and the parameter of affinity func-
tion. The experimental results on both simulated data clus-
tering and natural image segmentation show that our pro-
posed algorithm has many advantages.

1. INTRODUCTION

Spectral clustering methods have attracted a lot of attention
in the last few years [5]. They showed impressive perfor-
mances and many advantages in image and video segmen-
tation [11][10][9]. However, like most of other clustering
strategies, spectral clustering methods remain one problem
unsolved: the predetermination of the cluster number k,
which is a key and sensitive factor.

Some literature explored the cluster number determina-
tion problem. Fraley et.al [3] use Akaike Information Crite-
rion (AIC), Bayesian Information Criterion (BIC) for clus-
ter number selection. Figueirdo et.al [4] and Bischof et.al
[2] integrated, respectively, the Minimum Message Length
(MML) and Minimum Description Length (MDL) criterion
into the EM algorithm. These methods share a common
opinion: a single golden cluster number exists. However,
this may not be always the case. We believe that sometimes
hierarchical structures are hidden in data and it is more rea-
sonable to represent such structure using an intrinsic cluster
number family.

Based on spectral clustering algorithm, we present in
this paper an algorithm to determine the intrinsic cluster
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number family. We start from a brief introduction for spec-
tral clustering methods.

2. SPECTRAL CLUSTERING

2.1. Principle

Spectral clustering is a method that groups data points with
eigenvectors of pairwise affinity matrix of the data set. The
method consists of three steps. Firstly, the pairwise affin-
ity matrix A is calculated. Secondly, the top k (manually
decided cluster number) eigenvectors of either A [10], or
Laplacian matrix of A [11][9], is calculated. Data points are
thus embedded into corresponding k-dimensional eigenspace.
The final step is to cluster the data in the new space using a
simple method such as K-means. We quote Ng et.al’s algo-
rithm [9] here for detailed analysis.

Algorithm 1 (Ng) 1. Calculate distance matrix D and
affinity matrix A: Aij = h(Dij , σ) where h(·, σ) is
the kernel function with parameter σ, say h(d) =
exp

(

−(d2)/(2σ2)
)

.

2. Let T = diag(A · 1) be a diagonal matrix of row-
sums of A and L = T−1/2AT−1/2 the Laplacian of
A. Calculate top k eigenvectors V ∈ R

n×k and cor-
responding eigenvalues {λ}k of L. Generate matrix
Y by normalizing the rows of V .

3. Cluster the n row vectors of Y using K-means.

2.2. Selection of Kernel Parameter σ

Besides the cluster number k, there is another unspecified
parameter σ in Algorithm 1. It seems that most of the liter-
ature regarded the selection of σ as a trivial practical prob-
lem. Some of the literature gave simple formulas such as
σ = std{elements of D}) [11], or (for data set in Eu-
clidean metric space) σ =

√
nc, where n equals the dimen-

sion of input space, c equals the average of the data’s vari-
ance in each dimension [8]. Others simply gave numeric
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Fig. 1. Different results of spectral clustering, in the cases
of different kernel parameter σ-s: (a)small σ, (b)proper σ,
(c)large σ

values or even ignored it. However, the following experi-
ment and sequential analysis show that the choice of σ is
important not only practically but theoretically.

Figure 1 shows three different clustering results of a
data set which take the shape of two homocentric rings.
Distance d(·) is set to be Euclidean metric, k = 2, σ =
coef · std{elements of D}, with coef = 0.18, 2.87, 7.17
in Figure 1(a),1(b),1(c) respectively. The reader can see that
the results are remarkably different. Such a phenomenon
can be explained as follows:

The σ in Figure 1(a) is so small that the affinity between
any two points (even for the nearest pair) are ≈ 0. Since
the entire graph is almost an empty graph, the costs (or cut,
as commonly used in graph theory) of arbitrary bipartitions
will all be approximately equal. This explains why such a
strange and unstable partition appears. On the other side,
the σ in Figure 1(c) is so large that the affinity between any
two points (even for some pairs linked by bridges over two
rings) are ≈ 1. Since separating two neighboring points is
not much more expensive than separating a short bridge, it
is not strange the linear partition in Figure 1(c), rather than
the partition in Figure 1(b), minimizes the normalized cut
[11]. This is because the partition in Figure 1(c) separates a
few neighbors, while the partition in Figure 1(b) separates a
bunch of short bridges. Of course, results in Figure 1(c) is
also unstable due to the randomness of partition line direc-
tion.

