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ABSTRACT

We introduce a new multiscale geometry representation based on
tree-structured piecewise plane approximation of 3-D surface ge-
ometry. Dyadic division and plane approximation of points within
each dyadic cube result in a tree-structured multiscale represen-
tation of the 3-D surface described by point cloud data. We then
perform a complexity-regularized tree pruning to obtain a compact
representation of the surface geometry. Based on its adaptivity and
multiscale structure, the proposed representation scheme provides
a desirable framework for efficient geometry modelling, fast pro-
cessing, and geometry coding. We apply the proposed geometry
models to point cloud rendering to demonstrate supremacy of our
efficient geometry representation.

1. INTRODUCTION

Representation and processing of three dimensional (3-D) surface
information are important problems in such areas as computer grap-
hics, medical imaging, virtual reality, and 3-D radar/ladar signal
processing. With the recent development of 3-D data collection
tools, the acquisition of 3-D surface data became practical, and
their efficient representation and processing became essential.

Among many different methods used to collect 3-D surface in-
formation, widely available laser range scanners allow us to record
the coordinates of points on the surface of the scanned object. To
represent a complex surface geometry, often millions of points are
required for a moderate-sized object, and the prohibitively large
data size asks for proper reorganization of information for efficient
processing. A typical way of extracting and modelling surface ge-
ometry buried in a point data set is to build a triangular mesh by
connecting the points into concatenated triangles. Although the
regular structure of the mesh provides a good surface representa-
tion for such processings as rendering [1] and coding [2, 3], over-
sampling and inherent scanning noise in the raw data set make the
mesh building extremely difficult, often requiring very expensive
preprocessing of the original point data.

As an alternative to mesh building, there has been recent work
on the direct processing of the point data for applications in com-
puter graphics [4–7]. These point processing algorithms have most-
ly focused on the organization of data for the fast rendering of
point cloud data. Tree based representations such as K-D tree hi-
erarchy [4] or octree hierarchy [5,7] are widely used in structuring
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the unorganized points. When these points are rendered, the ren-
dering primitives such as sphere [4] or tangential disk [5,6] enables
fast rendering. Because these direct point-based algorithms require
very little preprocessing of the raw point data, they are easy to im-
plement and also better represent diverse 3-D objects that are not
adequate for mesh representation. In addition, point-based repre-
sentations do not require connectivity information between points,
resulting in much reduced data size and potentially faster process-
ing.

However, to take full advantage of point-based processings,
we should overcome several shortcomings of current point-based
approaches. First, a huge number of points obtained by scan-
ning an object and their highly irregular distribution are often pro-
hibitive for efficient processing. In addition, the distribution of
points in the raw data is often irrelevant to the local smoothness of
the described surface, making the data highly redundant. Further-
more, often large measurement noise corrupts the scanned point
coordinates, making the extraction of underlying surface geome-
try very difficult. However, most of the current algorithms devel-
oped in the computer graphics community focused only on fast
and realistic rendering of large size of point data without much
consideration of the underlying geometry information [4–6], and
they are not adequate for such applications as geometry coding and
3-D computer vision that require explicit geometry information of
the underlying object.

In this paper, we propose a new multiscale geometry extrac-
tion and representation algorithm that directly encodes local sur-
face geometry as a framework for general geometry modelling
from point cloud data. Inspired by the recently proposed works
on multiscale edge and line modelling algorithm in images [8, 9],
we successively split the enclosing cube of the given point data set
into octants to build an octree with each node representing sub-
set of points in the corresponding dyadic cube at different scales.
Since a set of points describing a small local region of a surface
can be accurately approximated by a plane, we record the best
plane approximation of the points in each dyadic cube. Because
the accuracy of this local plane approximation depends on the lo-
cal smoothness of the underlying surface, we adaptively control
the scale of representation in different regions. We can obtain the
optimal balance between the approximation error and the complex-
ity of the representation through a tree pruning based on the CART
algorithm [10].

