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ABSTRACT

We present a computationally efficient technique for MAP es-
timation of images in the presence of both blur and noise. The
image is divided into statistically independent regions. Each re-
gion is modelled with a WSS Gaussian prior. Classical Wiener
filter theory is used to generate a set of convex sets in the solu-
tion space, with the solution to the MAP estimation problem lying
at the intersection of these sets. The proposed algorithm uses an
underlying segmentation of the image, and a means of determin-
ing the segmentation and refining it are described. The algorithm
is suitable for demosaicking of digital camera images and other
image restoration problems.

1. INTRODUCTION

We consider the image formation model

ζ = A(g) + η (1)

where the original image g is blurred by the linear shift invariant
filter A and has additive Gaussian noise η. Given this blurred,
noisy image ζ we wish to recover the original image g. Among
the many possible approaches to this problem, perhaps the most
conceptually appealing is that of maximum a posteriori (MAP) es-
timation, that is, finding the most probable image g given the data
ζ. MAP estimation has received considerable attention in the lit-
erature, with some of the many contributions being [1], [2], [3],
[4]. A major difficulty in implementing MAP estimation is that of
determining an appropriate prior for the image. Wide sense sta-
tionary Gaussian priors lead to computationally simple solutions
via the Wiener filter, but are not capable of accurately reproducing
image edges. Gibbsian priors have been suggested [2] in order to
overcome this difficulty, but then the solution becomes computa-
tionally intensive, typically requiring hundreds of iterations of a
stochastic relaxation procedure [2].

Although the Wiener filter solution generates artifacts in the
vicinity of high dynamic range boundaries, it actually performs
very well over the majority of most images. In fact, the Wiener fil-
ter solution has been implemented in commercial digital cameras
to perform demosaicking [5],[6]. In this paper we address the prin-
cipal difficulties with Wiener filtering, while retaining the compu-
tational simplicity of the filtering solution. We segment the image
and model each region with a wide sense stationary Gaussian prior.
The segmentation of the image is done based on edge detection ap-
plied to the pure Wiener filter result. Each region is assumed to be
statistically independent of the other regions. We extend each re-
gion using linear prediction. Based on the current estimate of a

region, the surrounds of the region, and the extension of the re-
gion, we generate the data which would have been observed had
this region extended over the whole image. The Wiener filter is
then applied to this compensated data. The resulting system, al-
though huge, is linear, and can be solved by a number of iterative
methods. Using the Successive Over-Relaxation (SOR) method
[7],[8], it is found that the solution converges in just a few itera-
tions. Moreover, the iterative procedure only need be carried out
in the vicinity of the region boundaries.

Our approach aims to solve a similar problem to that described
in [9]. The key distinction is that we do not require the use of
adaptive filter kernels. Also, our method finds the exact solution
in the presence of any arbitrary set of edges.

In Section 2 we formulate the problem and present the the-
oretical foundation of the solution. In Section 3 we discuss the
implementation of the solution using a number of different itera-
tive methods. In Section 4 we discuss issues involved in ensuring
the solution converges. In Section 5 we present results in the one
and two dimensional cases. In Section 6 we discuss some of the
issues involved in determining and refining the segmentation.

2. THEORY

The distribution of the image g given the observed data for the
image formation model of equation (1) can be shown to be [2]

P (g|ζ) ∝ exp{−(H(g) + kζ −A(g)k2)} (2)

where A is the linear shift invariant operator from equation (1) and
ζ is the observed data. Assuming a Gaussian prior, the function
H() is quadratic and is given by

H(g) = σ2.g.Γ−1.g0 (3)

where Γ is the autocorrelation matrix for the prior and σ2 is the
noise variance. Instead of choosing a stationary prior, which would
lead to theWiener filter solution, we split the image into a series of
N regions, each of which is statistically independent of the others.
The prior can then be written

H(g) =
NX
k=1

Fk(gk) (4)

where each of the Fk() is given by

Fk(gk) = argmin
g̃k

{Ek(gk, g̃k)} (5)

Here, each of the gk refers to one of the N regions in the image,
the g̃k are the minimum energy extension of each region, and the

0-7803-8554-3/04/$20.00 ©2004 IEEE. 307



functions Ek() are stationary Gaussian priors. We consider gk to
be a section of texture cut out from a complete image of that tex-
ture. The definition of Fk() in equation (5) as the energy function
resulting from the minimum energy, and hence most likely, exten-
sion of gk allows us to solve our problem by minimizing across
Ek() rather than Fk(). Since Ek() is stationary, it admits solution
via the linear shift invariant Wiener filter. Our method allows for
the prior Ek() to be chosen separately for each region, but in the
absence of any knowledge in excess of ζ the same model may be
used over all k. An appropriate model is the scale invariant prior
proposed in [5].

