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ABSTRACT 
 

We present a robust shape reconstruction method from a 
single shading image, which is able to give good estimate 
especially for the light direction having a relatively large 
slant angle. We derive four iterative shape-estimating 
relations by using the Jacobi iterative method and the four 
approximations of the surface normal, and combine them 
with weights to get a single relation. We show that it is 
stable enough to attain convergence. We also optimize the 
light direction through an eigenvalue analysis for the 
matrix of the combined iterative relation, to improve the 
shape by avoiding the small eigenvalues that cause serious 
distortions. Numerical examples using both synthetic and 
real images show the usefulness of the new method. 
 

1. INTRODUCTION 
 
Shape estimation from a single shading image has been 
studied, producing a variety of approaches, called 
minimization [1], [2], linear [3], propagation [4], [5], and 
deformable model [6]. They, however, still fail to give 
good shapes partly because iterative operations employed 
tend to lack numerical stability. For example, the 
minimization approach presented by Zheng et al. 
extrapolates the surface normals to estimate them on the 
boundaries [1]. This local estimation may affect the 
surface normal estimation on the whole region through 
iterations, which may cause the numerical instability. They 
stop the iteration to avoid the instability. The approach 
given by Tsai et al. linearizes the reflectance map in a 
single depth parameter to iteratively estimate the shape [3]. 
The estimation is subject to the consistency between the 
image and the map and it uses the Lambertian assumption, 
so that instability always occurs on the brightest parts 
where the surface normal and the illuminant vectors are 
parallel. To avoid it, they restrict the iteration in number 
strong enough to be able to regard their method to be just 
another transformation of the image to a depth distribution. 
As a result, the light direction does not play a great role in 
reconstructing the shape, giving inaccurate shapes for 
many images. Propagation approaches estimate shapes 
starting from some initial curves at special points as the 

brightest or the darkest [5]. If there exist only a few such 
special points, the methods may work and give good 
shapes, provided that the illumination is right from the 
frontal. But if there are many such points, which may be 
usual, a large fraction of the image may have to be 
normalized to a value less than unity, as they did, in order 
to avoid the complex processing; otherwise instability may 
occur. The normalization, however, may make the 
resulting shapes inaccurate. The method using the 
deformable model has a stabilization factor in the 
estimation, which was introduced in [7] to give the 
damping effect. The method is applicable to a relatively 
wide range of illuminating direction, but as far as the 
numerical results reported are concerned, it appears that 
the shape accuracy is sacrificed to a certain degree in 
return for the stability. 

In this paper we present a robust shape-from-shading 
approach, aimed both at realizing stable estimation of the 
shape and at improving the shape by getting rid of possible 
distortions. We derive four iterative relations for shape 
estimation using the four approximations of the surface 
normal, and combine them with weights to get a single 
relation. This makes it possible to enhance robustness to a 
great degree, which may lead to better estimates. Also we 
optimize the light direction in slant angle through the 
eigenvalue analysis for the matrix of the combined 
iterative relation, to improve the shape by avoiding the 
small eigenvalues that cause serious distortions. We use a 
combination of the rank of the matrix and the minimal 
eigenvalue to construct a criterion for the optimal slant 
angle.  

Our method works well basically for light directions 
with relatively large slant angles, just as humans can best 
guess shapes of objects by shedding light at them not from 
the front but rather from the side. 
 

2. EXTENDED ITERATIVE RELATION 
 
The consistency between a shading image, I(x,y), and the 
reflectance map, R(p,q), is used: 
 

),(),( yxIqpR =  (1)
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where x,y=1,…,N, and the image is assumed to be 
normalized to unity. Let P and S be the surface normal 
vector of the shape, z(x,y), and the light direction vector, 
respectively: 
 

( ) 01,, Pqp T=P  (2)
 

( ) 0,, SSSS T
zyx=S  (3)

 
p = -∂z/∂x, q = -∂z/∂y (4)

 
where P0 and S0 are normalizing factors. Then, assuming 
the Lambertian surface, R(p,q), normalized by the albedo, 
is given by 
 

SP •=),( qpR  (5)
 
Here we use the following four simplest approximations 
for p and q: 
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Let the function f(x,y) be defined by 
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Applying the Jacobi’s iterative method to f(x,y), we obtain 
the following four relations in correspondence to the four 
approximations in Eq. (6), respectively: 
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where fm and z are N2-elements column vectors of fm(x,y) 
and z(x,y), respectively, and gm, m=1,2,3,4, are N2xN2 
elements matrices made of ∂f(x,y)/∂z(x,y), ∂f(x,y)/∂z(x-1,y), 
∂f(x,y)/∂z(x+1,y), ∂f(x,y)/∂z(x,y-1) and/or ∂f(x,y)/∂z(x,y+1).  

