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Abstract
In this paper we present a nonlinear version of the well-known
anomaly detection method, referred to as the RX-algorithm, by
extending this algorithm in a feature space associated with the
original input space via a certain nonlinear mapping function. An
expression for the nonlinear form of the RX-algorithm is derived
which is basically intractable mainly due to the high dimensional-
ity of the feature space. We convert the nonlinear RX expression
into kernels which implicitly compute dot products in the nonlin-
ear domain. The proposed kernel RX-algorithm is applied to hy-
perspectral images for anomaly detection. Improved performance
of the kernel RX over the conventional RX is shown for the HY-
DICE (HYperspectral Digital Imagery Collection Experiment) im-
ages tested.

1. INTRODUCTION

Anomaly detectors are pattern recognition schemes that are used
to detect objects that might be of military interest. Almost all
anomaly detectors attempt to locate anything that looks different
spatially or spectrally from its surroundings. In spectral anomaly
detection algorithms, pixels (materials) that have a significant dif-
ferent spectral signature from their neighboring background clutter
pixels are identified as spectral anomalies. Anomaly detection al-
gorithms [1, 2, 3, 4] use the spatial as well as spectral signatures
to detect anomalies embedded within a background clutter with a
very low signal-to-noise ratio. In spectral anomaly detectors, no
prior knowledge of the target spectral signature are utilized or as-
sumed. However, most of the algorithms in the literature assume
that the data has a Gaussian probability distribution and the gen-
eralized likelihood ratio test (GLRT) is used to test the hypotheses
that a target is in the image.

In [2], an spectral anomaly detection was developed for detect-
ing targets of unknown spectral distribution against a background
with unknown spectral covariance. This algorithm is now com-
monly referred to as the RX anomaly detector which has been
successfully applied to many hyperspectral target detection appli-
cations [3, 4]. It is now considered as the benchmark anomaly
detection algorithm for multispectral/hyperspectral data. The RX-
algorithm is a constant false alarm rate (CFAR) adaptive anomaly
detector which is derived from the generalized likelihood ratio test.

In this paper we formulated a nonlinear version of the RX-
algorithm by transforming each spectral pixel into a very high-
dimensional feature space (could be infinite dimension) by a non-
linear mapping function. The spectral pixel in the feature space
now consists of possibly the original spectral bands and a non-
linear combination of the spectral bands of the original spectral
signature. Implementing the RX-algorithm in the feature space,
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the higher order correlations between spectral bands are exploited,
thus resulting in a nonlinear RX-algorithm. However, this non-
linear RX-algorithm cannot be implemented directly due to the
high dimensionality of the feature space. It is shown in Section 4
that because the RX-algorithm consists of inner products of spec-
tral vectors, it is possible to implement a kernel-based nonlinear
version of the RX-algorithm by using kernel functions, and their
properties [5].

In fact, using kernel functions no explicit knowledge of the ac-
tual nonlinear mapping is necessary which means the RX-algorithm
is not computed explicitly in the feature space. This property is
the major advantage of the kernel-based methods that reduce a
nonlinear algorithm to a linear one in some high-dimensional fea-
ture space. Kernel-based versions of a number of feature extrac-
tion or pattern recognition algorithms have recently been proposed
[6, 7, 8].

This paper is organized as follows. Section 2 provides an in-
troduction to the RX-algorithm. Section 3 describes kernel func-
tions and their relationship with the dot product of input vectors in
the feature space. In Section 4 we show the derivation of the ker-
nel version of the RX-algorithm. Experimental results comparing
the RX-algorithm and the kernel-based RX-algorithm are given in
Section 5. Finally, in Section 6 conclusion and discussion are pro-
vided.

