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1Laboratoire Jacques-Louis Lions, Université Pierre et Marie Curie – Paris 6, 75005 Paris, France
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ABSTRACT

First-order finite-difference information has been exploited
in a variety of image and signal restoration settings. These
approaches typically require – implicitly or explicitly – that
certain attributes of the finite difference images be known a
priori. In this paper, we propose a new statistical framework
in which such attributes are estimated a posteriori from the
observed data under the assumption that the noise is addi-
tive and Gaussian. Our analysis can be directly applied to
the construction of property sets in set theoretic estimation
methods. The proposed framework is illustrated through an
application to image denoising.

1. INTRODUCTION

The standard discrete linear restoration problem is to esti-
mate an image x inH = RN×M from the observation of an
image

y = Lx+ u (1)

in H, where L : H → H is a linear operator modeling the
image formation process and u ∈ H is a noise component.
Typically, such a problem can be approached through a con-
strained minimization formulation of the form

Find x ∈ S =
m⋂

i=1

Si such that J(x) = inf J(S), (2)

where (Si)1≤i≤m are constraint sets in H confining the
candidate solutions to the feasibility set S and J : H →
]−∞,+∞] an objective function. In this approach, the sets
(Si)1≤i≤m are constructed from a priori knowledge about
the original image x and the image formation model (1),
e.g., [2, 5, 11, 15] and the references therein. Ultimately,
one aims at incorporating as much information as possible
in the formulation so as to achieve a small feasibility set S
and thereby obtain a reliable restoration.

Of special interest in restoration problems is infor-
mation pertaining to first-order finite-differences (discrete
partial derivatives) [1, 3, 5, 7, 8, 9, 10, 13, 14]. Re-
call that the (normalized) vertical and horizontal first-order

finite-difference images associated with an image z =
(zk,`)1≤k≤N,1≤`≤M in H are the images D1z and D2z de-
fined pixel-wise as

(D1z)
k,` =

zk+1,` − zk,`√
2

,

{
1 ≤ k ≤ N1 = N − 1

1 ≤ ` ≤M1 = M,

(3)
and

(D2z)
k,` =

zk,`+1 − zk,`√
2

,

{
1 ≤ k ≤ N2 = N

1 ≤ ` ≤M2 = M − 1

(4)
(k and l denote the vertical and horizontal coordinates, re-
spectively). It will be convenient to define the discrete gra-
dient of z as

Dz = (D1z,D2z). (5)

In (2), Dx can be controlled either through the objective
or through the constraints. In the former case, undesirable
effects ranging from oversmoothing to staircasing can be
observed. In the latter case, a finer control of the gradient
is possible but it requires – implicitly or explicitly – that
information on certain attributes of the original image (up-
per bounds on gradient energy, on total variation, on Fisher
information, etc) be known a priori. In this paper, we pro-
pose a new statistical framework in which attributes of the
discrete gradient of the degraded image Lx are estimated a
posteriori from the observed data y under the assumption
that the noise u in (1) is Gaussian. In turn, we shall obtain
closed and convex constraint sets of the form

Si =
{
x ∈ H | ϕi(DLx) ≤ δi

}
, (6)

where ϕi is a real-valued convex function and δi ∈ R. The
addition of these sets in the set theoretic formulation lead to
improved estimates. Numerically, the sets thus obtained can
be handled via convex projection techniques such as those
discussed in [5].

In the next section, we provide some background and
describe the proposed set construction technique. An
asymptotic statistical analysis is performed in Section 3. Fi-
nally, in Section 4, the proposed framework is illustrated
through an application to set theoretic image denoising.
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2. CONSTRAINTS BASED ON FIRST-ORDER
FINITE-DIFFERENCE INFORMATION

Throughout, (ψi)1≤i≤q are real-valued function defined on
R and

ψ : R→ Rq

u 7→ [ψ1(u), . . . , ψq(u)]T. (7)

A key tool in our framework is the so-called Stein’s prin-
ciple.

Lemma 1 [12] Suppose that A and B are real-valued ran-
dom variables such that

i) E|A|2 < +∞;

ii) B−A is a zero-mean Gaussian random variable with
variance σ2;

iii) A and B −A are independent;

iv) ψi is continuous, piecewise differentiable, and

(∀θ ∈ R) lim
|v|→+∞

ψi(v) exp
(
− (v − θ)2

2σ2

)
= 0;

v) 0 < E|ψi(B)|2 < +∞ and E|ψ′i(B)| < +∞.

Then E(Aψi(B)) = E(Bψi(B))− σ2Eψ′i(B).

For d ∈ {1, 2}, we can write βd = αd + γd, where

αd = Dd(Lx), βd = Ddy, and γd = Ddu. (8)

If we assume that Lx and u are realizations of some random
fields, then αk,`d , βk,`d , and γk,`d are realizations of some ran-

dom variables A
k,`

d , Bk,`d , and Ck,`d , respectively. Now sup-

pose that ψi, A
k,`

d , and Bk,`d satisfy the assumptions stated
in Lemma 1 (in particular, Ck,`d is Gaussian with variance
σ2). Then we derive from Lemma 1 the following vector
identity

E
(
A
k,`

d ψ(Bk,`d )
)

= E
(
Bk,`d ψ(Bk,`d )

)
− σ2Eψ′(Bk,`d ), (9)

where ψ′ is the gradient of ψ. In practice, empirical means
will be used instead of the above expectations. Thus, un-
der the assumptions to be explicitly stated in Assumption 2,
these expectations will be estimated by the consistent statis-
tics