 
 
 
 
 
 

(a)           (b)           (c)          (d) 
Fig. 1 Integrations of the form gm

-1fm are carried out in the 
shaded regions to give values at (x, y) for the four 
approximations in Eq. (6).  

 
The inverses of the four gm matrices take values in 

completely different regions from each other on the (x,y) 
coordinates, as shown in Fig. 1. The elements of fm are 
multiplied by those of gm

-1 and are integrated, to give 

values of gm
-1fm at (x,y). So we can obtain four shapes 

correspondingly to the four different integration regions. 
Considering that shape distortions may tend to accumulate 
as the integration region is larger in area, it may be 
beneficial to weigh the elements of gm and fm to indirectly 
average the four results as: 
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where their explicit forms are given later. Using F and G 
given by 
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Eq. (9) is rewritten as 
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Then, following the least square error procedure, the shape 
is estimated following the iterative relation: 
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with z(0)=0 as typical initial values, where n =1,2,….  

In Eq. (9), the two terms, gwm and fwm, are given, 
respectively, by 
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In the same way z is expressed as 
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where i or j =x+Ny; that is, the weights vary depending on 
the coordinates (x,y). Then, the terms, GTG and GTF in Eq. 
(13), are given, respectively, by 
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It may be seen if we check the distributions of gm

-1 that the 
effective averaging region may roughly be elliptical 
around the reconstruction point with the long axis in the 
direction of the tilt angle of the light direction and that the 
ellipse varies in shape depending on the tilt angle; for 
example, it is line-like when the angle is null and it is most 
circular when the angle is 45 degrees. It may also be seen 
in terms of the magnitude of the eigenvalue that the two 
approximations of Eqs. (6a) and (6b) play major roles for 
the tilt angle in the range of 0 to 90 or 180 to 270 degrees, 
while those of Eqs. (6c) and (6d) do so for the other 
ranges.  

The matrix, GTG, is a sparse one, and we can see that its 
eigenvalues are given by the diagonal elements: 
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for 1≤x≤N and 1≤y≤N          (19)
 
where the terms outside of the region are to be neglected; 
that is, the eigenvalue consists of four terms along the four 
edge lines and three terms at the four corners. It is seen 
that they are non-negative and symmetric, away from the 
weights. It also may be seen that the five terms have 
different intensity distributions from each other for the 
light directions of our interest. So, we may be able to 
expect that the determinant of GTG has a much more 
significant value by using the four approximations. This 
may be crucial for the iteration to converge.  

The light direction, given or estimated, is optimized in 
the reconstruction in the slant angle through the eigenvalue 
analysis to avoid small eigenvalues that may cause serious 
shape distortions. Let the minimal eigenvalue, λmin, and the 
rank, rank, of the matrix GTG in the converged state of the 
iteration be maximal for the values of Sz in Eq. (3), Sz,min 
and Sz,rank, respectively. Then, we regard their average 
value as the optimal one, Sz,opt; in other words, we adopt 
the shape obtained for this value. 

To enhance numerical stability, we enclose the image 
with a uniform shading part, assuming that the part is flat, 
and impose z=0 as the boundary condition. In this case we 
add shaded lines between the image and the added part 
based on the assumption that the object rests on a stand.  
 

3. COMPUTER EXPERIMENTS 
 
Several images were used to examine the new method. We 

did not observe instability as far as they are concerned. In 
this paper we pick up the four images for which the 
optimization makes a significant difference. Among the 
four objects, the computer mouse was measured using a 
laser range scanner. Shading images were synthesized 
assuming the Lambertian surface. The image for the 
mouse has lateral and longitudinal noise that resulted from 
errors occurred in converting the three-dimensional 
measured data to that on the two-dimensional grid. In the 
reconstruction, we continued the iteration until the average 
change in depth reaches 10-3 to 10-4.  

