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ABSTRACT

This paper presents a novel pyramidal representation scheme

for deformable object modelling, which uses a hierarchical ap-

proach to optimize the system’s performance by executing the sim-

ulation in every level of a pyramid. The simulation results of each

level are used to predict the lower level’s state. The prediction

is used as initial guess for the simulation of the lower level. The

above procedure is repeated until the final level is reached. Exper-

imental evaluation demonstrates that the proposed scheme is able

to reduce significantly the computational cost, especially when

the simulation involves procedures, which need large numerical

computation like the Conjugate Gradient in implicit integration

schemes.

1. INTRODUCTION

Deformable object modelling and simulation is a very interesting

and challenging research area, while it is indispensable in applica-

tions that need very realistic simulations. Physically-based cloth

animation has been under extensive study for the last decades.

In the beginning of the 80’s, particle systems were introduced in

cloth simulation with satisfactory results [1] and offered to the re-

searchers an alternative point of view. Since then and until ’98

scientists tried to optimize and to deal with specific problems of

that implementation. I.e. they tried to use alternative mass-spring

systems, or to develop faster and more efficient collision detection

and response algorithms.

In 1998, implicit integration was introduced [2], which was

a very promising idea. In fact, implicit integration is much more

stable than explicit even if the time step of the simulation is high.

The trade-off for this increment of speed and stability, is the simu-

lation accuracy. Other issues like collision detection and response

have been addressed by many researchers [3] with relatively good

results concerning the simulation accuracy and visual quality.

The main problem in these applications remains the computa-

tional effort needed to perform the calculations, which inhibits any

attempt of real time simulation. Therefore there is still a need to

emphasize in developing new models that increase the speed of the

calculations. In [4], an adaptive mesh approach was introduced to

emphasize in areas with high details, like folds and wrinkles. In

[5], an alternative integration model was introduced, that combines

the characteristics of implicit integration without the need to solve

large linear systems.

Unfortunately, all the above methods decrease visual quality

in order to increase the speed of the simulation. The present work

aims to decrease the computational effort without a significant

decrement in quality, by introducing a hierarchical representation

of the object using quincunx sampling. Simulation of the mesh is

performed in each level using as initial value an efficient predic-

tion of the mesh state, generated optimally, based on the the results

of the simulation in the upper level.

The paper is organized as follows. In Section 2 the mass-

spring mechanical models are shortly described. The commonly

used existing integration schemes are analyzed in Section 3. The

novel hierarchical representation, prediction and simulation meth-

ods are discussed in Section 4. Finally Sections 5 and 6 present

experimental results and conclusions, respectively.

2. PARTICLE MODEL

In the last decade the mass-spring model has been used excessively

from the researchers to represent the cloth’s surface. This model is

assumed to be the most promising model in terms of computational

complexity compared to continuous models also presented in the

past. The mass-spring model consists of a lattice of mass particles

linked with massless linear springs. Particles react not only to the

spring forces but also to physical forces applied to them such as

gravity, viscosity, damping, wind resistance, friction etc.

(a) Usual (b) Simplified (c) Alternative

Fig. 1. Mass-spring models.

In most applications, the model illustrated in Figure 1a is as-

sumed, where each particle is linked to its 12 nearest neighbors.

Structure, bending and shearing springs are the straight, dashed

and curved lines, respectively. However, some variations of this

approach have been also presented. The model in Figure 1b does

not include bending springs. Figure 1c illustrates an alternative

model, which uses eight springs (straight) to react in shrinking

and eight (dashed) to react in stretching. The non-linear nature of

this model may cause problems of convergence and stability. The

proposed method assumes the general particle model illustrated in

Figure 1a.
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3. INTEGRATION SCHEMES

To animate a mass-spring system the integration schemes described

in the following can be assumed.

3.1. Explicit integration

Explicit Euler integration consists of the following equations.

v
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n
i +

Fn
i

mi

dt (1)

x
n+1
i = x

n
i + v

n+1
i dt (2)

where xn
i and vn

i are the position and velocity of particle i in time

step n, mi denotes its mass, Fn
i is the force applied to it and dt the

simulation time step.

