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ABSTRACT

In this paper, we propose a new scheme for estimating the
motion adaptively at each pixel. We assume non-stationary
statistics for noise and motion, and propose a blind approach
based on using the Generalized Cross Validation (GCV) tech-
nique. We thus determine a different level of regularization
at each pixel based on the local statistics using GCV. The
problems addressed include the preservation of discontinu-
ities, model/data errors, and confidence measures. Experi-
mental results demonstrate the high accuracy of the prposed
technique applied to both synthetic and real data.

1. INTRODUCTION

The literature on motion analysis is quite rich and covers
over two decades of research in image processing and com-
puter vision. The focus of this paper is the gradient-based
techniques, which were motivated in by the work of Horn
and Schunk [6]. The underlying assumption in all existing
contributions [1, 2, 5, 6, 7, 8] is the intensity conservation
along the trajectory of pixels, which yields the well-known
gradient constraint equation

fxu + fyv + ft = 0 (1)

where f(x, y, t) is the image sequence, the subscripts indi-
cate the partial derivatives with respect to the corresponding
variables, and (u, v) is the vector of two unknown compo-
nents of the velocity at each pixel.

Clearly, the problem is underconstrained - one linear
equation and two unknowns. Two approaches that attempt
to tackle this issue are based on the use of neighborhood in-
formation (piecewise constancy or smoothness), or the use
of higher order derivatives [7, 10]. A major issue in motion
estimation is errors in model (e.g. oversmoothing at discon-
tinuities) or the noise on the data, which we have addressed
in this paper.
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2. PROPOSED APPROACH

Let us rewrite the gradient constraint equation as follows:

∇T f ũ = 0 (2)

where ∇ =
[

∂
∂x

, ∂
∂y

, ∂
∂t

]T

is the usual gradient operator,

ũ = [u, v, 1]T is a homogenous representation of the veloc-
ity vector, and ∇T f is a shorthand for (∇f)T , where the
superscript T denotes the transposition.

Applying the gradient operator to both sides yields

∇∇T f ũ = Hũ = 0 (3)

where H is the 3 × 3 Hessian matrix of f(x, y, t) at each
pixel. This is a system of linear simultaneous equations,
where the first two equations lead essentially to the formu-
lation proposed by Uras et al. [10], and the third equation
is a new temporal constraint [3], which implies that either
there is no acceleration or the temporal sampling of the se-
quence is sufficiently high so that inter-frame accelerations
is negligible.

If we now explicitly enforce the gradient constraint equa-
tion in (3), we obtain the following model to solve for the
motion field

[

∇∇T f

∇T f

]

ũ = H̃ũ = 0 (4)

In practice due to various sources of error equation (4) does
not identically vanish. Hence, we get

H̃ũ = e (5)

where e is a random vector whose statistics are unknown.
Although one could solve (5) simply by using least-

squares, the results would be affected by various sources
of inaccuracy such as model or data errors, motion discon-
tinuities and the aperture problem. Therefore in this sec-
tion, we propose an adaptive approach based on GCV. The
adaptiveness of our scheme is due to two factors. One is
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our non-stationarity assumption, which leads to a spatially
varying regularization parameter computed independently
at each pixel, and the other is the use of a norm regulariza-
tion described below.

Use of GCV in the context of motion estimation has
never been exploited before. We particularly derive a closed-
form expression for the optimal regularization parameters
that has not been reported in the past, and that lends itself to
an easy implementation.

Let us rewrite (5) as follows

Hu = b + e (6)

where H is a 4 × 2 matrix given by H = [h1 h2], and
b = −h3, with h1, ...,h3 denoting the columns of H̃.

