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ABSTRACT

In this paper we present a nonlinear realization of a subspace signal
detection approach based on the generalized likelihood ratio test
(GLRT) - so called matched subspace detectors (MSD). The linear
model for MSD is first extended to a high, possibly infinite, dimen-
sional feature space and then the corresponding nonlinear GLRT
expression is obtained. In order to address the intractability of the
GLRT in the nonlinear feature space we kernelize the nonlinear
GLRT using kernel eigenvector representations as well as the ker-
nel trick where dot products in the nonlinear feature space are im-
plicitly computed by kernels. The proposed kernel-based nonlin-
ear detector, so called kernel matched subspace detector (KMSD),
is applied to a given hyperspectral imagery — HYDICE (HYper-
spectral Digital Imagery Collection Experiment) images — to de-
tect targets of interest. KMSD showed superior detection perfor-
mance over MSD for the HYDICE images tested in this paper.

1. INTRODUCTION

In target detection based on airborne hyperspectral sensors, such as
the HYDICE sensors, two main issues need to be addressed — spec-
tral variability and spectral mixing [1, 2]. The spectral variability
is a phenomenon that stems mainly from variations existing on the
material surface. The material variations entail direct changes in
reflectance that no two pixel spectra are identical even within the
same types of materials. Irregular illumination and atmospheric
effects often deepen the spectral variability to the extent that some
pixel spectra from a local area with the same type of materials take
significantly different spectral shapes.

The HYDICE sensors view normally large areas, resulting in
coarse spatial resolution for sensor images. Consequently, in HY-
DICE images, a pixel spectrum represents a mixture of spectral
signatures of different constituent materials that are present in the
corresponding pixel area — an image region represented by one
pixel. Therefore, the notion of subpixel targets leads to the use of
binary hypothesis tests based on a linear spectral mixing model, in
which the likelihood ratio test is performed to predict the presence
of target within the pixel spectrum [3]. The pixel spectrum is la-
beled target if it includes the spectral signatures of target materials.

The linear subspace mixture model can easily be extended
to a nonlinear domain by mapping the input data into a poten-
tially infinite feature space which can be efficiently implemented
by kernel methods [4, 5]. The kernel methods have emerged as
new nonlinear-based learning techniques that implicitly exploit the
dot product of feature vectors generated by the nonlinear mapping
of the input vectors using kernel representations. Recently, ker-
nel versions of data discrimination techniques based on spectral
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matched filtering, Fisher’s linear discriminant, Mahalanobis dis-
tance measure, and principal component analysis (PCA) have been
introduced [6, 7, 8, 9].

In this paper we combine the notion of kernel-based learning
and matched subspace detection developed by Scharf et. al [3] to
develop a new subpixel target detection method in hyperspectral
images, so called kernel matched subspace detectors. To this end,
based on [3], we first relate a hyperspectral detection problem in
the original input space to the one in the nonlinear feature space
and derive the corresponding general likelihood ratio test (GLRT)
expression. The nonlinear GLRT needs to be kernelized before it
can be implemented and the kernelization procedure is presented
in this paper.

The paper is organized as follows. Brief introduction of ker-
nel methods is presented in Section 2. In Section 3 we formulate
the hyperspectral target detection problem using the hypothesis
test based on linear subspace mixture model and derive the cor-
responding GLRT. In Section 4 we derive the nonlinear expression
of the GLRT in the nonlinear feature domain and kernelize it us-
ing kernel representations. The proposed kernel-based detector is
applied to the given HYDICE image in Section 5. Conclusions are
summarized in Section 6.

2. KERNEL METHODS

Let ) be a P-dimensional input space () C RF) and F be a
nonlinear feature space associated with ) by a nonlinear mapping
function ®

P:Y — F, (D
y — @(y),

where y is an input vector in ). Because of the nonlinearity as-
sociated with the map ®, F is normally in high, possibly infinite,
dimensionality.