Here we have used an intuitive term: stable. To be more
precise, we say a spectral clustering result is highly stable,
if a relatively big perturbation of the affinity matrix will not
generate a different result. We learn from experiments that
the stability of clustering should be a key criteria of the qual-
ity of clustering result, including cluster number and parti-
tioning result. An obvious (for human, of course) cluster
number with an inappropriate σ may produce fairly unsta-
ble result.

Moreover, we find that changing σ is equivalent to mul-
tiplying D by corresponding factor. Intuitively, that means
changing the distance between your eyes and the plane where
the points are located. It’s natural that one is able to see
different structures or cluster numbers from different dis-
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Fig. 2. Two stable clustering results with automatically de-
termined cluster number k=3(a), 9(b) respectively

tances.
We claim that there is generally not a single cluster num-

ber. Instead, a family of intrinsic cluster numbers may exist
with the change of kernel parameter, or visually, with the
change of viewing distance. This family is what we call in
this paper intrinsic cluster numbers family. The criteria for
selecting the family is based on clustering stability.

2.3. Clustering Stability

As we know, spectral clustering methods embed data into
a k-dimensional eigenspace, which is expanded by top k
eigenvectors. One can show that if two different sets of k
eigenvectors (induced from two different affinity matrices)
expand the same eigenspace, the clustering results will be
identical. Thus we can transform stability of discrete clus-
tering result into stability of continuous subspace. We de-
scribe the latter mathematically in the following:

Denote EV (A, k) = [v1, v2, · · · , vk] the matrix of top k
eigenvectors of matrix A, and ES(A, k) = Rang(EV (A, k))
the eigenspace expanded by EV (A, k). Given U = EV (A, k),
Ue = EV (A+E, k), where E is an additional perturbation
of A. Set eigenspace X = ES(A, k) and its perturbation
Xe = ES(A + E, k). The different between eigenspace
and its perturbation, can be measured, according to matrix
perturbation theory [12], as

‖ sin Θ(X,Xe)‖2 = ‖ sin(arccos[(UT UeU
T
e U)1/2])‖2.

Matrix perturbation theory provide some upper limits on
eigenspace perturbation, in terms of eigenvalues. Most of
them have similar forms, such as: ‖ sin Θ(X,Xe)‖2 < f(A,E)

λk−λk+1
.

That means a large eigengap (λk − λk+1) indicates a rela-
tively stable eigenspace, thus a stable cluster number k and
corresponding k-way clustering results.

A straightforward method to discover intrinsic cluster
numbers is to find for each σ a single optimal k (noted by
kopt) by maximizing (λk − λk+1), then drawing a graph of
kopt − σ and finding out continuously appearing kopts.

This method showed perfect results for data like Figure2,
but couldn’t be worse for data in Figure 1(not a single σ pro-
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Fig. 3. Random walk’s effect on affinity matrix of data
in Fig. 1. Points on the inside ring are placed before out-
side, for a clearer visualization. (a)Original (normalized)
affinity matrix. (b)Affinity matrix after 100-step random
walk. Intra-ring affinities are higher than (a)(check the left-
top block and right-bottom block). (c)Affinity matrix after
10000-step random walk. It’s now much easier to see the
cluster number.
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Fig. 4. k-contour of data in (a)Fig. 1 and (b)Fig. 2. Ker-
nel parameter σ varies logarithmically along x-axis, step of
random walk increases logarithmically along y-axis. White
areas indicate stable cluster numbers

duces kopt = 2). The reason is that points in the same ring
form a manifold and show more transitive similarity than di-
rect similarity, i.e. points in the same ring may not be near
to each other, but are linked to each other through at least
one compact path. Unlike ISOMAP or LLE, which explic-
itly discover the lower dimensional structure, the method
we used here is to perform random walk on graph. This
method can take advantage of spectral clustering, and model
the manifold data as well as clustering data much faster than
ISOMAP or LLE.

