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ABSTRACT

An algorithm is presented to calculate a state space realiza-
tion of a 3D image set. It is based on interpreting the image
set as the impulse response of a 3D separable system. As an
application it is shown how the approximation steps, includ-
ing balanced model reduction methods, in the algorithm can
be used to suppress noise in 3D image sets. The approach
was motivated by a practical problem in the analysis of 3D
fluorescent microscopy image data of fluorescently labelled
cells.

1. INTRODUCTION

Noise suppression is an important aspect in the analysis of
3D fluorescent microscopy image sets. The signal levels of
fluorescent microscopy images are typically very low even
when highly sensitive detectors are used [1]. In addition, the
signal, i.e. the photons emitted by the fluorescent tags, is it-
self a random process. There are also various noise sources
in the system ranging from scattered photons to readout
noise in the CCD camera [1]. This means that the images
have low signal to noise ratios. As a result, noise becomes a
serious obstacle to the use of such acquired images in many
image processing algorithms, i.e. deconvolution algorithms
(see e.g. [2]). As a standard method, a Gaussian filter is
often used to smooth 3D image sets [3]. However, since the
Gaussian filtering approach is based on a weighted average
of neighboring pixels, it typically results in the loss of sharp
details in 3D image sets. It is therefore desirable to develop
alternative methods for noise reduction of 3D fluorescent
microscopy images.

Many advanced signal processing techniques call for the
use of state space models. The question arises whether it
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is possible to also obtain a state space representation for a
3D image set and address the noise reduction problem at
the same time. An affirmative answer is provided in this
paper. State space realizations have been used for multidi-
mensional filter design (see [4] and the references therein).
One of the most suitable forms of realizations is balanced
state space realization, since it can be easily used in bal-
anced model reduction, which has several desirable proper-
ties such as an error bound and preservation of the stability
of the original system (see e.g. [5]). In addition, state space
realizations were also used together with singular value de-
composition to design a 2D separable-denominator digital
filter (see e.g. [6]).

In this paper we present a new algorithm to calculate a
state space realization of a 3D image set by considering the
image set as the impulse response of a 3D separable sys-
tem. When noise is presented in 3D image sets, the algo-
rithm is capable of reducing noise components and obtain-
ing smoothed estimates of image sets.

2. METHODS

Our algorithm can be separated into two parts. In the first
part of the algorithm (Algorithm 1) a non-iterative method is
introduced to decompose a 3D image set to three cascaded
1D components via singular value decompositions. Though
singular value decompositions were used in the low-rank
approximation of a 3D array [7]. The algorithm given in [7]
is an iterative algorithm and computationally very intense.
In the second part of the algorithm (Algorithm 2) the bal-
anced realizations of the one-dimensional components are
calculated via the modified Kung’s algorithm [8].
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Algorithm 1 L@tP(kl, kg, kg), k;, = 1,2,..
represent a three-dimensional image set.

2.1. Decomposition of a three-dimensional image set

LN, i=1,2,3,

1. Arrange the entries of P in a matrix Q3 as

6.

Partition Y9 = diag(flg,flg), U, = [UQ,UQ], and
Vs
RTQXTQ’ UQ E RNQll Xlg, (}2 e RN2Z1 ><'r’2, ‘72 e RlQXNg’

and Vi € R™*Ns | Lot Ly = U2ié/2, and Ry? =

Vo = conformally, where 22 S RlQXlz, 532 S

P(1,1,1)  P(1,1,2) i%/Q%. Then Qs ~ QY := Ly RY? is an approxi-
P(2,1,1) P(2,1,2) mate factorization. The factorization is exact for ro =
0, — | PBLD P32 Pi(1)
: Py*(2)
. . ~ 72
P(Ny,1,1) P(Ny,1,2) 0.ie Qo =Q3 = LIRY. Ler Py> = | T27(3) | =
P(1a271) P(17N2;N3) . :
P(2,2,1) P(2, Ny, Ns) ) ) ) ) B (N2)
P(3,2,1) P(3, N2, N3) Ly and P3* := [P3*(1), {D321(2)7 ooy P32(N3)]=
i . 52, where Py? (ko) € R™™ 2, ky = 1,2,..., Na,
: : and Py? (k) € R2*Y k3 =1,2,..., Ns.
P(N173a]-) P(N17N27N3)
In this algorithm an approximate decomposition of the
where Q3 € RN *N2Ns, image data points was obtained