We wish to find the most probable value of g in equation (2)
using the energy function of equation (4). Thus the problem to be
solved is

(g, g̃) = argmin
gk,g̃k

(
NX
k=1

Ek(gk, g̃k)+kζ−A(g1, ...,gN )k2) (6)

To develop the solution we expand the solution space to
(gk, g̃k, g̃

0
k), where the g̃k and g̃0k quantities are the extension of

each region. At the end this section we will replace the g̃0k with the
g̃k. In the meantime, g̃k and g̃0k may be considered current and
previous states of the extension of the kth region in the iterative
method used to solve equation (6). For simplicity of notation, in
the rest of this section we will restrict our attention to two regions.
The extension to any number of regions is straightforward.

In the expanded space of (gk, g̃k, g̃0k) the problem (6) requires
that

g̃k = argmin
h

Ek(gk,h), k = 1, 2 (7)

and in introducing g̃0k we require that

g̃k = g̃
0
k, k = 1, 2 (8)

Using equation (8) and the fact that A is linear, we can write

A(g1,g2) = A(0,g2 − g̃01) +A(g1, g̃1) (9)

and
A(g1,g2) = A(g1 − g̃02, 0) +A(g̃2,g2) (10)

Minimising separately across (g1, g̃1) and (g2, g̃2), and applying
equations (9) and (10), equation (6) can be rewritten as two min-
imisation procedures :

(g1, g̃1)=argmin
g1,g̃1

E1(g1, g̃1)+k(ζ−A(0,g2−g̃01))−A(g1, g̃1)k2

(11)
(g2, g̃2)=argmin

g2,g̃2

E2(g2, g̃2)+k(ζ−A(g1−g̃02, 0))−A(g̃2,g2)k2

(12)
Equations (11) and (12) can be recognised as the solution ob-

tained by applying the Wiener filter to the observed data compen-
sated for the existence of the other region, that is to (ζ−A(0,g2−
g̃01)) and (ζ − A(g1 − g̃02, 0)) respectively. Applying the con-
strained Wiener filter in this manner to region 1, and using matrix
notation, we get

(g1, g̃1)
t =W (ζ −A(0,g2 − g̃01)) (13)

which provides one equation for each point in (g1, g̃1).
Equation (7) can be solved by applying a recursive linear pre-

diction filter to extend each region. For each point g̃1[i] in g̃1 we
have

g̃1[i] =
X
x∈R

p[x]h[i− x], h = (g1, g̃1) (14)

where p[x] are the linear predictor coefficients and R is the region
of support of the linear predictor. This provides an equation for
each point in g̃1. Considering equations (13) and (14), it is ap-
parent that we have an overconstrained system. Since both sets of
equations were developed from the single minimisation problem of
equation (6) they must be consistent and we choose to discard the
equations resulting from the application of the Wiener filter in the
extension region. Since after applying this change to equation (13)
it no longer contains g̃1on the left hand side, we can replace g̃01on
the right hand side with g̃1without disturbing the filtering structure
of the solution. With these changes, and using Wg1 to represent
the Wiener filter matrix applied only to points in g1, equation (13)
becomes

g1 =Wg1(ζ−A(0,g2 − g̃1)) (15)

3. IMPLEMENTATION

Rearranging equation (15) gives

g1 +Wg1A(0,g2 − g̃1) =Wg1(ζ) (16)

In vector notation the single equation resulting from applying the
Wiener filter at the point i is¡

1 wa0
¢µ g1[i]

g2 − g̃1
¶
= w(ζ)[i] (17)

where the row vectorwa0 holds the samples of the blur filter con-
volved with the Wiener filter which act on the extension region
when theWA filter is applied at the point i, and w(ζ)[i] is the re-
sult of applying the Wiener filter to the original data at the point i.
Likewise, each point in the extension g̃1 is associated with a linear
prediction equation (14), which is of the form