The proposed geometry representation framework overcomes
the typical shortcomings of point-based algorithms. First, the mul-
tiscale tree-structured framework allows direct extraction and ex-
plicit representation of surface geometry. In addition, the CART-
based tree pruning step [10] enables local adaptation of geometry
representation to the local surface smoothness, significantly reduc-
ing the redundancy of the raw data set. Furthermore, the local least
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Fig. 1. Result of geometry extraction and modelling from ‘Happy Budda’ test data. Each figure shows different balance between model
accuracy and data size: model with (b) 252K parameters (63K planes), (c) 62K parameters (15.5K planes), and (d) 27K parameters
(6.6K planes). For comparison, the “original” surface rendered based on the original data set (1, 629K parameters) was shown in (a).
Notice that the original geometry is accurately modelled in (b) with the number of model parameters less than 20% of original.

squares plane fit at multiple scales and the subsequent tree pruning
effectively control the noise in the data by accurately extracting the
underlying surface geometry. Comparing the results with different
pruning levels in Fig. 1, it can be noticed that we can obtain accu-
rate geometry representation both in smooth and detailed regions
thanks to the adaptive local accuracy control through the optimal
tree pruning even with huge reduction in data size. In Fig. 1 (b),
the model effectively represents the original surface geometry very
accurately with the size of less than 20% of the original.

2. MULTISCALE GEOMETRY REPRESENTATION
FROM POINT CLOUD

To obtain a multiscale approximation of surface geometry, we first
hierarchically partition the 3-D domain. Because the accuracy of
plane approximation of the surface depends on the local surface
smoothness and scale of approximation, this hierarchically nested
domain partitioning provides a convenient framework for locally
adapting the model accuracy to the local surface properties. As a
bonus, this multiscale model allows us to obtain different balance
between model complexity and accuracy.

2.1. Dyadic partitioning of domain

Inspired by the recent work in the image processing for edge and
curve representation [8–10], we adopt dyadic partitioning and lo-
cal geometry approximation in each dyadic region for effective
multiscale modelling of 3-D geometry. Similar to the 2-D tree-
based multiscale algorithms, we can obtain compact geometry rep-
resentation that can be manipulated using fast algorithms on the
tree.

We start by defining an enclosing cube that contains all the
points in the raw point cloud data. Then, we dyadically divide
the cube into 8 smaller cubes. After each split, a cube may or
may not contain points. For those cubes containing points, we
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Fig. 2. Dyadic partitioning into cubes and the corresponding tree
structure. As an illustration, we show the process for points on a
2-D domain and the resulting quadtree. For 3-D point data, we
obtain dyadic cubes in different scales and an octree.

repeat dyadic partitioning until each cube contains either 0 or 1
point. The top figure in Fig. 2 illustrates this partitioning process
for points on a 2-D domain, and the bottom figure shows the cor-
responding tree structure of the resulting dyadic cubes. Each node
in the octree represents a dyadic cube at the corresponding scale.
After finishing, the leaf nodes correspond to dyadic cubes having
either 0 or 1 point in each of them.

Similar tree organization of point data was adopted in many
point-based rendering algorithms [4, 5, 7] to take advantage of the
hierarchical processing on the tree for fast rendering of large point
data set. In our model, we utilize the obtained hierarchical sub-
sets of points in each dyadic cube to effectively approximate the
surface geometry in a multiscale fashion. The tree structure also
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leads to fast algorithms for adapting the approximation to different
levels of surface smoothness and details in different regions.

2.2. Piecewise plane approximation

Similar to the piecewise linear approximation of 1-D edge con-
tours in images using wedgelets and beamlets [9,10], we can model
the 3-D surface described by given point cloud using piecewise
plane approximation. If the underlying surface is smooth relative
to the size of a dyadic cube, all the points in each dyadic cube
are well fitted by a plane. The best fitting plane summarizes all
the points within each dyadic cube, approximating local surface
geometry described by the points.