2. INTRODUCTION TO RX-ALGORITHM

Reed and Yu in [2] developed a GLR test, so called the RX anomaly
detection, for multidimensional image data assuming that the spec-
trum of the received signal (spectral pixel) and the covariance of
the background clutter are unknown. Let each input spectral signal
be denoted by a vector x(n) = (x1(n), x2(n), . . . , xJ(n))T con-
sisting of J spectral bands. Define Xb to be a J ×M matrix of the
M reference background clutter pixels. Each observation spectral
pixel is represented as a column in the sample matrix Xb

Xb = [x(1) x(2) . . . x(M)]. (1)

The two competing hypotheses that the RX-algorithm must distin-
guish are given by

H0 : x = n, Target absent (2)
H1 : x = as + n, Target present

where a = 0 under H0 and a = 1 under H1, respectively. n

is a vector that represents the background clutter noise process,
and s is the spectral signature of the signal (target) given by s =
[s1, s2, . . . , sJ ]. The target signature s and background covariance
Cb are assumed to be unknown. The model assumes that the data
arises from two normal PDFs with the same covariance matrix but
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different means. Under H0 the data (background clutter) is mod-
eled as N (0, Cb) and under H1 it is modeled as N (s, Cb). The
background covariance Cb is estimated from the reference back-
ground clutter data. The estimated background covariance Ĉb is
given by

Ĉb =
1

M

M∑

i=1

(x(i) − µ̂b)(x(i) − µ̂b)
T , (3)

where µ̂b is the estimated background clutter sample mean given
by

µ̂b =
1

M

M∑

i=1

x(i). (4)

Assuming a single pixel target r as the observation test vector, the
expression for the RX-algorithm is given by

RX(r) = (r − µ̂b)
T Ĉ−1

b (r − µ̂b). (5)

3. FEATURE SPACE AND KERNEL METHODS

Suppose the input hyperspectral data is represented by the data
space (X ⊆ RJ ) and F be a feature space associated with X by a
nonlinear mapping function Φ

Φ : X → F , (6)
x 7→ Φ(x),

where x is an input vector in X which is mapped into a potentially
much higher dimensional feature space. Using the kernel trick
(Equation 7), it allows us to implicitly compute the monomial dot
products in F without mapping the input vectors into F ; therefore,
in the kernel methods, the mapping Φ does not need to be identi-
fied. The kernel representation for the monomial dot products in
F is expressed as

k(xi,xj) =< Φ(xi), Φ(xj) > (7)
= Φ(xi) · Φ(xj).

Equation 7 shows that the dot products in F can be avoided and
replaced by a kernel, a nonlinear function which can be easily cal-
culated without identifying the nonlinear map Φ. Two commonly
used kernels are the Gaussian RBF kernel: k(x,y) =

exp(−‖x−y‖2

c
) and Polynomial kernel: ((x · y) + θ)d.

4. KERNEL RX-ALGORITHM

In this section, we remodel the RX-algorithm in the feature space
by assuming the input data has already been mapped into a high
dimensional feature space. The two hypotheses in the nonlinear
domain are now

H0Φ
: Φ(x) = Φ(n), Target absent (8)

H1Φ
: Φ(x) = aΦΦ(s) + Φ(n), Target present

The corresponding RX-algorithm in the feature space is

RX(Φ(r)) = (Φ(r) − µ̂bΦ
)T Ĉ−1

bΦ
(Φ(r) − µ̂bΦ

) (9)

where ĈbΦ and µ̂bΦ
are the estimated covariance and background

clutter sample mean in the feature space, respectively, given by

ĈbΦ =
1

M

M∑

i=1

(Φ(x(i)) − µ̂bΦ
)(Φ(x(i)) − µ̂bΦ

)T (10)

and

µ̂bΦ
=

1

M

M∑

i=1

Φ(x(i)). (11)

The nonlinear RX-algorithm given by Equation (9) is now in
the feature space which cannot be implemented explicitly due to
the non-linear mapping Φ which produces a data space of high
dimensionality. In order to avoid implementing Equation (9) di-
rectly we need to kernelize (9) by using the kernel trick introduced
in Section 3.