2.4. Random Walk-enhanced Affinity

Given a weighted complete graph G(V, V × V,A), we can
induce a Markov model M(V, π0, P = T−1A), where T =
diag(A · 1) and π0 is not important here. Meila et.al [7]
stated that minimizing normalized cut of G is equivalent
to finding the (right) eigenvectors of transition probability
matrix P .

Define the n-step random walk on graph G as another
Markov model M t(V, π0, P

n). We see in Figure 3 that al-

though some pairs belonging to the same ring might be far
from each other (Figure3(a)), their n-step transition proba-
bility may be significantly > 0 (Figure 3).

We find that it is not necessary to calculate P n If Px =
λx, we have P nx = λnx. This fact avoid power operation
on matrix P because we care for ‖λ‖ only. We then propose
the following algorithm for automatic selection kopt family.

Algorithm 2 1. Set K̃ larger than any possible cluster
number. Calculate distance matrix D. Generate a ge-
ometric sequence of {σi} and a geometric sequence
of {powj}, pow0 = 1.

2. For each σi, Calculate A
(σi)
ij = h(Dij , σi). P (σi) =

(T (σi))−1A(σi), where T (σi) = diag(A(σi) · 1). Cal-
culate top K̃ eigenvectors V (σi) and corresponding
eifenvalues λt(σi, pow0), t = 1, 2, · · · , K̃.

3. Obtain λt(σi, powj) = |λt(σi, pow0)|powj ,
kopt(σi, powj) = arg maxk(λk − λk+1).

4. Select a family of cluster number {k(i)
opt} which con-

tinuously appear in the kopt − power − σ graph,
and corresponding family of {σ(i)} and {pow(i)} s.t.
kopt(σ

(i), pow(i)) = k
(i)
opt.

5. Cluster the data with parameter triples (k
(i)
opt, σ

(i), pow(i)).
Build a dendrogram with the clustering results.

Figure 4(b) shows the contour lines of kopt − power − σ
graph wrt. data in Figure 2. We can find 4 consistent ar-
eas(bands) that are marked with kopt’s value. Figure 2 are
the clustering results given the parameter triples (k

(i)
opt, σ

(i), pow(i))
in Area k = 3 and k = 9 respectively. Figure 4(a) shows k-
contour of data in Figure 1. Only one non-trivial and signif-
icant band (k = 2) exists. It is interesting to note that Area
k = 2 disappears at the bottom of the graph, i.e. there is
not any k = 2 appearing without random walk. That’s why
we couldn’t find the most reasonable cluster number(k=2)
without a new dimension random walk provided.

3. APPLICATION ON IMAGE SEGMENTATION

We also apply the above algorithm on natural image seg-
mentation. Since computational complexity is the bottle-
neck of spectral methods for large database, Nyström ap-
proximation was introduced to spectral algorithm [1]. What
we do is to introduc random walk into Belongie et.al [1]’s
algorithm to generate segment numbers and segmentations
automatically. Detailed algorithm and theorems supporting
the algorithm are beyond the scope of this paper.

The data we used are provided by Martin et.al [6]. Color
images are quantized to 8-color indexed images with 75%
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Fig. 5. Results on horses image. (a)original image, (b)result
for k=2,(c)result for k=3, (d)k-contour.

dithering using Photoshop, and 7*7 neighborhood 8-bin his-
togram is used as pixel feature. The kernel function is de-
fined by Gaussian χ2 similarity [1]. The results are shown
in Figure 5,6. The reader can find that large white areas
in k-contour, marked by k’s value, produce reasonable and
stable results.

4. CONCLUSION

We show in this paper that, under the criteria of clustering
stability, there is a close correlation between two sensitive
factors, kernel parameter σ and cluster number k. In or-
der to reveal the correlation clearer, we use the technique of
random walk on graph. The combination of random walk
and choice of σ provide a two-dimension view to explore in-
trinsic data structure. Since one is able to see different struc-
tures in different parameter configurations, we introduce the
concept of intrinsic cluster number family. And we build an
automatic algorithm achieving simultaneous generation of
the family and clustering dendrogram. The automatic algo-
rithm shows reasonable clustering hierarchies in both simu-
lated data and real image segmentation.
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