For the semi-sphere object, it is seen in Fig. 2 that using 
the optimized slant angles significantly reduces the 
distortions and improves the shape. The profiles of λmin 
and rank in Fig. 3 gives (Sz,min, Sz,rank) =(34,52), so that we 
obtain the average of Sz,opt=43 for the given Sz=50. For the 
mouse, a significant improvement is seen with the 
optimization, as shown in Fig. 4. In this case (Sz,min,Sz,rank) 
are (26,30) for the given Sz=30. For the Mozart sculpture, 
the optimization also makes a difference, as shown in Fig. 
5. In this case (Sz,min, Sz,rank) are (32,34) for the given Sz=30. 
For the real image “Lena”, first, its slant and tilt angles 
were estimated using Zheng and Chellappa’s algorithm [1] 
as σ=58 and τ=3 degrees. As mentioned in Sec. 2, the 
distribution of gm

-1 for this light direction is effectively 
line-like, giving rise some degree of ruggedness varying in 
y direction to the resulting shape. So the image was rotated 
counter-clockwise by 42 degrees after adding flat image 
parts and four shaded lines, as shown in Fig. 6. We 
obtained (Sz,rank,Sz,min)= (35,36), and the shape obtained for 
the optimal condition appears to be good, as the 
comparison of the texture-mapped shapes pixel by pixel 
for three different values of Sz demonstrates.  

 
4. CONCLUSIONS 

 
We constructed a robust shape-from-shading algorithm by 
using the four approximations of the surface normal and 
by combining the resulting four iterative relations to get a 
single relation. We also optimized the light direction 
through the eigenvalue analysis for the matrix of the 
combined iterative relation, to improve the shape while 
avoiding the small eigenvalues that causeed serious 
distortions. The method is able to reconstruct stable and 
good shapes from images whose light directions have 
relatively large slant angles. 
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(a) given shape (b) image for S=(50,50,50)

 
(c) with S=(50,50,50) (d) with S=(50,50,43)  

 
Fig. 2 Shapes reconstructed from the semi-sphere image without 
and with the optimized light direction. 

 

 
 

(a) given shape (b) image for (-50,-50,30)

 
(c) with S=(-50,-50,30) (d) with S=(-50,-50,28) 

 
Fig. 4 Shapes reconstructed from the mouse image without and 
with the optimized light direction. 
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Fig. 3 Profiles of λmin and the rank for the semi-sphere image. 

 

 
 

(a) given shape (b) image for S= (-50,-50,30)

(c) with S=(-50,-50,30) (d) with S=(-50,-50,33) 
 

Fig. 5 Shapes reconstructed from the Mozart image without and 
with the optimized light direction. 
 

 

(a) modified image (b) with S=(60,60,32) 

 
(c) with S=(60,60,35) (d) with S= (60,60,53) 

 

Fig. 6 Shapes reconstructed from the “Lena” image without and 
with the optimized light direction. 

 

2106


	Index
	ICIP 2004 Home Page
	Conference Info
	Welcome Message
	Techincal Program Overview
	Technical Program Committee
	EDICS Categories
	ICIP2004 Paper Submission Statistics
	ICIP2004 Paper Statistics - Final Program
	ICIP2004 Organizing Committee
	Sponsors
	Exhibition
	Venue Access
	Social Activities
	Other Information
	Call for Papers for ICIP2005

	Sessions
	Monday, 25 October, 2004
	MA-S1-Computational Radar Imaging
	MA-L1-Watermarking I
	MA-L2-Face Recognition
	MA-L3-Video Compression Standards I
	MA-L4-Biomedical Image Processing: Segmentation and Qua ...
	MA-L5-Error Resilience / Concealment I
	MA-P1-Image Segmentation: By Color, Texture, and Edge
	MA-P2-Image Filtering and Morphological Processing
	MA-P3-Image Enhancement I
	MA-P4-Video Segmentation
	MA-P5-Low-level Image Indexing and Retrieval
	MA-P6-DCT-based Video Coding
	MA-P7-Image Compression and Applications
	MA-P8-Distributed Source Coding and Others
	MP-S1-Deformable Models and Applications
	MP-S2-Media Security Issues in Streaming and Mobile App ...
	MP-L1-Face Detection, Recognition, and Classification I
	MP-L2-Video Summarization and Browsing
	MP-L3-Image Filtering and Partial Differential Equation ...
	MP-L4-Image/Video Indexing and Retrieval
	MP-L5-Watermarking II
	MP-P1-Video Compression Standards II
	MP-P2-Error Resilience/Concealment II
	MP-P3-Biometrics I
	MP-P4-Image Segmentation: By Multiple Features and Othe ...
	MP-P5-Image Enhancement II
	MP-P6-Video Object Tracking
	MP-P7-Biomedical Image Processing: Compression and Regi ...
	MP-P8-Video Coding