We perform the local plane fitting in each dyadic cube, obtain-
ing a piecewise plane approximation of the underlying surface at
multiple scales. While error measures such as the Hausdorff dis-
tance are more appropriate to quantify the approximation errors in
surface approximation, we use simple squared error metric since it
has the additivity property that allows fast processing on the tree
through efficient algorithms such as the CART-based tree prun-
ing [10]. Later we will experimentally verify that this processing
based on the squared error also leads to a reasonable performance
behavior in terms of the Hausdorff error measure.

When we have M points located at (xi, yi, zi), i = 1, . . . , M

with respect to a global coordinate system, the plane best fitting the
points in the least squares sense is given by solving the following
constrained minimization of the squared error as

(nx, ny, nz, d)=arg min

M−1∑

i=0

(nxxi + nyyi + nzzi + d)2, (1)

subject to nx
2 + ny

2 + nz
2 = 1, where (nx, ny, nz) is the unit

normal vector of the plane and d is the orthogonal distance from
the origin. We then record the plane parameters at each node of the
tree. However, when M is small, such plane is either not uniquely
defined or very sensitive to noise. In such cases, we define the
planes by simply inheriting the estimated normal from the parent
cube. Then, the location of the plane is found by solving the least
squares problem in (1) for d with fixed normal vector.

Once we compute all the plane parameters for all dyadic cubes,
we have a piecewise plane approximation of the surface at multiple
scales. For example, if we truncate the tree at a particular scale and
consider the leaf nodes of the truncated tree, we have the surface
approximation at that scale. More interestingly, we can prune the
tree to control the scale of representation in different regions of the
surface. This is particularly useful when the underlying surface has
different smoothness so that the accuracy of plane approximation
varies widely in regions of different smoothness.

Although the pruning reduces the amount of data we need to
retain, it increases the approximation error. It is our interest to
prune the tree to reduce the amount of data – proportional to the
number of leaf nodes – with minimum increase in the approxi-
mation error. Thanks to the additivity of the squared error metric
defined in (1), the balance between the tree complexity and the
approximation can be achieved through a fast algorithm based on
CART [10].

2.3. Complexity-regularized tree pruning and approximation

Smooth regions of a surface can be well approximated by a small
number of large planes, while we need many small planes to ap-
proximate complicated region with lots of details. In our octree

structure of dyadic cubes with best plane fit in each cube, tree
pruning method controls the necessary number of planes in differ-
ent regions to optimize the complexity of the model for the allowed
distortion level.

CART-based tree pruning is a simple and fast method to yield
the optimally pruned tree having the right balance between the
model complexity and the approximation error [10]. Although
many different definitions are possible for the model complexity,
in its simplest form, we define the complexity R as the number of
the planes in our model or equivalently the number of the octree
leaf nodes. We can directly obtain the approximation distortion D

by summing all the errors of the least squares plane fit in (1) for all
the leaf nodes of the tree.

Since the approximation error D is a monotonically decreas-
ing function of the model complexity R, it is our interest to hit
a proper balance between D and R to obtain a model with de-
sired complexity that has the smallest possible distortion. In other
words, among all pruned trees having R leaf nodes, we want to
pick the one having the smallest D.

This problem of the constrained minimization of D can be
solved by minimizing the Lagrangian cost C defined as a linear
combination of R and D as C = R+λD, where λ sets the balance
between R and D. For each subtree, we make the decision whether
to prune it or keep it by comparing the resulting overall cost C in
each case. Before pruning, the contribution of a subtree T to the
cost C is given as

C1 = NT + λ
∑

i∈L(T )

Di, (2)

where NT is the number of leaf nodes in the subtree T and L(T )
is the set of all the leaf nodes of T with Di representing the error
in the dyadic cube corresponding to node i. On the other hand,
when the subtree is pruned, the contribution to the cost changes to

C2 = 1 + λDr, (3)

where Dr is the error at the root node of T . The number of planes
reduces to 1 because we prune all the nodes of T except for its
root. If C1 > C2, we prune the corresponding subtree to reduce
the overall cost C, and otherwise, we keep the subtree T . In the
actual implementation of tree pruning, we can simply go up the
tree starting from the bottom making decisions to prune or keep
each node. After all the nodes are traversed, we obtain the optimal
pruned tree.