Note that the forces at time n contribute to the velocities at

time n + 1. Thus, if the forces are relatively high or if the time

step is not small enough, there will be very high and non-realistic

displacements, which in the next time step will cause much higher

forces. The result of this feedback is the divergence of the system.

Other high order schemes, like Runge-Kutta numerical integration,

can be also used to achieve more accurate and smooth results.

The advantage of these integration schemes is their simplicity

and speed for each time update. But this is not enough for real-

time simulations because the time step should be, in most cases,

very small in order to assure convergence and stability.

3.2. Implicit integration

Implicit integration consists of the following equations.
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According to the implicit integration model [3] the simulation

of the mesh is described from the following equations.

v(t + dt) = v(t) + H
−1

Y (5)

x(t + dt) = x(t) + v(t + dt)dt (6)

where,

H = I − L
ϑF

ϑv
dt − L

ϑF

ϑx
dt

2
(7)

Y = LF(t)dt + L
ϑF

ϑx
v(t)dt

2
(8)

and L is the inertia matrix, which contains in its diagonal locations

the inverse masses of the particles.

In this case, the forces at time n+1 contribute to the velocities

at time n + 1. But as the forces at the next time step are unknown,

the directional derivatives of the forces as well as their derivatives

with respect to speed have to be computed, in order to generate an

estimation of the forces at the next time step.

Since the predicted force at the next time step, instead of the

force at the present step, is used in implicit integration, much

higher time steps can be used without causing divergence.

The disadvantage of this integration scheme is the need to

solve a large linear 3n × 3n system (HX=Y), where n is the num-

ber of particles in the mesh. Fortunately, this system is sparse and

efficient numerical methods like the Conjugate Gradient can be

applied to reduce complexity. The computational effort needed to

update the state of the system is much more higher than in explicit

integration, but the overall speed is faster due to the fact that larger

time steps are allowed without risking the simulation’s stability.

4. HIERARCHICAL SIMULATION OF CLOTH AND

DEFORMABLE OBJECTS

The computational speed provided by the modern processors is

not sufficient to simulate in real time even small fabrics. Thus, a

pyramidal representation of the mesh, combined with efficient pre-

diction techniques could be very promising. This is definitely ex-

pected in cloth modelling applications. The hierarchy of the pyra-

mid is built using quincunx sampling, due to its isotropic nature,

which is assumed in order to estimate approximately the nature of

the input data. The main aspects of the proposed novel algorithm

will be described in the sequel.

A schematic description of the proposed simulation algorithm

(for a N-level pyramid) is presented in Figure 2.

Level 2

Level1

Level 0

Level N
Simulate

 Level N

Predict

Level N-1

Simulate

 Level 2

Predict

Level 1

Simulate

 Level 1

Predict

Level 0

Simulate

 Level 0

Fig. 2. Simulation pyramid

4.1. Hierarchical representation of the mesh

As already mentioned, quincunx sampling is used to build the hi-

erarchy. Assuming Sl[n] to be the 2D mesh, the mesh of the upper

pyramidal level is

Sl+1[n] = Sl[Mn] (9)

where l is the level index and M the Quincunx sampling matrix

M =

[

1 1
−1 1

]

(10)

The upsampling procedure of a mesh to a lower level lattice

can be defined similarly. More precisely the upsampled output

Sl−1[n] is zero unless n belongs to the lattice of level l.

Sl−1[n] =

{

Sl[M
−1n] , if n ∈ lattice[l]

0 , otherwise
(11)

There is no limit for the number of levels that can be used

in the hierarchy. However, experimental results illustrate that the

computational complexity does not decrease significantly if more

than 5 or 6 levels are used in the hierarchy when compared to hi-

erarchical models with a smaller number of levels.
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4.2. Hierarchical implicit integration

As previously mentioned, the implementation of implicit integra-

tion schemes requires the solution of large sparse linear systems.