¡ −1 pg̃1 [i] pg1 [i]
¢ g̃1 [i]

g̃1
g1

 = 0 (18)

where pg1 [i] and pg̃1 [i] are the linear predictor coefficents for
predicting the point i, applying to points in g1 and g̃1 respectively.
Since the shape of a region is arbitrary, a small number of differ-
ent linear predictor kernels is required to cope with differing local
edge orientations and curvature. In our experience about 10 dif-
ferent kernels is satisfactory. Note that an exhaustive list of linear
predictor kernels is not required as the kernel only need match a
subset of the pixels available to predict from. Taking one equation
for each point in the image from (17) and one equation for each
point in the extension from (18) gives a well defined linear system.
The actual size of the extension required can be determined by ob-
serving that, if the WA filter has a k × k support, then equation
(17) will require points a distance k/2 into the extension. Also,
note that if equation (17) is applied a distance greater than k/2
from any boundary, it reduces to g1 (i) = w (ζ) [i], the Wiener
filter solution. Hence, only those extension or image points a dis-
tance k/2 or less from a boundary need be considered further.

The linear system thus created may be written, for two regions, I Wg1A −Wg1A 0
Wg2A I 0 −Wg2A
Pg1 0 Pg̃1 0
0 Pg2 0 Pg̃2


| {z }

M

 g1g2g̃1
g̃2


| {z }

g

=

Wg1 (ζ)
Wg2 (ζ)
0
0


| {z }

b

(19)
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Here the matrices of linear predictor coefficients Pg and Pg̃ are
formed by stacking the coefficients from equation (18), with the
−1 term incorporated on the diagonal of Pg̃. The details of the
system (19) depend on the segmentation, the Wiener filter, the blur
filter, and the linear predictor. As it is impractical to generate the
actual matrix system for anything except very small images, we
look to iterative methods for the solution. The most straightfor-
ward and intuitive iterative method is to solve the equation associ-
ated with each point i (either equation (17) for points in the image
or equation (18) for points in the extension) assuming that the im-
age and extension at points other than i are known. For image
points in g1, this is simply applying the WA filter to (g2 − g̃1)
where g̃1 exists, while for extension points it corresponds to gen-
erating the extension via recursive application of the linear pre-
dictor. This is also known as Gauss-Seidel iteration [7],[8]. The
rate of convergence of the Gauss-Seidel method can be greatly in-
creased by simultaneously solving blocks of equations. In our case
this occurs naturally (with each block being either a region gk or
an extension g̃k) since the solution for points in a given region is
independent of other points in that region, while recursive appli-
cation of the linear predictor means that the only extension points
used at each step are those that have already been calculated in the
current iteration.

The SOR method [8] is a generalization of the Gauss-Seidel
method, which introduces a parameter ω describing the amount
by which the value at each point is changed. If the new value as-
signed to a pixel g by the Gauss-Seidel method is ggsnew, then the
value assigned by the SOR method is gSORnew = g + ω (ggsnew − g).
The implementation uses the same simple filtering structure as the
Gauss-Seidel method and converges more quickly for appropriate
ω. This is the method found to be most appropriate for our prob-
lem.

Projection methods form another major class of iterative meth-
ods which are appropriate to the problem. The simplest applicable
projection method which preserves the filtering structure of the
solution and is guaranteed to converge, is projection onto convex
sets (POCS), in which each equation in (19) is treated as defin-
ing a hyperplane. We project the current estimate of the solution
onto each of these hyperplanes in turn. To project onto the hyper-
plane defined by equation (17) we note that the normal direction
to this hyperplane is given by

¡
1 wa0

¢
. Given current values

(g1,c[i],g2,c, g̃1,c) of the solution, the values after projection are
given byµ

g1[i]
g2 − g̃1

¶
=
(w(ζ)[i]− c)
(1 + kwa0k2)

µ
1
wa

¶
+

µ
g1,c[i]

g2,c − g̃01,c
¶
(20)

Here c is the result of computing the LHS of equation (17), and
the values of g2 and g̃1 are altered equally at each point. The im-
plementation of equation (20) requires filtering withwa0 to obtain
c and an update step to alter the value of (g1[i],g2, g̃1) which re-
quires one multiplication and one addition per sample, and thus
has a similar level of complexity to the filtering operation. Like-
wise, the projection onto the hyperplane defined by equation (14)
is  g̃1[i]g̃1

g1

 =
−d

(1 + kLk2)

µ
1
L

¶
+

 g̃1,c[i]g̃1,c
g1,c

 (21)

where L is the appropriately organized vector of linear predictor
coefficients and d is the result of the direct application of the linear
predictor at this position.
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Fig. 1. One dimensional example showing the original signal (o),
the recovered version (♦), the extension to each region (+), and
the blurred noisy version (dotted line).