A classical remedy for overcoming the errors due to e is
given by the following generalization of Tikhonov regular-
ization

û = (HT
H + µxyL

T
L)−1

H
T
b (7)

which minimizes

Q(u) = ‖Hu− b‖2 + µxy‖Lu‖2 (8)

Therefore the GCV function to be minimized with respect
to µxy will be given by

CL(µxy) =
‖(I−H(HT

H + µxyL
T
L)−1

H
T )b‖2

(tr(I −H(HT H + µxyL
T L)−1HT ))2

(9)

A classical choice for L that enforces consistency between
the four noisy constraints in (6) would be given by

L
T
L =

(

2 −1
−1 2

)

(10)

The main task now is to determine at each pixel the optimal
value of µxy that minimizes the GCV criterion in (9). In
existing literature, the minimizer of (9) is usually obtained
using numerical techniques. In order to overcome the non-
linearity of the GCV criterion, these techniques often make
simplifying assumptions, e.g. circulant H and L, or use
numerical techniques such as quadrature rules and Lanczos
algorithm [4, 9]. Below, we will derive a closed-form ex-
pression for the minimizer of our GCV criterion.

For this purpose, let P = I−H(HT
H+µxyL

T
L)−1

H
T .

This matrix is commonly referred to as the projection ma-
trix. The GCV function can thus be written as

CL(µxy) =
‖Pb‖2

(tr(P))2
(11)

Applying the matrix inversion lemma to P, we get

P =

(

I +
1

µxy

KK
T

)

−1

= µxy(µxyI + KK
T )−1 (12)

where K = HL
−1.

Now, let

KK
T = VΛV

T =

4
∑

j=1

λjvjv
T
j (13)

be the spectral decomposition of KK
T , where vj ’s are the

columns of V that form a set of orthonormal vectors and
λj ’s are the corresponding eigenvalues. It then follows that

P =

4
∑

j=1

µxy

µxy + λj

vjv
T
j (14)

=

2
∑

j=1

µxy

µxy + λj

vjv
T
j +

4
∑

j=3

vjv
T
j (15)

where the last equality follows from the fact that in our case
(i.e. in eq. (6)) λ3 = λ4 = 0.

In order to simplify this GCV function, we take advan-
tage of the fact that most of the information in KK

T is
in fact carried by the first eigenvalue. In fact, it can be
shown that by construction of the matrix L, in the worst
case the largest eigenvalue is 3 times the second eigenvalue,
but due to lack of space we do not present the formal proof
here. Therefore KK

T ' λ1v1v
T
1 . Using the abbreviation

V
T
b = z = [z1 z2 z3 z4]

T , we get

CL(µxy) '

(

µxy

µxy+λ1

)2

z2
1 +

∑4

j=2
z2

j

(

3 +
µxy

µxy+λ1

)2
(16)

Differentiating this equation with respect to µxy and setting
it to zero, we find after simplification that the optimal regu-
larization parameter is given by

µ∗

xy =
λ1(z

2
2 + z2

3 + z2
4)

3z2
1 − z2

2 − z2
3 − z2

4

(17)

Therefore, a closed form solution is given by (7) and
(17).

3. ERRORS & CONFIDENCE MEASURES

Next, we propose an adaptive scheme to robustify the ap-
proach by truncating the quadratic error in (8). To specify
an adaptive truncation level at each pixel, we need to deter-
mine the pixelwise expected value of error in the estimated
motion. Note that our solution at any pixel is of the form

û = H
+
b (18)

where the pseudo-inverse H
+ is (HT

H+µxyL
T
L)−1

H
T .

We make the following assumptions about the model/data
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error characterized by e in (6) and the smoothnes of motion
field characterized by a = Lu:

E[eeT ] = σ2
eI

E[aaT ] = σ2
aI

E[eaT ] = 0 (i.e. uncorrelated)
(19)

where E[·] denotes the expected value.
We are interested in the quantity E[‖u − û‖2], which

with some algebraic manipulations can be found as follows:

E [‖u− û‖2] =

= tr(E[uu
T ])−2tr(E[ub

T ]H+T )+tr(H+E[bb
T ]H+T )

(20)

where tr(·) stands for the trace of the matrix, and the super-
script +T denotes the transpose of the pseudo-inverse.

From the linearity of E[·] it follows that

E[uu
T ] = σ2

a(LT
L)−1, (21)

E[bb
T ] = σ2

aH(LT
L)−1

H
T + σ2

eI, (22)

and
E[ub

T ] = σ2
a(LT

L)−1
H

T , (23)

where the superscript −T denotes the transpose of the in-
verse matrix.