Let us define the one-dimensional state vector of the linear system

HlXl = Yl, based on (5-8), to be Xl = [Sl[n1], Sl[n2], ..., Sl[nN ]]],
where row scanning of the mesh lattice is assumed at level l and

N denotes the total number of particles of the mass-spring model

at level l.

Numerical methods like the Conjugate Gradient (CG), which

are used to solve sparse linear systems, iterate until an adequate

error threshold is reached. In the case of cloth simulation, if the

mesh is not very small, each iteration is usually very time con-

suming. The idea is to use an accurate prediction of the system’s

solution, based on the simulation of the previous level, in order to

decrease the total computational cost.

The proposed method, which utilizes the pyramidal and opti-

mal prediction procedures, is applied as follows:

The mesh is initially simulated for the top level l. Vector Xl

is initially set to zero and arrays Hl and Yl are calculated utilizing

the existing state of the mesh as follows.

Hl = Il − Ll

ϑFl

ϑvl

dt − Ll

ϑFl

ϑxl

dt
2

(12)

Yl = LlFl(t)dt + Ll

ϑFl

ϑxl

vl(t)dt
2

(13)

Next, the linear system is solved, (14), and upsampling is per-

formed, (15), to produce the mesh of level l − 1:

Xl = CG
(

Hl, Yl, X̃l

)

(14)

S̃
0
l−1[n] =

{

Sl[M
−1n] , if n ∈ lattice[l]

0 , otherwise
(15)

where CG
(

Hl, Yl, X̃l

)

is the Conjugate Gradient solver, which

solves the linear system HlXl = Yl using as initial guess of the

solution the input vector X̃l and S̃0
l−1 is the prediction of Sl−1

prior filtering and after upsampling.

Optimal prediction filtering follows, (16), resulting in the pre-

diction S̃l−1 of the mesh state at level l − 1,

S̃l−1[n] = g[n]S̃0
l−1[n] (16)

The lattice S̃l−1 is then row scanned thus producing vector

X̃l−1, which is used as initial guess for the solution of the system

HX = Y at level l − 1.

Equations (12) to (16) are executed iteratively for each level

of the hierarchical representation until the base level of the mesh

is reached.

4.3. Optimal prediction filtering

An issue of high importance in the presented algorithm is the pre-

diction of the mesh state in level l of the pyramid from the data

obtained from the simulation of level l + 1. High accuracy is

very important for the fast convergence of the simulation at level

l. Thus a minimum variance (MV) estimation processes has to be

adopted to assure adequate precision in the estimation. Besides,

an isotropic spectral density model will be assumed to develop the

prediction filter as will be described in the following.

The issue of prediction and filtering in pyramids constructed

using Quincunx sampling has been effectively addressed in [6].

The prediction filters can be chosen in order to minimize the vari-

ance of the prediction error in each scale of the hierarchical rep-

resentation. Since quincunx sampling will be used to build the

pyramid, the optimum form of hierarchical prediction based on

quincunx sampling is used in this paper as presented in [6, 7].

Consider the l-th hierarchy stage of a reduced pyramid Let M

be the sampling matrix, M = detM, pi the coset vectors of M

and qi the coset vectors of MT , i=0,...,M-1. The coefficients are

sought gi
l [Mk] so as to minimize the variance of the estimation

error

e
(i)
l = E

{

(

S̃l[Mm + pi] − Sl[Mm + pi]
)2

}

(17)

where

S̃l[Mm + pi] =
∑

k

g
(i)
l [Mk]Sl[M(m − k)T ] (18)

is the estimate of the ith signal polyphase component in terms of

its 0-th polyphase component. These optimal filters g
(i)
l [Mk] are

determined by their Fourier transform.

