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ABSTRACT

Image registration is an important problem in image pro-
cessing and computer vision. Much recent work in image
registration is on matching non-rigid deformations. Thin
Plate Splines are an effective image registration method when
the deformation between two images can be modeled as the
bending of a thin metal plate on point constraints such that
the topology is preserved (non-rigid deformation). How-
ever, because evaluating the computed TPS model at all
the image pixels is computationally expensive, we need to
speed it up. We introduce the use of Multi-Level Fast Mul-
tipole Method (MLFMM) for this purpose. Our contribu-
tion lies in the presentation of a clear and concise MLFMM
framework for TPS, which will be useful for future applica-
tion developments. The achieved speedup using MLFMM
is an improvement from O(N?) to O(N log N). We show
that the fast evaluation outperforms the brute force method
while maintaining acceptable error bound.

1. INTRODUCTION

The image registration problem is to establish correspondences
given a pair of images. In general, we have two types of image
registration based on the mapping model: rigid and non-rigid. In
arigid model, relative distances of points in 3D are conserved e.g.
rotation/translation. In a non-rigid model, points are displaced
while maintaining the topology. Examples include the deforma-
tions of a talking lip, fingerprint matching etc. In this paper, we
consider Thin Plate Spline (TPS) which have been shown as an
effective method for non-rigid image registration ([1]). Previous
work such as [2, 3, 4, 5] have successfully applied TPS to different
applications.

TPS is however computationally expensive. The high cost of
using TPS comes from an inverse operation that is O(N?) and
the evaluation process that is O(N ?) using brute force approaches
(Sec 2 for details). The first problem has been nicely dealt with
in [6] using an approximation approach. For the latter problem,
while earlier work such as [7] has proposed the use of Multi-Level
Fast Multipole Method (MLFMM), the need remains for a clear,
concise and general mathematical framework for using MLFMM
in TPS. While [8] has provided an MLFMM framework for eval-
uation of polyharmonic splines, our work extended upon it specif-
ically for TPS. In addition, we added the formulations for local
expansions and local-to-local translation (Sec 3.1 for details) that
was missing in [8].
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The Fast Multipole Method (FMM) was first introduced by
Greengard and Rokhlin in [9] and was developed for the fast sum-
mation of potential fields generated by a large number of sources in
gravitational and electro-statistical problems. Lately, this method
is extended to other potential problems in computer vision [10],
computer graphics, acoustics and so on. MLFMM is in turn a
multi-level approach to FMM. In MLFMM, a hierarchy of grids
for subdivision of space, nested at multiple scales, and a corre-
sponding hierarchical organization of charge groups and multipole
expansions makes a computational complexity of O(N log N) pos-
sible.

The rest of this paper is organized as follows. Sec 2 briefly
introduces TPS and the cost of using a brute force approach. Sec 3
describes MLFMM as an effective method for speeding up the
evaluation of TPS. The mathematical formulation for the TPS prob-
lem is provided in Sec 3.1. Finally, we will present the results and
conclude in Sec 4.

2. THIN PLATE SPLINE WARPING

Consider two images I1and I5. A pixel in I; at (x,y) is mapped
to a pixel in I at (x’,y") by a thin plate spline function as:

(m/,y/)=(f1(:r,y),f2(m,y)), (D

if functions fiand f> are TPS mappings. The TPS model for one
of the transformed coordinates is given by parameter vectors a and
w as

P
flx,y) =a1 +azx+ayy+2wiU(r) 2)

i=1

where U (r) = 2 log(r), ris || (x, y) — (4, y; )|, initial landmarks
(or control points) are represented as (x5, ¥s ), vector a defines the
affine part of the mapping and vector w denotes the nonlinear part
of the deformation. As with a typical spline function, TPS can
interpolate in-between control points while maintaining smooth-
ness criteria. This smoothness is defined as the minimum bending

energy ([6]):

By = / / (£ + 22 + £2,)ddy, 3)
R2

where E; is a total bending energy expressed as a function of
the second derivatives of a mapping f (geometrically the second
derivatives are related to a curvature of f in space). The physical
interpretation is that the surface deformed elastically in order to
have minimum bending energy (smooth stretching). To minimize
the total bending energy (maximum smoothness), it can be shown
that:
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Z w; = Z wi;xr; = wiYi = 0. (4)
=1 =1 =1

Therefore, we can rewrite Eqn.(2) in a linear matrix equation as:

K P w v
ollW]=le) e
where O is a 3 X 3 zero matrix, 0 is 3 X 1 zero matrix, v are
target values, entries of K are K;; = U(||(z,y) — (z:,y:)|| and
Pij = (1,2i,y:).