	Tuesday, 26 October, 2004
	TA-S1-Content-based Analysis of Multi-modal High Dimens ...
	TA-S2-Image Forensics
	TA-L1-Feature-based Image Segmentation
	TA-L2-Denoising and Deblurring
	TA-L3-Biometrics II
	TA-L4-Lossy Image Coding
	TA-L5-Wavelet Video Coding and Scalability I
	TA-P1-Stereoscopic and 3-D Processing I
	TA-P2-Face Detection, Recognition and Classification II
	TA-P3-Motion Detection and Estimation: Block Matching
	TA-P4-Feature Extraction and Analysis: Color and Textur ...
	TA-P5-Watermarking III
	TA-P6-Video Indexing, Retrieval and Editing
	TA-P7-Interpolation
	TA-P8-Geosciences and Remote Sensing and Environment
	TP-S1-What is the Latest in Networked Video?
	TP-L1-Super-resolution and Interpolation
	TP-L2-Deblocking, Restoration, and Enhancement
	TP-L3-Motion Estimation and Detection
	TP-L4-Image Segmentation
	TP-L5-Biomedical Image Processing: Compression, Registr ...
	TP-P1-Stereoscopic and 3-D Processing II
	TP-P2-Face Detection, Recognition and Classification II ...
	TP-P3-Video Streaming and Networking
	TP-P4-Shape Extraction and Analysis
	TP-P5-Watermarking IV
	TP-P6-Image/video Storage and Retrieval
	TP-P7-Wavelet Video Coding and Scalability II
	TP-P8-Image Modeling

	Wednesday, 27 October, 2004
	WA-S1-Content Understanding for Home Photograph and Vid ...
	WA-S2-Pattern Discovery in Real-world Broadcast Video
	WA-L1-Image Scanning, Display, and Printing I
	WA-L2-Image Formation I
	WA-L3-Stereoscopic and 3-D Coding &amp; Processing
	WA-L4-Image Coding I
	WA-L5-Source-Channel Coding I
	WA-P1-Motion Detection and Estimation: Optical Flow and ...
	WA-P2-Watermarking V
	WA-P3-Feature Extraction and Analysis I
	WA-P4-Image Segmentation: Level Set and Active Contour
	WA-P5-Transcoding
	WA-P6-Implementations and Systems
	WA-P7-Document Image Processing and Other Applications
	WA-P8-Biomedical Image Processing: Segmentation and Com ...
	WP-L1-Image Representation, Rendering, and Quality Asse ...
	WP-L2-Stereoscopic Image Processing and 3D Modeling
	WP-L3-Feature Extraction and Analysis II
	WP-L4-Image/Video Segmentation and Tracking
	WP-L5-Distributed Source Coding and Scalability
	WP-L6-Video Streaming
	WP-P1-Image Coding II
	WP-P2-Source-channel Coding II
	WP-P3-Stereoscopic and 3-D Coding
	WP-P4-Super-resolution and Mosaic
	WP-P5-Image Formation II
	WP-P6-Motion Detection and Estimation: Other Methods
	WP-P7-Watermarking and Cryptography
	WP-P8-Image Segmentation: Clustering and Statistical Me ...
	WP-P9-Image Scanning, Display, and Printing II

	Tutorials
	Plenary Sessions
	Special Sessions
	Table of Contents of Printed Proceedings

	Authors
	All Authors
	A
	B
	C
	D
	E
	F
	G
	H
	I
	J
	K
	L
	M
	N
	O
	P
	Q
	R
	S
	T
	U
	V
	W
	X
	Y
	Z