However, use of kernel methods allows us to implicitly com-
pute the dot products in F without mapping the input vectors into
F therefore, in the kernel methods, the map & does not need to
be identified. The kernel representation for the dot products in F
is expressed as

k(yi,y;i) =< ®(yi), 2(y;) > ()

= ®(yi) - 2(y;)-
Equation 2 shows that the dot products in F can be avoided by
replacing it with a kernel function, a nonlinear function which can

be easily calculated without identifying the nonlinear map ¢. Two
commonly used kernels are the Gaussian RBF kernel: k(x,y) =

exp(M) and Polynomial kernel: ((x -y) -+ 0)%. See [4] for
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detailed information about the properties of kernels and kernel-
based learning.

Given a training data in the feature space we can also deter-
mine the eigenvectors of its covariance matrix and as shown in [4]
any of the eigenvectors e with A # 0 are spanned by the training
samples ®(y1),...,P(ym) —ie.

e=Y 7d(yi) = Py, ©)
=1

where @y = [ ®(y1) P(y2) ®(ym) | andy =
(¥1,72, - - -, vm)T. As pointed out in [9] turn out to be the eigen-
vectors with nonzero eigenvalues of a centered kernel matrix K
((K)i; = k(ys,y;)). Note that v need to be normalized by the
square root of their corresponding eigenvalues [9].

3. LINEAR SUBSPACE SPECTRAL MIXING MODEL

The detection is based on a hypothesis test in which two compet-
ing hypotheses (Ho and H1) are tested for an input spectrum to
decide which hypothesis is best related to the input spectrum. The
hyperspectral target detection problem in a P-dimensional input
space is expressed as

Ho:y=B(+n, 4)

H1:y:T9+BC+n:[T B }{g}Jrn,

where T and B represent orthogonal matrices whose P- dimen-
sional column vectors span the target and background subspaces,
respectively; 6 and ¢ are unknown vectors whose entries are coef-
ficients that account for the abundances of the corresponding col-
umn vectors of T and B, respectively; n represents Gaussian ran-
dom noise (n € RT) distributed as A (0, o*I); and [ T B }
is a concatenated matrix of T and B. The numbers of the column
vectors of T and B, N; and N, respectively, are usually smaller
than P (¢, Ny < P).

Given the linear subspace detection model and the two hy-
potheses about how the input vector is generated (4), the general-
ized likelihood ratio test (GLRT) is given by [3]:

T
y I-Pg)y 4

L = 27, 5

2() yTI-Prs)y 1?0 K ®

where Pg = B(B"B)~'B” = BB is a projection matrix as-

sociated with the Np-dimensional background subspace < B >;

Pg is a projection matrix associated with the (N + N¢)- dimen-
sional target-and-background subspace < TB >.

4. KERNEL MATCHED SUBSPACE DETECTION

The nonlinear hyperspectral detection problem based on the target
and background subspaces can be described in the feature space F
as

Ho, : ®(y) = Ba(o + 1o, (6)
H,, : ?(y) = Tebs + Bsls + ns

=[ Ta B@][Z’}%—n@a

where T and B represent full-rank matrices whose column vec-
tors span target and background subspaces < By > and < T¢ >
in F, respectively.

We now derive the GLRT of the nonlinear hyperspectral de-
tection problem described by the model in (6):

O(y)" (P1, — Pr,)2(y)
(y)"(Pry — PryB,s ) 2(y)’

where Py, represents an identity projection operator in 7; P, =
Bs(B1Bs) 'BY = BgB7J is a background projection ma-
trix; and Pr,B, is a target-and-background projection matrix
in F. The basic operations associated with every term in (7) —
P(y) P1, 2(y), ®(y)"Pr,®(y), and ®(y)" Pr,B, P(y) -
can be regarded as principal components extraction which is the
projection of ®(y) onto the significant eigenvectors in F. Note
(7) can not be implemented explicitly due to potential infinite di-
mensionality of ®, therefore, (7) has to be kernelized in order to
obtain an expression in terms of the kernel function k.
To kernelize (7) first consider its numerator,

q)(Y)T(PIq: - PB<I>)<I)(Y) (8)
= ®(y)"Pr, ®(y) — ®(y)" BaB5®(y).