2. Decompose Q3 via the singular value decomposition Pk, ko, ks) m= P07 (ky, ke, ks) == Pyt (k1) Py (k2) Ps® (k3),

- 1/2¢1/2
as Q3 = Uh 2y "%, " Vi. k; =1,2,...,N;, ¢ = 1,2,3. If no approximation is car-

o .2 ried out, i.e. if r; = ro = 0, we have the exact factorization
3. Fartition ¥ = diag(X1,%1), Uy = [Uy, Uy, and

Vi
/7
erxrl Ul E RNlel [j'l E RN1><T‘1 ‘;'1 e Rll XN2N3
and Vy € RT > N2Ns, Let Ly = 0121/2, and R} :=
[RE(1),..., RS (NoN3)] := S1/%V4, where R (i) €
RYXL G = 1,2,...,NoN3. Then Q3 =~ Qf' :=
L3R5 is an approximate factorization, where r1 de-
notes the dropped singular values. The factorization

P(k1, k2, k) = POO(ky, ko, k3) = PP (k1) P (ko) PS (k3),

i = conformally, where £ € R 5, €

ki =1,2,...,N;, i=1,2,3.

2.2. Balanced state space realizations of finite one-dimensional

sequences

Algorithm 2 Ler Pj(i) € RP*™, i =1,2,...,N and j is
an integer, be a finite one-dimensional sequence.

1. Construct the (N + 1)p x (N + 1)m Hankel matrix

is exact for 1y = 0, ie. Q3 = Q) = LYRY. Let
B Pi(1)  Pi(2) P{(N=1) P;(N) 0
B (2) P;i(2) P;j3) ---  Pj(N) 0 0
pro= | PUG) | = LD where P (k1) € [t : : S
s P;(N) 0 0 0
P11(N1) 0 0 0 0

RY™ 6k =1,2,..., Ny,
where 0 denotes a block of zeros of size p X m.

4. Rearrange the elements of R to form as
§ f 125" to form (o 2. Let H = UXV be a singular value decomposition.

B (1) Ry! (Ns) 3. Partition ¥ = diag($1,%s), 1 € R™™ %, €
]%gl (Ng + ].) Rgi (2N3) RSXS, U= [Ulv UQ]; Uy € R(N+1)p><n’ U, € R(N—Q—l)pxs,
Qs = Ry (2N3 + 1) Ry (3N3) Vi X (N+1) x(N+1)
. . andV = v ,VieR” m Vo € R? m
: : 2
R ((Ny —1)N3 +1) R5'(NyN3) conformally.

4. Let C3 € RP*" be the first p rows ofUlE}/z.
5. Decompose Q2 via the singular value decomposition

as Qy = UgZé/QZémvg. 5. Let B} € R™ ™ be the first m columns on}/QVL
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7l
Ull

6. Let Uy = U:l , where U}, | € RP*™ for all
1 N1
U(N+1)1 B
Uz
ty=1,...,N +1, anddeﬁneUlT =
~ U(1N+1)1
Uiy
andU} = | 1 |. Thenlet A3 = 70U} U 51/ e
Un
RTLXTL'

Then (A3, B}, C7) is called a state space realization of
P;,ie. P(i) = C’j(Aj)i_lBj, i =1,2,...,N. If no
singular values are dropped, i.e. s = 0, we obtain an exact
realization. For more details and properties of the above

state space realization, see [9].

2.3. State space realizations of a 3D image set

Let P(k1,k2,k‘3),k‘i =1,2,...,N;, © = 1,2,3, be a 3D
image set. We decompose the image set and obtain three 1D
sequences P|*, P;? and P;? via Algorithm 1 with some pa-
rameters r; > 0 and 7o > 0. For each 1D component with
appropriately chosen reduction parameters si, So, and s3
approximate realizations (A7""', BI"V®, C7V%), (A5*™2,
B3?*2, C57*?) and (A5*°%, B3**%, C5%"*) are derived us-
ing Algorithm 2. Note that r1, o denote the numbers of the
dropped singular values in the two singular value decom-
positions used to decompose the image set P in Algorithm
1 and s1, s9, 3 are the numbers of the discarded singular
values in the other three singular value decompositions used
to calculate the realizations in Algorithm 2. The smoothed
estimate of the 3D image set P obtained is then denoted as
Ppri:r2381:52,93 and we have
P(kl,kz,kg) ~ Prl’r2;81’52’83(]€1,kg,kg)
P17"1§81 (kl) X P27"2;32 (]412) X Pg‘z;ss (k‘3)
= ClT1951 (A;1;S1 )kl_lBII;Sl