G
(i)
l (ejMT w) =

∑

k

g
(i)
l [Mk]e−jkT MT w

(19)

which satisfies the equation

G
(i)
l (ejMT w) =

M−1
∑

i=0

Gr(e
jw)e−jpT

i
w

(20)

where

Gl(e
jw) =

Φl(e
jw)

1
M

∑M−1

i=0
Φl(ej(w+2πM−T qi))

and Φ0(e
jw) is the power spectral density of the pyramid input

x0, while

Φl+1

(

e
jw

)

=

[

1

M

M−1
∑

i=0

Φl

(

e
j(w+2πM−T qi)

)

]

w→M−T w

The optimal filters can be determined alternately in the time do-

main by

Rl[Mt + pi] =
∑

k

g
(i)
l [Mk]Rl[M(t − k)] . (21)

Assuming the simplified isotropic spectral density model [6],

R0[k1, k2] = Aλ
√

k2

1
+k2

2 (22)

an approximate solution may be obtained if a finite number of the

coefficients g
(1)
0 [−k1 + k2, k1 + k2] are retained, with the rest

assumed zero, and (21) is solved by least-squares techniques. If

specifically only the coefficients g
(1)
0 [r, s] with ‖r‖ ≤ 2, ‖s‖ ≤ 2,

are retained, and λ = 0.95 is assumed, equation (21) gives

G0(z1, z2)=1 + 0.2992(z1 + z
−1
1 + z2 + z

−1
2 )

−0.0245(z−1
1 z

2
2 + z1z

2
2 + z

−1
1 z

−2
2 + z1z

−2
2 )

−0.0245(z−1
2 z

2
1 + z2z

2
1 + z

−1
2 z

−2
1 + z2z

−2
1 )

+0.00527(z3
1 + z

−3
1 + z

3
2 + z

−3
2 ) . (23)
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5. EXPERIMENTAL RESULTS

To illustrate the effectiveness of the proposed hierarchical simula-

tion algorithm several tests have been performed. Figures 3 and

4 display snapshots corresponding to two of the experiments; the

falling fabric and the flag simulation.

(a) (b)

Fig. 3. Falling fabric over sphere. (snapshots a) and b))

(a) (b)

Fig. 4. Flag simulation. (snapshots a) and b))

Tables 1 and 2 illustrate the computational gain of the pro-

posed method when compared to non hierarchical schemes used

in [2, 3] for the two experiments.

Computational Gain - Falling fabric (%)

vertices 400 900

gain mean min max mean min max

3 Levels 18 12 21 19 14 22

4 Levels 15 11 17 17 14 21

5 Levels 14 11 16 22 16 26

Table 1. Computational gain - Falling fabric

The hierarchical representation and simulation of deformable

objects decreases significantly the computational cost. In every

case, the proposed method is more efficient. It can be noticed

that its efficiency is dependent from the levels used in the pyramid

structure. In general if the mesh is very large, a larger pyramid

structure could be more efficient than a lower. However if more

levels are used in the pyramid structure than the ones needed, the

computational cost may increase comparing to lower pyramids as

illustrated in Tables 1 and 2 in the ”400 vertices” submatrices.

It was shown experimentally that significant computational

gain can be achieved using more than 2 levels of hierarchy (es-

pecially for larger meshes). Based on Tables 1 and 2 and a large

Computational Gain - Flag simulation (%)

vertices 400 900

gain mean min max mean min max

3 Levels 21 17 27 22 17 26

4 Levels 18 15 25 21 17 24

5 Levels 17 15 22 24 21 28

Table 2. Computational gain - Flag simulation

number of simulations executed it can be concluded that 4 or 5

levels of hierarchy lead to optimal results.

6. CONCLUSIONS

In this paper a novel procedure for hierarchical representation and

simulation of cloth and deformable objects was presented, based

on pyramidal analysis. The hierarchical representation was built

using quincunx sampling and optimal prediction filtering. The

core of the proposed method is based on an implicit integration

scheme, which uses the conjugate gradient method to solve a large

sparse linear system. In each level, the mesh is simulated and after

upsampling, the optimal prediction filters for quincunx sampling

are used to generate an estimate of the solution of the lower level.

This estimate is then used as an initial guess in order to maximize

the speed of the simulation. Experimental results demonstrate that

significant computational gain can be expected using the proposed

method, resulting to faster implementations when compared to non

hierarchical simulation schemes.
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