La:(®(y)) =

(N

Using (3) Bs and T's can be written as

Beo=[ e, ep ep'? | = @z, B, ©)

Te = [ etl et2 etNt ] = CI’ZTT, (10)
where e}, and e{ are the significant eigenvectors of Cg, and
Crr,. respectively; @z, = [ ®(y1) ®(y2) D(ym) ],
yi € Zp and Pz, = [ ®(y1) P(y2) P(yn) |,vi€
Z; the column vectors of B and 7 represent only the signifi-
cant eigenvectors ( ,81, ,82, el ﬁNb) and (al, &2, ..., aNt) of
the background kernel matrix K(Zg, Zg) = (K)i; = k(y:,y;),
Yi,¥; € Zp and the target kernel matrixK (Zr, Zt) = (K)i; =
k(yi,y;), ¥i,¥; € ZT, respectively.
Using (9) the projection of ®(y) onto B becomes

B3®(y) = [ en' eb’ e’ }Tq)(y) (an
g oL a(y)
_ gl aoy) | _ B"K(Zg,y),
5NbT¢§B®(Y)

and, similarly, using (10) the projection onto T is

Tid(y) = [ e! e e’ ]T'1>(y) (12)
al:‘P%T@(y)
2T & T
= | @ PP S TR @),
oM el o (y)

where K(Zp,y) and K(Zr, y) are column vectors whose entries
are k(x;,y) for x; € Zg and x; € ZT, respectively. Therefore,
®(y) ' BsBL®(y) can be written as

®(y)"BsBLd(y) = K(Zs,y) BB K(Zs,y).  (13)
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The projection onto the identity operator ®(y)” P, ®(y) also
needs to be kernelized. Py, is defined as Py, := Q4Q%, where
Qe =] eq" eq° . ] is a matrix whose columns are all the
eigenvectors with A # 0 that are in the span of ®(y;),y; € ZT U
Zg. From (3) Q& can be expressed as

Qs = [eq’, €q°, ... €q "] = Pz A, (14)

where @z, = Pz, U Pz, and A = (k', K2, kNvt) are
the eigenvectors of the kernel matrix K(Zrg, Zts) = (K):; =
k(yi,¥j), ¥i,yi € Zt U Zp with nonzero eigenvalues, normal-
ized by their associated eigenvalues. Using Pr, = Q+Q% and
(14)
©(y)" P1, 2(y) (15)
= 0(y) Pzrp AN gy, B(y)
= K(Zrs,y) AATK(Z1B,Y),

where K(Zrg,y) is a concatenated vector

[ K(Zt,y)" K(Zg,y)" ]T. The kernelized numerator of
(7) is then given by
K(Zrs,y) AAK(Zrs,y) — (16)

K(Zs,y)'BB'K(Zs,y),

We now kernelize ®(y) P, 5, ®(y) in the denominator of
(7) to complete the kernelization process. From (9), and (10)

(I)(Y)TPT<1>B<I>(I)(y) = q)(y)T [ Te Be } X (17)
[ T2Te TIBe | ' [ TL ()
| BITs BIBs BL y

= [ K(ZTvy)TT K(ZB7y)TB } X
[ T"K(Zr,Z7)T TTK(Zr,Zs)B
| B'K(Zs,Z1)T B"K(Zs,Zs)B
[ T"K(Zr,y)
| B"K(Zs,y) |’
Finally, substituting (13), (16), and (17) into (7) the kernelized
GLR is given by
Lok = (K(Zrs,y)  AA"K(Zrs,y) - (18)
K(Zs,y) BB'K(Zs,y))/
(K(Zrs,y) AA"K(ZrB,Y) -
[ K ZT,y )'T K(Zs,y)"B | A7
ZT, )
BTK (Zs,y) |
B TTK(ZT,ZT)T TTK(Zr,Zs)B
where A1 = { B'K(Zp,Z1)T B'K(Zp,Zp)B
(18) can now be implemented with no knowledge of the mapping
function ®. The only requirement is a good choice for the ker-

nel function k. Note that each kernel matrix K needs to centered
properly, as shown in [4].

—-1
X

5. SIMULATION RESULTS

In this section, we apply the proposed kernel matched subspace
detector to the HYDICE test image that includes targets of inter-
est (military vehicles). The HYDICE imaging sensor generates

210 bands across the whole spectral range (0.4 — 2.5 um), but we
use only 150 bands by discarding water absorption and low sig-
nal to noise ratio (SNR) bands; the bands used are the 23rd—101st,
109th—136th, and 152nd—194th.