% 052;82 (A;Z;Sz )kz 71352;82

x O§2;53 (AQQ;Ss )kglegz;Ss

)

where k; = 1,2,...,N;, © = 1,2,3. If in neither of the
two algorithms approximations are carried out we have an
exact realization of the image set given by P(kq, ko, k3) =
PU,O;0,0,0(kl’ kg, kg)

Note that the actual performance of the approximation
algorithm is in general not independent of the particular as-
signment of which spatial dimension corresponds to which
index in the image array P, in part due to the different sizes
of the three 1D components. We have found, for example,

for microscopy image data it is often advisable that the mid-
dle index ko corresponds to the optical axis, if fewer data
points are available in this direction than in the others.

3. STATE SPACE REALIZATIONS OF
BIOMEDICAL IMAGES AND NOISE REDUCTION

We apply our algorithm to a 3D fluorescent microscopy im-
age set P of a mouse T cell. The T cell receptor has been
labeled with fluorescent tags and is therefore visible by flu-
orescent microscopy. All images of this 3D image set and
two sample cross sections are shown in Figure 1.

We first apply our algorithm to the 3D image set with-
out carrying out approximations. Based on the notation
introduced in Methods section, the estimated image set is
denoted as P%00:0.09  Figure 2.al show a cross section of
P0.0:0,0.0 The root-mean-square error (RMSE) between the
estimated image set and the original image set is 7.4 x 10710
for the scale used for displays. This shows that up to in-
significant numerical errors an exact state space realization
was obtained. It is interesting to note that the significant
background intensity level has also been accurately matched
by the realization algorithm.

To suppress noise of the image set P we use our algo-
rithm to obtain a realization of the image set with approx-
imations. As discussed in Methods section, the approxi-
mation is essentially based on splitting the set of singular
values of each singular value decomposition in two subsets.
One, typically the larger ones, that will be ‘retained’ and
two, typically the smaller ones, that will be ‘discarded’ to
provide the approximation. Due to the presence of noise in
the image set, small singular values are corrupted by noise.
By excluding those singular values, we effectively suppress
noise and obtain a smoothed approximation of the noisy im-
age set.

In this case, we choose to retain 15 and 30 singular val-
ues in the first two singular values decompositions used to
decompose the image set PP and keep 60, 300 and 100 singu-
lar values in the other three singular value decompositions
when calculating the realizations. Due to the limitation of
space, we do not explain how to obtain these numbers here,
which can be found in a related paper on noise suppression
of point spread functions [10]. The total number of non-zero
singular values for the five singular value decomposition is
99, 110, 99, 315 and 110. Therefore, we dropped 84, 80, 39,
15 and 10 singular values respectively. From the notations
introduced in Methods section, the smoothed estimate of the
image set P is denoted as P3480:39:15:10_ Fjgure 2.a2 show
the cross section of the image set P84:80:39:15,10 " The dif-
ference between the smoothed image frame and the original
image frame, shown in Figure 2.a5 appears as random noise
and no significant error is introduced. For comparison, we
also applied a Gaussian filter of size 3*3*3 with standard
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deviation of one in all directions to the 3D image set. The
resultant image for the corresponding image frame is shown
in 2.a3 and the difference between the smoothed image set
and the original image set is shown in Figure 2.a6. As can
be seen, the error by the Gaussian filter method is bigger
than that using our method.

x10*

Intensity
- o~

(b)

Fig. 1. (a) All two-dimensional images of a three-
dimensional fluorescent microscopy image set of a T cell.
The image series was acquired on a Zeiss inverted micro-
scope with a 100x Plan-Aprochromat NA 1.4 objective us-
ing a high sensitivity Hamamatsu Orca 100 Peltier cooled
12 bit CCD camera. The image set consists of 21 im-
ages each being a 99 x 110 pixel array. The images are
assumed to be 300nm apart. Each pixel is assumed to
be 67nm x 67nm in size. Therefore, Each frame has a
size of 6.633um x 7.37um. The panel is arranged such
that the frames are displayed sequentially from left to right
and top to bottom. (b) is the cross section P(60, ks, ks3),
ko=1,...,21, ks =1,...,110 of the image set.
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