While there are many other popular projection methods, such
as variants of the conjugate gradients algorithm, they suffer from
a variety of problems. Generally, convergence is not guaranteed
unless the matrixM has properties such as positive definiteness
which, in our case, it does not have. Each iteration is usually more
complex than the SOR method, and may require multiplication by
MT , which would be very difficult to compute. Finally, when they
do converge they do so more slowly than the SOR method for this
particular problem.

4. CONVERGENCE

The fastest convergence is obtained by applying the SOR method
with ω = 1.1, which typically gives a visually acceptable result
after a single iteration, and shows no visible improvement after
about 4 iterations. Unfortunately, in the 1D case the SOR method
does not converge for certain choices of prior. While we have not
observed divergent behaviour in the 2D case, it remains possible
that this might occur, and demonstrating convergence is rendered
difficult by the essentially infinite number of possible segmenta-
tions. However, this difficulty can be overcome by monitoring the
behaviour of the solution at each iteration. In particular, the resid-
ual r = b−Mg provides a measure of the accuracy of the solu-
tion and is simple to calculate at each iteration. In the very rare
cases where the SOR method diverges, we can fall back on the
POCS method, which is guaranteed to converge, although some-
what more slowly.

5. RESULTS

Results are obtained for the one and two dimensional cases. Fig-
ure 1 shows a synthetic illustrative 1D example. For this example
the first and second half of the original signal are independent re-
alizations of a second order autoregressive process, with two poles
in the z-plane at 0.9, and variance 1. The original signal is shown
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Fig. 2. (A) Original, (B) Blurred noisy image, (C) Recovered using
Wiener filter, (D) Recovered using our proposed method

with the circles. A 5 sample uniform blur and noise with variance
0.1 was applied to generate the blurred, noisy signal shown with
the dotted line. Our method is employed to recover the signal, us-
ing a Wiener filter with a support of 11 samples. The recovered
signal at the 5th iteration of the SOR method is shown with the di-
amonds and the extension of each region is shown with the symbol
(+). In this example we make use of our prior knowledge of the
boundary position.

Figure 2 shows the method applied to an image. Figure 2A
shows the original, Figure 2B shows the blurred noisy version,
with a Gaussian blur (standard deviation 0.3 time the nyquist fre-
quency) and an SNR of 25db, Figure 2C shows the image recov-
ered with Wiener filtering, and Figure 2D shows the image recov-
ered using our algorithm after 4 iterations of the SORmethod. The
method used for generating the segmentation is discussed further
in the following section. The Wiener filter uses a 9x9 pixel kernel.
Figure 2C clearly shows undesirable artifacts associated with the
Wiener filter around the image edges. These artifacts are removed
in Figure 2D.

6. DISCUSSION

Our proposed method requires segmentation of the image prior to
running. While in some cases the segmentation may be known in
advance, in many interesting applications it is not. As a proof of
concept, we provide here a method for determining an appropri-
ate segmentation. This task is greatly simplified by the fact that
only high contrast edges need be considered, and these can be de-
tected from the Wiener filtered image. Nonetheless, small errors
in the segmentation can result in observable artifacts in the solu-
tion. In fact, we have found that for natural images it is necessary
for the segmentation resolution to be at least 4x the resolution of
the data ζ. The initial segmentation in Figure (2) was determined
using a watershed algorithm applied to the gradient magnitude of
the Wiener filtered image. The segmentation was then upsampled
to 4 times the data resolution, and the segmentation boundaries

smoothed with morphological operators. A small number of vari-
ations of the segmentation were generated by dilating each bound-
ary a few pixels each way of the original segmentation. The cost
function (6) was determined for the image recovered for each seg-
mentation, and a composite segmentation generated based on the
local cost. The total number of segmentations trialled was 10, with
each run using just 3 iterations of the SOR method.

In general, the amount of work required to do accurate seg-
mentation grows with the size of the blur. However, in many im-
portant problems the optical blur is quite small, covering only a
few dozen pixels.

7. CONCLUSION

We have presented a computationally efficient algorithm for MAP
estimation of images based on a filtering paradigm. The algorithm
assumes a piecewise independent Gaussian prior, which results in
artifact free recovery of high contrast edges in the image. The
algorithm leverages the success of the Wiener filter solution to run
in a single pass over the majority of the image and requires just a
few iterations to converge in the vicinity of the high contrast edges.

While segmentation of the image is required, it has been
shown that this can be done successfully based on the Wiener fil-
tered image providing the blur and noise are not too large. We will
show further color results at the conference, together with greater
detail on the segmentation process.
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