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ABSTRACT

Radial Basis Functions are popular for interpolating scat-
tered data. In this context, the solution of the System of Lin-
ear Algebraic Equations (SLAE) is the most time-consuming
operation. Techniques fail with large point sets consisting of
more than a few thousands points when direct methods and
global support are used.

In this paper we propose the use of wavelets to acceler-
ate the solution of the SLAE that arise from the formulation
of the problem of image interpolation from scattered data
by means of Compactly-Supported Radial Basis Functions.
Examples demonstrate the superiority of the solution in the
wavelet domain using preconditioned iterative methods.

1. INTRODUCTION

Radial Basis Functions (RBF) are popular for interpolat-
ing scattered data. The theory of RBF for interpolating
scattered data is introduced in [1]. Further, Wendland pro-
posed the use of Compactly-Supported Radial Basis Func-
tions (CSRBF) [2]. As it is clear from these papers, the solu-
tion of the System of Linear Algebraic Equations (SLAE) is
the most time-consuming operation. Techniques fail with
large point sets consisting of more than a few thousands
points when direct methods and global support are used.

Iterative method has been proposed for RBF interpola-
tion with large data sets [3]. Other approach [4] uses al-
gorithmic advances involving domain decomposition and
fast multipole methods to reduce the computational cost to
O(N log N), where N is the number of points to be interpo-
lated. Recently, the main attention is centered on partition
of unity (PU) methods [5].
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As it is shown in [3, 4, 5] iterative methods are still far
from be useful in all situations, so direct methods are still
considered as a candidate for SLAE solution in order to get
reliable results. We intend to overcome these problems of it-
erative methods improving its convergence behavior for the
problem of image interpolation from scattered data using
CSRBFE.

A method for the reconstruction of band limited images
and the approximation of arbitrary images from nonuniform
sampling values have been developed [6]. Other works show
that high-fidelity image reconstruction is possible from se-
lected set of regular and irregular samples using splines mod-
els [7, 8].

A computationally efficient multiresolution method is
developed in [9] for solving the SLAE using uniform B-
splines. Further, multiwavelet-like basis functions have been
used as generalized piecewise-linear multiple generators [10].
The case of two basis function is studied in details, but to
use the method with other basis functions the determinant
of the SLAE matrix should become a delay in order to be
implemented as a FIR filtering process. The essential as-
sumption for this algorithm to work is the invertibility of an
approximate band matrix which is not always ensured.

Instead of using uniform B-Splines, we propose the use
of wavelets to accelerate the solution of SLAE that arise
from the formulation of the problem of image reconstruc-
tion from nonuniform samples by means of CSRBF. Exam-
ples of image interpolation from scattered data by means of
CSRBF demonstrate the superiority of the solution in the
wavelet domain using iterative method.

In section 2 we shortly introduce RBF, and image re-
construction by means of CSRBF. We propose our method
in section 3. Results with different preconditioners in spa-
cial domain are compared with results in wavelet domain in
section 4. Finally, we conclude and discuss future works in
section 5.
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2. THEORY AND APPLICATION

2.1. Radial basis functions

An RBF representation of a signal is a function of the form

N
s(x) =p(x) + Y _ Nio(lx —xil), (1)
=1

where

s is the radial basis function representation,

p is a low degree polynomial,
\;’s are the RBF coefficients,

¢ is a radially symmetric real valued function called
basis function and

e Xx;’s are the RBF centers.

The representation consists of a weighted sum of a ra-
dially symmetric basis function ¢ located at the centers x;
and a low degree polynomial p. Given a set of IV points x;
and values f;, the process of finding an interpolating RBF,
s, such that,

S(Xl):fl, Z:1,2,N (2)

is called fitting. The fitted RBF is defined by the A;, the
coefficients of the basis function in the summation, together
with the coefficients of the polynomial term p(x). The sym-
bol || - || denotes the euclidean norm of a vector.

If we let {p1,...,p;} be a monomial basis for polyno-
mials of the degree of p, and ¢ = (c1,...,¢;)T be the coef-
ficients that give p(x) in terms of this basis, then the inter-
polation conditions (2), can be rewritten in matrix form as a
system of linear equations,

(e o) (2)=(o) o

where
5 = o(lxi—xl), i = 1,...,N,
j = 1,...,N,
Pij = pj(xi), i = 1,...,N,
i = 1,...,1

Solving the linear system (3) determines A and c, and
hence s(x). In this paper, the problem of image interpola-
tion from scattered data obtained by using feature extraction
techniques is solved using CSRBF.