The estimated background covariance matrix can be repre-
sented by its eigenvector decomposition or spectral decomposition
as given by

ĈbΦ = VΦΛbVΦ

T , (12)

where Λb is a diagonal matrix consisting of the eigenvalues and
VΦ is a matrix whose columns are the eigenvectors of CbΦ in the
feature space. The eigenvector matrix VΦ is given by

VΦ = [v1

Φ,v2

Φ, . . .], (13)

where v
j
Φ

is the jth eigenvector with non-zero eigenvalue.
The inverse of the estimated background covariance matrix

can also be written as

Ĉ−1

bΦ
= VΦΛ−1

b VΦ

T . (14)

Each eigenvector v
j

φ in the feature space can be expressed as a lin-
ear combination of the centered input vectors Φc(x(i)) = Φ(x(i))
− µ̂bΦ

in the feature space as shown by

v
j
Φ

=

M∑

i=1

βj
i Φc(x(i)) = XbΦβ

j , (15)

where XbΦ = [Φc(x(1)) Φc(x(2)) . . . Φc(x(M))] and for all the
eigenvectors

VΦ = XbΦB, (16)

where βj = (βj
1
, βj

2
, . . . , βj

M )T and B = (β1, β2, . . . , βM )T

are shown in [6] to be the eigenvectors of the kernel matrix (Gram
matrix) K(Xb,Xb) normalized by the square root of their corre-
sponding eigenvalues.

Substituting Equation (16) into (14) yields

Ĉ−1

bΦ
= XbΦBΛb

−1BT
X

T
bΦ

. (17)

Inserting Equation (17) into (9) the nonlinear RX-algorithm can be
rewritten as

RX(Φ(r)) (18)

= (Φ(r) − µ̂bΦ
)T

XbΦBΛ−1

b BT
X

T
bΦ

(Φ(r) − µ̂bΦ
).
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The dot product terms Φ(r)T XbΦ in the feature space can be rep-
resented in terms of the kernel function:

Φ(r)T
XbΦ (19)

= Φ(r)T ([Φ(x(1)) Φ(x(2)) . . . Φ(x(M))] −
1

M

M∑

i=1

Φ(x(i)))

= (k(x(1), r) k(x(2), r) . . . k(x(M), r))

−
1

M

M∑

i=1

k(x(i), r)

= k(Xb, r)
T −

1

M

M∑

i=1

k(x(i), r) ≡ K
T
r ,

where k(Xb, r)
T represents a vector whose entries are the kernels

k(x(i), r), i = 1 . . . M, and 1

M

∑M

i=1
k(x(i), r) represents the

scalar mean of k(Xb, r)
T . Similarly,

µ̂
T
bΦ

XbΦ (20)

=
1

M

M∑

i=1

Φ(x(i))T {[Φ(x(1)) Φ(x(2)) . . . Φ(x(M))]

−
1

M

M∑

i=1

Φ(x(i))}

=
1

M

M∑

i=1

(k(x(i),x(1)) k(x(i), x(2)) . . . k(x(i),x(M)))

−
1

M2

M∑

i=1

M∑

j=1

k(x(i),x(j))

=
1

M

M∑

i=1

k(x(i),Xb) −
1

M2

M∑

i=1

M∑

j=1

k(x(i),x(j))

≡ K
T

µ̂
b

.

Also using the properties of the Kernel PCA [6], we have the
relationship

K̂
−1

b =
1

M
BΛb

−1BT , (21)

where we denote the estimated centered Gram matrix K̂b =
K̂(Xb,Xb) = (K̂)ij the M × M kernel matrix whose entries
k(xi,xj) are the dot products < Φc(xi), Φc(xj) > and M is the
total number of background clutter samples which can be ignored.
Substituting (19), (20) , and (21) (without 1

M
) into (18) the kernel-

ized version of the RX-algorithm is given by

RXK(r) = (KT
r − K

T

µ̂
b

)T
K̂

−1

b (KT
r − K

T

µ̂
b

) (22)

which can now be implemented with no knowledge of the mapping
function Φ. The only requirement is a good choice for the kernel
function k. Note that K̂b is the centered Gram matrix, as shown in
[5]. The centered K̂b is given by

K̂b = (Kb − 1NKb − Kb1N + 1NKb1N ), (23)

where Kb is the Gram matrix before centering and the elements of
the N × N matrix (1N )ij = 1/N .