The use of TPS involves two steps: parameter estimation and
evaluation. In the parameter estimation step, the vector parame-
ter w and a” can be naively computed using direct inverse from
an initial set of point correspondences. This is however computa-
tionally expensive giving an asymptotic bound of O(N?). Since
[6] provides a nice approximation method to speedup this step, we
will not dwell on this problem and refer readers to [6] for details.
Another bottleneck comes from the evaluation step in the computa-
tion of Y7 w;U(||(x,y) — (x4, y:)||) in Eqn. (2). Using a brute
force approach in the evaluation step incurs a cost of O(N?). By
approximating with MLFMM, the complexity can be improved to
O(Nlog N). A concise MLFMM framework for this evaluation
is thus necessary.

3. FAST MULTIPOLE METHOD

The FMM is suitable for evaluating a potential function ¢ which
analytically has multipole and local expansions, factorization and
grouping properties (such as TPS) as described in [9]. The FMM
represents a fundamental change in the way of designing numeri-
cal algorithms, such that it solves the problem approximately, and
trades exactness for better complexity. However, in practice, the
errors resulting from FMM is usually too small to cause any con-
cern. In this section, we will briefly state the FMM method. Con-
sider the sum

N
o(y;) = > wd(ui,y;), j=1,..,N (©6)
=1

where u;’s are source points and y;’s are evaluation points. Di-
rect evaluation of Eqn. 6 has a complexity of O(N?)(Fig. 1-a).
In the FMM, we approximate the function ¢ in multipole series:
singular series denoted by M and regular series denoted by L. If
the function has grouping and factorization property which can be
expanded to singular and regular series, FMM can be used for the
evaluation step and reduces the asymptotic bound to O(N log N).
In the FMM literature, singular and regular series expansion are
often called multipole and local expansions.

If the sum in Eqn. 6 is evaluated by subdividing the data points
into boxes at different levels, it is often referred to as the MLFMM.
Each box is evaluated using a multipole expansion of ¢. The
potentials of the boxes are then translated and summed upwards
(M2M and M 2L translation) before going downwards (L2L trans-
lation) again to the lowest levels [11]. We show in Fig. 1, the

schematic of the standard method versus single level FMM (SLFMM)

and MLFMM.

In the next section, we will provide the analytical represen-
tation of near and far field expansions and translations for the
MLFMM. We use the notations M and L expansions to repre-
sent multipole and local expansions respectively, M2M to repre-
sent multipole to multipole translation, M 2L for multipole to local

Standard algorithm Middleman algorithm

Evaluation Evaluation
Points Points
Sources

Sources
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2

M
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Evaluation Source.

Sources L groups Points

K groups |
. \
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Fig. 1. Schematic representation of matrix-vector product for
different methods of a) Standard method b) Middleman method
¢) FMM d) MLFMM. In standard method, the complexity is
O(NM) and we can speed up the algorithm by SLFMM and
MLFMM to O(M log N). For some special cases of the func-
tion ¢ ( Fig. 1-b), the complexity is O(M + N). For more general
functions, we can speed up the function evaluation of Eq. 6 using
factorization methods like SLFMM and MLFMM.

translation and L2L for local to local field translation. ax and by
are coefficient of M expansion, gi and hy, are coefficient of L ex-
pansion. In 3.1 the function ¢ is 2 log(r) of the TPS model where
ris||(z,y) — (zi,y:)||. We will introduce function approxima-
tion for r? log(r)in terms of multipole and local expansions and
translations basis.

3.1. Expansions and Translations

Beatson and Light gave the M expansion, M2M translation and
M2L translation in [12], which will be restated here without proofs
and error bounds. We will add the L-expansion and L2L transla-
tion with proof needed for MLFMM. 2-D points are represented as
complex numbers. We will also use R{z} and S{z} to represent
the real and imaginary parts. We will use z to refer to y — Txc
where y is the evaluation point and .. is the center of the current
box. We will also use x;’s to refer to the source points and  «,, to
refer to the center of the box we want to translate to. The multi-
pole expansion of a function ¢.(z) = d|z — t|log(|z — t|) for for
[t| < |z|is given as

s(z) = (alz|” = 2R{Bz} + ) log |2 + R{D _ (arz +bi)z""},

k=0
@)
where
t = T — Tue, a=d, B=dt, 'y:d|t|2,
= k>0
ag - dekt1 , O = —lag, = Y.
—k(tk+1)’ k>0

(8)
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In this paper, we derived the local expansion by approximating
¢¢(2) = d|z — t|log(|z — t|) for |t| > |z] as follows

z) = Eﬁ‘:{i(gzﬂhz)z‘}, )

1=0
where ¢ in Eqn. 8, g; and h; are

—2dtloglt|, 1=0
d(1+loglt]), I=1
_dqe— =1
lilfl) ) =
d|t|2l0g\t|, =0
h = —dt, =1 (10)

det— (=1
a0 1=

g =

)

