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Abstract

In this paper we show how surface height recovery from
the field of surface normals can be posed as one of low
dimensional embedding. To do this, we make use of the
surface normals to compute the surface height increments
corresponding to each location on the pixel lattice. With
the height increments to hand, we can estimate the surface
height difference between each pair of pixel-locations. We
pose the problem of surface height recovery as that of em-
bedding the surface normals on a manifold in a 3D space
that preserves both the pattern of surface height differences
and the lattice footprint of the field of surface normals. We
present a sensitivity study on synthetic imagery and perform
experiments on a variety of real world image data, where it
produces qualitatively good reconstructed surfaces.

1. INTRODUCTION

The analysis of the literature on the topic of surface height
recovery is not a straightforward task. The reason for this
is that surface recovery is frequently viewed as an integral
part of the shape-from shading or shape-from-texture pro-
cess. Horn and Brooks [5] realise surface height recovery
as a post-processing step. The process proceeds from the
occluding boundary and involves incrementing the surface
height by an amount determined by the distance traversed
and the slope angle of the local tangent plane. In some of
the earliest work, Wu and Li [11] average the surface normal
directions to obtain a height estimate. A more elegant solu-
tion is proposed by Frankot and Chellappa [4] who project
the surface normals into the Fourier domain to impose inte-
grability constraints and surface height is recovered using an
inverse Fourier transform. Klette and his co-workers have
enhanced this approach by showing how more complex reg-
ularisation constraints can be formulated in the Fourier do-
main [9]. Dupuis and Oliensis [3] have developed a method
which draws on differential geometry and involves propa-
gation in the direction of the steepest gradient from singular
points. A fast variant of this algorithm is described by Bich-
sel and Pentland [1] who compute the relative height of the
surface with respect to the highest intensity point.

In this paper, our contribution is to pose the problem of
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recovering the surface height function as that of embedding
the field of surface normals into a manifold. There is of
course a considerable body of tangentially related work on
this topic. Since manifold learning attempts to embed pat-
tern vectors in a low dimensional space, it is potentially use-
ful for a number of tasks. Proof of this are the results ob-
tained making use of isometric embedding methods [8] and
unidimensional scaling [2].

2. SURFACE HEIGHT RECOVERY

In this section, we pose the problem of recovering the sur-
face height function from the field of surface normals as
that of embedding the field of normals into a manifold
that resides in a Euclidean space. To do this, we use
the field of surface normals to estimate the height differ-
ence between each pair of locations in the field of normals.
Once the height estimates have been computed, the surface
may be then recovered by embedding them into the single-
dimensional Euclidean space perpendicular to the lattice
footprint.

2.1. Height Difference Approximation

Let d,, s, be the estimate of the surface height difference
between the pair of points s; and s; on the surface under
study S whose x and y coordinates correspond to the row
and column indexes of the pixels p; and p; on the image
plane. An estimate of d,, ;, may be recovered by mak-
ing use of the increments along the pixel-sites falling on the
path I'y, ., that best describes the projection of the geodesic
connecting the points onto the image or pixel lattice. To
compute the quantity d, s,, we traverse the path I',,, ,,, and
compute the height increments associated with the pixel-
site transitions along the path. The quantity d,, , is then
given by the sum of these height increments. The approx-
imation to the height increment associated with the transi-
tion from the pixel indexed p; € Iy, ,, to the pixel indexed
p; € I'y, p, can be computed by assuming that the two pixel
sites are connected by a plane whose slope is determined by
the normal vectors N (s;) and N (s;j). The height increment
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is given by
h = ,r‘piapj {NI(S’L) + NCL‘(S])} (l)
T2 IN(s) Ny(sy)

where rp, . =|| p;—p; || is the Euclidean distance between
the site-centres on the lattice of surface normals.

2.2. Surface Integration Via Unidimensional Embedding

The problem of recovering the surface from a set of pair-
wise height difference estimates may be viewed as one of a
unidimensional embedding which preserves the footprint of
the surface-normal lattice. We commence by rewriting the
height difference estimate dy, s, between a pair of points on
the surface S as

- Zsl + esk,s, (2)

dsy,s, = Zsy,

where z;, is the surface height at a point s, corresponding
to the pixel-site indexed p;, and e, g, is the error of repre-
sentation in the height difference.

Here, we consider the errors of representation to be a set
of independent random variables of size N =| Nyops X
Neois |, where N5 and N, are the lattice dimensions.
Furthermore, the central limit theorem [6] states that, if
N — o0, the distribution of normalised errors § = eg, s,
will be Gaussian with mean x and variance o, i.e.