5. SIMULATION RESULTS

In this section, we apply both the kernel RX- and conventional RX-
algorithms to the HYDICE image - the Forest Radiance I (FR-I)
image, as shown in Fig. 1 - that includes total 14 targets (military
vehicles). The HYDICE imaging sensors generate 210 band im-

Fig. 1. Sample band image (48th) from the Forest Radiance I im-
age.

ages across the whole spectral range (0.4 – 2.5 µm), but we use
only 150 band images by discarding water absorption and low sig-
nal to noise ratio (SNR) bands; the bands used are the 23rd–101st,
109th–136th, and 152nd–194th.

Gaussian RBF kernel, k(x,y) = exp(−‖x−y‖2

c
), was used

to implement the kernel RX-algorithm; the value of c was set to
40. All the pixel vectors in the test image are first normalized by
a constant, which is a maximum value obtained from all the spec-
tral components of the spectral vectors in the corresponding test
image, so that the entries of the normalized pixel vectors fit into
the interval of spectral values between zero and one. The rescal-
ing of pixel vectors was mainly performed to effectively utilize the
dynamic range of Gaussian RBF kernel.

For each pixel location in the test image, a dual concentric
rectangular window is used to separate a local area into two re-
gions – the inner-window region (IWR) and the outer-window re-
gion (OWR), as shown in Fig. 2; the background kernel matrix
K̂b, the covariance matrix Ĉb, and the background mean µ̂b were
obtained locally based on the pixel vectors in the OWR. The test

X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X
X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X
X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X
X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X
X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X
X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X
X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X
X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X

X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X
X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X
X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X
X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X

X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X
X X  X  X  X  X  X  X  X  X  X  X  X  X  X  X  X

Dual window

Outer region

Inner region

Hyperspectral images

Fig. 2. Example of the dual concentric windows.

pixel vector r was obtained from the IWR. The dual concentric
windows naturally divide the local area into the potential target re-
gion, the IWR, and the background region, the OWR. The size of
the IWR was set to enclose targets to be detected. The target size is
approximated using the prior knowledge of the range, field of view
(FOV), and the dimension of the biggest target in the given data set.
Similarly, the size of the OWR was set to include the neighboring
background. The size for the dual windows used were 5 × 5 and
13 × 13 pixel areas, respectively.
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Fig. 3 shows the detection results. The kernel RX detected
most of the targets with a few false alarms while the conventional
RX generated more false alarms and missed some targets. The re-
ceiver operating characteristics (ROC) curves representing detec-
tion probability Pd versus false alarm rates Nf , were also gener-
ated to provide quantitative performance comparison between the
two algorithms, as shown in Fig. 4: the kernel RX showed supe-
rior detection performance over the conventional RX. Every target
pixel inside the target regions is considered as a target candidate to
be detected. Pd becomes one only when all the individual target
pixels within a target are detected; perfect detection is, therefore,
difficult to achieve and the values of Pd for both the kernel RX and
conventional RX are usually less than one.

(a)

(b)

(c)

(d)

Fig. 3. Detection results for the Forest Radiance I images using
kernel-RX and conventional RX. (a) Kernel-RX, (b) 3-D plot of
(a), (c) RX, and (d) 3-D plot of (c).

6. CONCLUSIONS

We have extended the RX-algorithm to a nonlinear feature space
by kernelizing the corresponding nonlinear GLRT expression. The
GLRT expression of the kernel RX is similar to the conventional
RX, but every term in the expression is in kernel forms which

0 1 2 3 4 5 6

x 10−3

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

KRX 
RX

Fig. 4. ROC curves obtained by kernel-RX and RX for the Forest
Radiance I image.

can be readily calculated in terms of the input data in the origi-
nal space. The kernel RX showed superior detection performance
over the conventional RX given the HYDICE image tested. This
is mainly because the high order correlations between the spectral
bands are exploited by the kernel RX.
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