‘We can write down the local expansion of function ¢ from Eqn.( 7)
by changing ¢ to z. So, with the , we have

5:(1) = (alt|* = 2R{Bt} + ) log [t| + R{D_ (art + bu)t ™"},

k=0
Y
where
a=d, f=dz, v=d|z|
-8, k=0
= { LS, k>0
br = —Zan, k> 0. (12)
Then
s.(t) = (d|t|* — 2R{dzt} + d|z|*)log|t| +

R{aot — zao} + %{i(akf +bp)t "}

k=1
= (d|t]* — 2R{dzt} + d|z|*) log |t| —
R
R{dzt+zdz}+§R{Z k+1)t_zk(k+1)

e dt*(l*l) 7dt (1—1) .
+3?{;(Z(k—n B

Therefore g; and h; are derived as Eqns.(9) and (10). M 2M trans-
lation is given by

s(2) = (alz? — 2R{F2} +7) log || + R{D_ (az + b)= "),

k=0
(14)
where
t = Tue—Tun, B=at+ 5,7 =7+ 2R{Bt} + alt|?,
_/Ba k=0
~ Gtk ikl k k—1 —j
ar = o . +Zj=1aj(j71 )tk i
k>1
;5/7 kZO
= Bkl agk k k—1 —;
b, = ﬁIZ+1 _%+Z] 1 (b a]t)(j_l)tkj
k>1

15)

[}

= R{d|t|*log |t| — dtlog \t|z +d(1 + log |t])|2|* — dtz}

M2L translation is then given as

2) =R (gZ + )2} (16)

where using ¢ in Eqn.( 16), B and 7 as given before

fﬂ10g|t|+zk 0 ak(— )’“ti,‘7 1=0
alog|t\+ —|—Ep Lak(— l)kﬁ%,lzl
g = ertlJer pak(=1)F )

l+k—-1
x( e >t+ 1> 2

Flog ] + 3 %o (br — art)(=1)* 5, =0
—Blogltl -7 +Z (b — axt) (=1)* g, 1 =1
hy = m — &+ 20 (b — af)(—1)"

I+k-1
><< R )ﬁ 1>2
a7

Additionally, our second contribution is to derive L2L translation
as follows:

o]

s1(2) = RO _(gZ + h)z'}. (18)
1=0
We expand s1(z — t), ¢ in Eqn.( 16)
(=) =R @E-D+h) -0} (19
1=0

and finally, if we can relate Taylor approximation of s1(z — t)
with respect to s1(z) , the coefficients g;, h; are the new translated
coefficients. Hence:

si(z —t) = %{Z (§:Z + h)2'}. (20)

1=0

We can show that

s1(z —t)

= éﬁ{i(gzﬂhz)(z—t)l} (21)

=0

where hy = h; — ¢1t.Then, we can conclude after binomial expan-
sion (z —t)!
=) 1 I
— = 7 _\l=-m_m
si(z—1t) = %{;(glzdrhl) ZO ( o ) (=t)'""™2™). (22)

l —m
= (A [ BT
07 l <m
_ l —m
I > =1 G T
07 l <m

(23)
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4. RESULTS AND CONCLUSION

We have provided a concise MLFMM framework that is useful for
future development of applications that use TPS. Our main con-
tribution lies in the formulation of a complete MLFMM frame-
work specifically for TPS, including the L-expansion and L2L-
translation necessary for using MLFMM with TPS. The perfor-
mance of TPS evaluation MLFMM approximation with truncated
series are given in Fig. 2. Clearly, MLFMM outperforms the orig-
inal evaluation while giving only a small error caused by series
truncation. We also show the results of using TPS for image re-
construction Fig. 3 and morphing as shown in Fig. 4.

Loglog Plot Comparing CPU Time Plot of CPU Time vs s

Fast Multipole Method- )

00

00)

Log (CPU Time)
CPU Time

20)
Direct Method

100

Log (N)
()

Loglog Plot of Error vs s

p=10

p=11

Absolute Maximum Error
Log(Actual Error)

Log(N)

(C; (d)

Fig. 2. Implementations are in MATLAB and p, s and N is the
term at which series are truncated, the maximum number of data
points per box at the finest level and the total number of data points
respectively (a) Comparing speed of MLFMM and original eval-
uation (b) Variation of speed with the maximum number of data
points per box at lowest level (c) Variation of error with the maxi-
mum number of data points per box at lowest level (d) Actual er-
ror with the respect to the number of input sources. Here, we can
claim that with acceptable amount of error on the function evalua-
tion (caused by truncation) e.g. 1le — 10 MLFMM outperforms the
standard method.
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