Although the optimization based on the squared error measure
leads to fast and efficient processing, it is often more desirable to
quantify the approximation error in terms of the Hausdorff error
metric. However, instead of trying to incorporate it in our algo-
rithm, we merely hope that the resulting optimization based on
the squared error metric is also meaningful in terms of the Haus-
dorff measure. To check the behavior of our model in terms of the
Hausdorff distance between surfaces, we calculated the Hausdorff
distance for models having different complexity using the method
in [7]. Fig. 3 shows the changes in the Hausdorff error as we vary
the parameter λ in the tree pruning. From the plot, we can see that
the proposed method provides optimization results also meaning-
ful in the Hausdorff sense.
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Fig. 3. Changes in the Hausdorff error as we vary the tree prun-
ing. The original Hausdorff distance error is normalized by the
diagonal distance of the bounding box.

3. APPLICATION: POINT CLOUD SURFACE
RENDERING

Now that we have an efficient multiscale geometry representation
for point cloud data, we can easily apply the model in various ap-
plications requiring geometry modelling. As a simple application
to illustrate the effectiveness of the proposed model, we build mul-
tiscale geometry models for a test data set and visualize the accu-
racy of the described geometry by rendering the modelled surfaces.

3.1. Rendering method

Given the explicit geometry model as a piecewise plane approx-
imation, rendering of the geometry is straightforward. Although
many different methods including explicit mesh building can be
used for rendering, we adopt a very simple, although very ineffi-
cient, method.

From the piecewise plane model, we simply create a new, very
dense point cloud by generating points on the plane in each dyadic
cube. To easily control the distances between these generated
points, we place new points at all the locations where a global,
dense discrete grid crosses the plane. Then, the normal vector of
each point is set to be the unit normal of the corresponding plane.

While rendering the adjacent planes, discontinuities occasion-
ally occur in the boundary regions of the planes. To remove these
“holes,” we use a simple way to fill them by allowing volumetric
margin or thickness to the plane. The thick plane covers the dis-
continuities at the boundaries of each dyadic cube and the visual
holes are efficiently removed in the rendered result. In our render-
ing examples, the thickness of each plane is adaptively increased
until there are no holes on the boundary region of adjacent blocks.

3.2. Rendering example and analysis

We tested the proposed algorithm on the ‘Happy Budda’ point
cloud data having 543, 618 points. ‘Happy Budda’ contains both
highly detailed region such as silhouettes on the cloth and smooth
regions such as the midsection, requiring adaptive control of ap-
proximation accuracy in different regions.

Fig. 1 shows the rendering results of the modelled surfaces at
different accuracy levels with different values of λ. In Fig. 1(b),
we note that the original geometry is very accurately modelled
with the number of model parameters less than 20% of the original
data set. The adaptivity of the approximation for different surface
smoothness is evidently visible when we further reduce the size of
the model. For example, when the model parameter size is only
1.6% of the original data in Fig. 1(d), we see that the resulting
geometry model effectively adapts to the local smoothness of the
surface so that the model uses many small planes to approximate
the detailed surface geometry like the silhouette of the cloth, while
smooth regions like the midsection are expressed with small num-
bers of large-sized planes.

4. CONCLUSIONS AND FUTURE RESEARCH

In this work, we introduced a new multiscale geometry representa-
tion scheme for unorganized point cloud data. By partitioning the
3-D domain into dyadic cubes and then approximating the local
geometry in each cube by a plane, we obtained a multiscale ge-
ometry model. The optimal tree pruning effectively controlled the
size of dyadic cubes in different regions to adapt the approximation
accuracy to the local surface geometry. Surface rendering exper-
iments demonstrated the effectiveness of the proposed modelling
framework for compact 3-D geometry modelling and representa-
tion.

Based on the proposed modelling framework, we plan to de-
velop an efficient surface coding algorithm through careful en-
coding of plane parameters. In addition, applying the proposed
model to various applications in such areas as computer graphics
and computer vision remains as future research.
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