Substituting from (21), (22) and (23) into (20), we get

E[‖u − û‖2] = σ2
e tr(H+

H
+T ) + σ2

aε2 (24)

where

ε2 = tr((LT
L)−1) − 2tr((LT

L)−1
H

T
H

+T )

+ tr(H+
H(LT

L)−1
H

T
H

+T ) (25)

characterizes the bias in the expected error due to regular-
ization. The bias tends to zero as H

+ → H
−1, in which

case the expected error will be dominated by the first term
characterizing data error. In a “good” scenario, we should
be able to trust our data more than our prior information,
which implies that

ε2

tr(H+H+T )
≤ µ2

xy (26)

where we have used the fact that µxy = σe

σa

.
We use (26) as a measure for evaluating our confidence in
a velocity vector. Unreliable, velocity vectors are therefore
eliminated by adaptively truncating the quadratic cost func-
tion in (8)

û = arg min Q(u) if
ε2

tr(H+H+T )
≤ µ∗

xy (27)

Note that no knowledge of the actual statistics (i.e. σe and
σa) is required.

4. RESULTS & DISCUSSION

We applied our technique to both synthetic and real data,
some of which are shown below. Of course, for the syn-
thetic set since the true motion is known the performance
can be quantified and compared to other existing methods.
Figures 1 and 2 show the results for the synthetic sequences
of Yosemite and the diverging tree, respectively. Tables 1
and 2 compare the average angular error and its standard
deviation to those reported by Barron et al. [1] in each case.

Results demonstrate excellent performance for our ap-

Fig. 1. Yosemite sequence & its estimated flow field.

Technique Average Standard
Error Deviation

Horn & Schunck 32.43
◦

30.28
◦

Lucas & Kanade (λ2 ≥ 1.0) 4.10
◦

9.58
◦

Uras et al. (thresholded) 6.73
◦

16.01
◦

Nagel 11.71
◦

10.59
◦

Anandan 15.84
◦

13.46
◦

Heeger (level 1) 10.51
◦

12.11
◦

Fleet & Jepson (τ = 2.5) 4.29
◦

11.24
◦

Our Method 0.2
◦

0.3
◦

Table 1. Results for Yosemite sequence

Fig. 2. Diverging tree sequence and its estimated flow field.

proach.
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Technique Average Standard
Error Deviation

Horn & Schunck 12.02
◦

11.72
◦

Lucas & Kanade (λ2 ≥ 1.0) 1.94
◦

2.06
◦

Uras et al. (thresholded) 3.83
◦

2.19
◦

Nagel 2.94
◦

3.23
◦

Anandan 7.64
◦

4.96
◦

Heeger 4.95
◦

3.09
◦

Fleet & Jepson (τ = 2.5) 0.99
◦

0.78
◦

Our Method 0.1
◦

0.25
◦

Table 2. Results for diverging tree sequence

We show our results on two real sequences. The first
sequence is the SRI tree sequence which has been used by
most authors in the past for testing their algorithms in terms
of preserving discontinuities and avoiding over-smoothing.
The second real sequence is the Rubic cube sequence which
has a rotational motion on a turn-table. In both cases we
have shown the magnitude of the estimated flow fields to
illustrate the capability of our technique for preserving fine
scene-related features such as discontinuities.

(a) (b)

Fig. 3. (a) SRI tree sequence, (b) the magnitude of the flow
field in gray scales

(a) (b)

Fig. 4. (a) Rubic cube sequence, (b) the magnitude of the
flow field in gray scales

For instance in the SRI tree sequence one can easily dis-

tinguish in the magnitude image the tree in the middle and
its branches and its leaves. In addition the second tree to
the left and also an object to the right of the middle tree
are also easily distinguished. Figure 4 shows the results for
the Rubic cube sequence. One can again easily recognize
the patterns on the cube reflected in the magnitude image,
which is due to adaptive regularization.

We found that Using GCV and the fact that second or-
der constraints (together with first order constraints) provide
pixelwise formulation, one obtains a very attractive frame-
work for solving the problem. In particular such framework
alleviates the artificially introduced issues due to neighbor-
hood formulation, while providing a truely pixelwise adap-
tive solution.
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