	Papers
	All Papers
	Papers by Session
	Papers by Topics

	Topics
	1.1.1: Lossy coding
	1.1.2: Lossless coding
	1.1.3: Image compression standards
	1.2.1: DCT-based video coding
	1.2.2: Wavelet-based video coding
	1.2.3: Model-based video coding
	1.2.4: Scalability
	1.2.5: Transcoding
	1.2.6: Video compression standards
	1.2.7: Other
	1.3: Stereoscopic and 3-D Coding
	1.4: Distributed Source Coding
	1.5.1: Source/channel coding
	1.5.2: Networking
	1.5.3: Error resilience / concealment
	1.5.4: Video streaming
	1.5.5: Other
	2.1.1: Linear filtering
	2.1.2: Nonlinear filtering
	2.1.3: Level set and fast marching
	2.1.4: Partial differential equations
	2.1.5: Other filtering techniques
	2.2.1: Multiframe image restoration
	2.2.2: Contrast enhancement
	2.2.3: Deblocking / artifacts removal
	2.2.4: Deblurring
	2.2.5: Denoising
	2.2.6: Other restoration techniques
	2.2.7: Other enhancement techniques
	2.3.1: By edge
	2.3.2: By color
	2.3.3: By texture
	2.3.4: By multiple features
	2.3.5: By other features
	2.3.6: Active-contour / snake-based methods
	2.3.7: Clustering-based methods
	2.3.8: Model-fitting-based methods
	2.3.9: Statistical-classification-based methods
	2.3.10: Morphological-based methods
	2.3.11: Level-set-based methods
	2.3.12: Other segmentation methods
	2.4.1: Video object segmentation
	2.4.2: Temporal segmentation
	2.4.3: Video shot segmentation
	2.4.4: Tracking
	2.4.5: Other video segmentation techniques
	2.4.6: Other tracking techniques
	2.5: Morphological Processing
	2.6.1: Stereo image processing
	2.6.2: 3D modeling &amp; synthesis
	2.6.3: Other techniques
	2.7.1: Color
	2.7.2: Texture
	2.7.3: Shape
	2.7.4: Shading
	2.7.5: Other features
	2.8.1: Perceptual / human visual system
	2.8.2: Source modeling
	2.8.3: Noise modeling
	2.8.4: Other
	2.9.1: Face detection, recognition and classification
	2.9.2: Fingerprint analysis and coding
	2.9.3: Iris analysis
	2.9.4: Human activity, gait analysis, and gaze analysis
	2.9.5: Goal-oriented analysis tasks
	2.9.6: Other
	2.10.1: Interpolation
	2.10.2: Super-resolution
	2.10.3: Mosaic
	2.10.4: Registration / alignment
	2.10.5: Other techniques
	2.11.1: Block matching
	2.11.2: Optical flow
	2.11.3: Parametric model for motion estimation
	2.11.4: Change detection
	2.11.5: Camera calibration
	2.11.6: Other motion detection techniques
	2.11.7: Other motion estimation techniques
	2.12.1: Hardware and software co-design
	2.12.2: Embedded and real-time systems
	2.12.3: Paralleled and distributed systems
	2.12.4: Other system platforms
	3.1.1: Super-acoustic imaging
	3.1.2: Tomographic imaging
	3.1.3: Nuclear and x-ray imaging
	3.1.4: Magnetic resonance imaging
	3.1.5: Other
	3.2.1: Radar imaging
	3.2.5: Multispectral / hyperspectral imaging
	3.2.6: Other
	3.4: Optical Imaging
	3.5: Synthetic-Natural Hybrid Image Systems
	4.1: Scanning and Sampling
	4.2: Quantization and Halftoning
	4.3: Color Reproduction
	4.4: Image Representation and Rendering
	4.5: Display and Printing Systems
	4.6: Image Quality Assessment
	5.1: Image and Video Databases
	5.2.1: Low-level image indexing and retrieval
	5.2.2: Relevance feedback and interactive retrieval
	5.2.3: Content addressable browsing
	5.3.1: Video partition/shot detection
	5.3.2: Video features for retrieval
	5.3.3: Low-level video indexing and retrieval
	5.3.4: Semantic video retrieval
	5.3.5: Content summarization and editing
	5.4: Multimodality Image/Video Indexing and Retrieval
	5.5.1: Watermarking
	5.5.2: Cryptography
	6.1.1: Image segmentation and quantitative analysis
	6.1.2: Computer assisted screening and diagnosis
	6.1.3: Visualization
	6.1.4: Image compression
	6.1.5: Image registration and fusion
	6.2.1: Astronomy
	6.2.2: Geosciences
	6.2.3: Remote sensing
	6.2.4: Environment
	6.3: Document Image Processing and Analysis
	6.4: Other Applications

	Search
	Help
	Browsing the Conference Content
	The Search Functionality
	Acrobat Query Language
	Using Acrobat Reader
	Configurations and Limitations

	About
	Copyright
	Current paper
	Presentation session
	Abstract
	Authors
	Osamu Ikeda