The HYDICE image from the Desert Radiance II data collec-
tion was used to test the proposed detectors. The Desert Radi-
ance II (DR-II) image contains 6 targets located in the dirt road,
as shown in the sample band image in Fig. 1. The targets in the

Fig. 1. Sample band image (48th) from the Desert Radiance II
image.

image are all military vehicles.

We compare the detection performance between the matched
subspace detector (MSD) (5) defined in the original input domain
and the kernel matched subspace detector (KMSD) (18) using the
HYDICE test image. The Gaussian RBF kernel, k(x,y) =

exp(M) was used to implement the kernel-based detector;
the value of c used was 40. The numbers of the column vectors
(eigenvectors) of B and 7, N and Ny, used were 6 and 3, respec-
tively.

All the pixel vectors in the test image are first normalized by
a constant, which is a maximum value obtained from all the spec-
tral components of the spectral vectors in the corresponding test
image, so that the entries of the normalized pixel vectors fit into
the interval of spectral values between zero and one. The rescal-
ing of pixel vectors was mainly performed to effectively utilize the
dynamic range of Gaussian RBF kernel.

The receiver operating characteristics (ROC) curves represent-
ing detection probability P; versus false alarm rates Ny, were also
generated to provide quantitative performance comparison. For
ROC curves generation, based on the ground truth information for
the HYDICE image, we obtain the coordinates of all the rectan-
gular target regions. Every target pixel inside the target regions
is then considered as a candidate to be detected. P4 and N are
defined as

.— Nhnit
Py = A

and Ny := Nuniss (19)

Niot

where N}, represents the number of target pixels detected given
a certain threshold; N, represents the total number of target pixels
in the image; Np,iss represents the number of background pixels
detected; and N+ represents the total number of pixels in the im-
age. P, becomes one only when all the individual target pixels
within a target are detected; perfect detection is, therefore, diffi-
cult to achieve and the values of P for both the KMSD and MSD
reported in this paper are usually less than one.

Figs. 2 and 3 show the detection results including the ROC
curves generated by applying KMSD and MSD to both the DR-
II test image. In implementing KMSD and MSD the background
samples were obtained from outside the test image to estimate the
background subspace. Due to a lack of available target samples
(the test image include all the targets, military vehicles, present in
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the given data sets), the target samples were collected from one of
the targets in each HYDICE test set: the right most target in the
DR-II image in Fig. 1.

For the DR-II image, KMSD detected the majority of the tar-
get pixels with high contrast in GLRT values with respect to those
of the background while MSD found a relatively small number of
the target pixels with low contrast, especially, for the first four tar-
gets from the left, as shown in Fig. 2. The ROC curves in Fig.
3 also showed the superiority of KMSD over MSD for the DR-II
imagery.

(d)

Fig. 2. Detection results for the Desert Radiance II image using
the kernel matched subspace detector (KMSD) and the matched
subspace detector (MSD). (a) KMSD, (b) 3-D plot of (a), (c) MSD,
and (d) 3-D plot of (c).

Given the experimental results based on our limited hyper-
spectral data set, it can be said that if the target subspace is prop-
erly estimated to represent the target spectral variability, KMSD is
expected, in general, to perform better than MSD.

6. CONCLUSIONS

We have presented a nonlinear version of the matched subspace
detector by kernelizing the corresponding nonlinear GLRT expres-
sion defined in a high dimensional feature space. The kerneliza-
tion procedure for the nonlinear GLRT was completely derived.
The proposed nonlinear detector, referred to as the kernel matched

x10™

Fig. 3. ROC curves obtained by KMSD and MSD for the Desert
Radiance II image.

subspace detector (KMSD), was applied to hyperspectral subpixel
target detection and the detection performance was compared to
the original matched subspace detector (MSD). The detection re-
sults based on the given HYDICE image confirmed that the kernel-
based learning, which was implicitly performed in the nonlinear
feature space, was a powerful approach to understand the underly-
ing structures of the given data set and representing unseen targets
based on the limited training samples.
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