2.2. Image reconstruction by CSRBF

For the selection of scattered data to be interpolated, wavelet
transform is used [11]. After thresholding details coeffi-
cients, coordinates of scattered data are selected from ap-
proximation and thresholded details coefficients. Position

of approximation coefficients are used to properly recon-
struct the parts of the image where there are no nearby edge
points. Coordinates of all scattered data points are normal-
ized according to the size of the original image to carry
out the image reconstruction by CSRBF. A compactly sup-
ported radial basis function ¢(r) of the form

¢m:{u_%VT<m )

0 otherwise

is used, where r = ||x; — x;|| and ¢ is the global support
radius.
With the normalized set of scattered points we build the

matrix
i} P
A:<PTO) 5)

of the system (3) and red, green and blue colors at each
sampled point are interpolated solving the system

Ax=b (6)

where x = (ATcT)T is the solution of the SLAE and b =
(£70™)T has the color values to be interpolated padded with
zeros. The polynomial degree | = 3 of p(x) with monomial
basis {1, xz,y} is used in section 4.

The solution of the system (6) by direct methods [12]
is computationally expensive and rapidly becomes imprac-
tical as IV, the number of points to be interpolated, becomes
larger than a few thousands. The main objective of this work
is to improve the solution of the system (6) by precondi-
tioned iterative methods. Further, when r(, the support ra-
dius, increase and the system becomes dense our iterative
technique is extended to the wavelet domain.

3. WAVELET DOMAIN SOLUTION

3.1. Background

Discrete wavelet transform (DWT) approximation have been
used successfully to precondition linear systems that come
from elliptic PDE and BEM problems [13, 14, 15, 16]. The
advantage of applying wavelet technique is to increase the
number of zeros in the matrix A so that the system can be
solved more efficiently by iterative technique.

Variants of algebraic preconditioners developed in [13]
may not work at all for the simple reason that the matrix of
CSRBF SLAE has zeros in the diagonal. If the irregularity
of the original matrix is limited to a relatively small known
set of rows or columns, the acceleration of the iterative pro-
cess can be achieved by a mixed approach in which only
the smooth submatrix is transformed [15]. Wavelet com-
pression techniques can also be combined with Kronecker
product approximation [16]. The recent work in [14] has
attempted to develop a direct solution method based on the

1792



non-standard form (NS-form) that requires a careful choice
of a threshold. None of these methods have been applied to
the problem of image reconstruction by CSRBF.

3.2. Preconditioning

Given an orthogonal wavelet function in the continuous space,
there exists an orthogonal matrix W that transforms vectors
from the standard basis to the wavelet basis. If the vector b
of (6) has smoothly varying values (with possibly local sin-
gularities), its wavelet representation is b = Wb. We can
also represent two dimension transforms of the matrix A in
the standard basis by W as A = WAW . Then, to solve
SLAE in wavelet domain we change equation (6) to

WAWTWyx = Wb, )

or
AX =D, ®)

where x = W is the wavelet representation of the so-
lution. After solving the system (8) by iterative precondi-
tioning technique from [17] the solution of SLAE is ob-
tained by inverse DWT. Daubachies 4 wavelet filters are
used in the experiments with the lifting scheme implemen-
tation. Numerical simulations show better results with In-
complete LU factorization preconditioner (ILU) and gener-
alized minimum residuals (GMRES) iterative method in the
wavelet domain (DWT).

4. NUMERICAL SIMULATIONS

A PC Pentium 4 CPU with 1300MHz, 768MB RAM and
Microsoft Visual C++ 6.0 was used for numerical simula-
tions. Figure 1 shows the superiority of CSRBF over Mul-
tilevel B-spline Approximation (MBA) [7] for Lena recon-
struction from scattered data. Sampled points are shown in
Figure 1b. Reconstructed images using MBA and CSRBF
are shown in figures 1c and 1d respectively with their Peak
Signal to Noise Ratio (PSNR).

In Figure 2, results with ILU-GMRES is shown in com-
parison with algorithm in [12] (DIRECT) for standard do-
main. Value of global support radius is expressed in paren-
thesis. The number of zeros in the matrix A of (5) is be-
tween 90% (rg = 0.2) and 99% (rg = 0.05). The higher the
radius the denser the system. As same PSNR are obtained
for ro = 0.13 and ro = 0.2 with Lena reconstruction, the
value of 7y = 0.13 is enough. Time reduction is obtained
with rop = 0.05 and rg = 0.13 with ILU-GMRES but for
ro = 0.2 the system is denser and ILU preconditioner in the
wavelet domain (ILU-DWT-GMRES) is needed to outper-
form DIRECT method.

Fig. 1. Lena reconstruction: (a)Original (256 X 256), (b)
15148 Sampled points (c) MBA (PSNR = 26.08 [dB]) (d)
CSRBF (PSNR = 32.04 [dB])

5. CONCLUSIONS

We have proposed the use of wavelets to accelerate the solu-
tion of the SLAE that arise from the formulation of the prob-
lem of image interpolation from scattered data by means of
Compactly-Supported Radial Basis Functions. Examples
demonstrate the superiority of the solution in the wavelet
domain using preconditioned iterative methods.

As the matrix of the SLAE is symmetric, the efficiency
of the method can be improved with the use of minimal
residuals method (MINRES) and incomplete Cholesky fac-
torization (IC) preconditioner [18].
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