1 (6 —p)?
o eXp{——202 } 3)

For N samples, the error in the mean p is

P(5) =

€= —— “)

As a result, as N — oo, the uncertainty of the estimator
tends to zero.

With these ingredients, we define the column vector B
whose k*" coefficient is given by

1 =N
Bk = N dsk,sl
=1
1 =N
= N (Zsk — Zg T eslmvsl,)
=1
=N
1 1
= Zs, — N Zs; + = N Z €si,s1 (5)

=1

To take our analysis further, we turn our attention to the
last term of the equation above. The quantity

1 I=N
— N Z €si,s1 (6)
=1

is the mean height error at the location [ on the surface. If
we assume that the distribution of errors is stationary, then
we can write

1 =N 1 =N
L :Nzesusz NG = Nzesjﬁz (N
=1 =1

As a result, noting that the quantity % Zﬁzf[ zs, in Equa-
tion 5 does not depend on the index k, it follows that

=N

I=N =
1 1
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B,-B, =
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Finally, if we set z;;, = 0 and solve for z,. The result is

1 =N =N
Zg, N B7 - Bl = N (; ds“sl - ; dsl,sl> (9)

It is important to stress that, whereas setting z5, = 0
may alter the relative position of the embedding with re-
spect to the coordinate system, the configuration described
by the relative height between each pair of points remains
unchanged.

3. EXPERIMENTS

We have experimented with our new method on a variety
of real world and synthetic data. To this end, we have used
gray-scale imagery and recovered the field of surface nor-
mals making use of the method of Worthington and Han-
cock [10]. We have also compared our results with those
delivered by the algorithm of Bichsel and Pentland [1].

3.1. Synthetic Data

Here, we investigate the effect of varying the light source di-
rection. To this end, we have generated a set of 6 images of
a teapot illuminated with a single light source positioned in
the direction Lp = [sin(fy,,),0,cos(A1,)]T. For our ex-
periments, we have set V = [0,0,1]7 and varied the angle
01, in increments of 6° between 0° and 30°.

In the top row of Figure 1, we show three of the im-
ages in our dataset. Here, we have ordered the example
images, from left-to-right, in increasing 6, i.e. 05, =
09,189, 30°. The second and third rows in the figure show,
again, the recovered height and, the difference between the
recovered and the ground-truth heights. The results for the
Bichsel and Pentland’s method are shown in the two bottom
rows. The errors are largest at highly inclined locations on
the surface. Whereas the effect of varying the light source
direction is to magnify the errors for both methods, our al-
gorithm is much more robust and delivers much better re-
sults. Figure 2 provides a quantitative investigation of this
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Fig. 1. Surface height recovery results. Top row: input images;
Second and third rows: recovered height and mean-squared error
for our method; Fourth and fifth rows: recovered height and mean-
squared error for the method of Bichsel and Pentland

effect. Here we plot the mean squared height error for both
methods as a function of the angle between viewer and light
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Fig. 2. Mean-squared error as a function of the angle difference
between the illuminant and the viewer direction

source directions. The error for the Bichsel and Pentland’s
algorithm is larger.

3.2. Real World Data

We have experimented with the height recovery method on a
variety of real world imagery of statuary. These are a detail
of the Michelangelo’s “Moses”, a fragment of the “Three
Graces” relief, an image of Barthel Melchiorre’s “Malinco-
nia”, a marble table-centre, a porcelain vase and an image
of a toy duck from the COIL database. In Figure 3, the im-
ages in the top row show the input images. In the second
and third rows we show the result of re-illuminating the ob-
jects from different directions. For visualisation purposes,
we have rendered the recovered surfaces making use of a
Phong BRDF [7] with a shininess factor of 10 and illumi-
nated them from the directions [sin(20°), 0, cos(20°)]7 and
[sin(—20°), 0, cos(20°)]T. The two views show the surface
rotated 20° degrees about the y-axis. The two bottom rows
show the views for the surfaces recovered by the method of
Bichsel and Pentland. In contrast with the surfaces yielded
by Bichsel and Pentland’s algorithm, the objects recovered
making use of our method all have quite complex surface
detail, with a mix of concave and convex structure. Further-
more, the re-illuminations capture the main surface features.

4. CONCLUSIONS

In this paper, we have presented a novel approach for recov-
ering the 3D height data from the field of surface normals.
We posed this process as that of a lower dimensional embed-
ding. To do this, we computed height increments making
use of the field of surface normals and used these to estimate
the surface height difference between each pair of locations
on the lattice footprint. With the increments at hand, we
recovered the depth information by embedding the surface
normals on a manifold in a 3D space. Our experiments on
synthetic and real-world image data produced good recon-
structed surfaces.
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