E
(
A
k,`

d ψ(Bk,`d )
)
≈ 1

NdMd

Nd∑

k=1

Md∑

`=1

αk,`d ψ(βk,`d ) (10)

and

E
(
Bk,`d ψ(Bk,`d )

)
− σ2Eψ′(Bk,`d ) ≈ ηN,Md

NdMd
, (11)

where

ηN,Md =

Nd∑

k=1

Md∑

`=1

βk,`d ψ(βk,`d )− σ2
Nd∑

k=1

Md∑

`=1

ψ′(βk,`d ). (12)

Naturally, due to the error incurred by this empirical esti-
mation process, the equality in (9) must be reformulated as
a statistically relevant inequality. In other words, (9) must
be replaced by

∥∥∥∥(V N,Md )−1/2

( Nd∑

k=1

Md∑

`=1

αk,`d ψ(βk,`d )− ηN,Md

)∥∥∥∥ ≤ ζ
N,M
d ,

(13)
where ‖ · ‖ denotes the Euclidean norm on Rq, and where
the q × q symmetric positive definite matrix V N,M

d and the
upper bound ζN,Md will be derived from the asymptotic dis-
tribution of the statistics and some confidence level. To sum
up, (13) confines a solution x to the recovery problem to the
set

Sd =

{
x ∈ H |

∥∥∥∥(V N,Md )−1/2

( Nd∑

k=1

Md∑

`=1

αk,`d ψ(βk,`d )− ηdN,M
)∥∥∥∥ ≤ ζ

N,M
d

}
, (14)

where DLx = (α1, α2).

3. ASYMPTOTIC ANALYSIS

The objective of this section is to determine the matrix
V N,Md and the confidence bound ζN,Md arising in the con-
struction of the property set (14).

We assume that the images ((Lx)k,`)1≤k≤N,1≤`≤M ,
(yk,`)1≤k≤N,1≤`≤M and (uk,`)1≤k≤N,1≤`≤M are limited-
support realizations of random fields ((LX)k,`)(k,`)∈Z2 ,
(Yk,`)(k,`)∈Z2 , and (Uk,`)(k,`)∈Z2 satisfying the assump-
tions listed below. The gradients of these fields will be de-
noted as in the previous sections.

Assumption 2

i) ((LX)k,`)(k,`)∈Z2 has finite variance and is a station-
ary K-dependent field, i.e., for all subsets Λ1 and Λ2

of Z2 such that

inf
(k1,`1)∈Λ1

(k2,`2)∈Λ2

max{|k1 − k2|, |`1 − `2|} > K, (15)

the families ((LX)k,`)(k,`)∈Λ1
and ((LX)k,`)(k,`)∈Λ2

are independent;

ii) (Uk,`)(k,`)∈Z2 is a zero-mean Gaussian i.i.d. field
with variance σ2;
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iii) ((LX)k,`)(k,`)∈Z2 and (Uk,`)(k,`)∈Z2 are indepen-
dent;

iv) ψi is continuous, piecewise differentiable, and

(∀θ ∈ R) lim
|v|→+∞

v ψi(v)2 exp
(
− (v − θ)2

2σ2

)
= 0;

v) for d ∈ {1, 2}, 0 < E‖ψ(B0,0
d )‖2 < +∞ and

E‖ψ′(B0,0
d )‖2 < +∞.

In view of (13), to obtain the desired asymptotic results,
it is useful to study the properties of the random vector

Zk,`d = A
k,`

d ψ(Bk,`d )−Bk,`d ψ(Bk,`d ) + σ2ψ′(Bk,`d )

= −Ck,`d ψ(Bk,`d ) + σ2ψ′(Bk,`d ). (16)

It must be noted that Assumption 2.ii) implies that
(Ck,`d )(k,`)∈Z2 is a Gaussian moving average (MA) field of
order 1 with variance σ2. It therefore follows from As-
sumptions 2.i) and 2.iii) that (Bk,`

d )(k,`)∈Z2 is a (K + 1)-
dependent field. After some calculations, we arrive at the
following facts [6].

Lemma 3 The random vector field (Zk,`1 )(k,`)∈Z2 is a zero-
mean, (K + 1)-dependent stationary field with covariance
matrix function given, for all (p, q) ∈ Z2, by Γp,q1 =

E(Zk+p,`+q
1 (Zk,`1 )T) where

Γ0,0
1 = σ2E(ψ(Bk,`1 )ψ(Bk,`1 )T) +

σ4E(ψ′(Bk,`1 )ψ′(Bk,`1 )T),

Γ1,0
1 = (Γ−1,0

1 )T = −σ
2

2
E(ψ(Bk+1,`

1 )ψ(Bk,`1 )T)+

σ4

4
E(ψ′(Bk+1,`

1 )ψ′(Bk,`1 )T),

Γp,q1 = 0, if |p| > 1 or q 6= 0.

Theorem 4 [6] LetN be a standard normal random vector
of dimension q, suppose that Assumption 2 is satisfied, and
set

DN,M
0,1 = σ2

N−1∑

k=1

M∑

`=1

ψ(Bk,`1 )ψ(Bk,`1 )T+

σ4
N−1∑

k=1

M∑

`=1

ψ′(Bk,`1 )ψ′(Bk,`1 )T,

DN,M
1,1 =− σ2

2

N−2∑

k=1

M∑

`=1

ψ(Bk+1,`
1 )ψ(Bk,`1 )T+

σ4

4

N−2∑

k=1

M∑

`=1

ψ′(Bk+1,`
1 )ψ′(Bk,`1 )T

V N,M1 = DN,M
0,1 +DN,M

1,1 + (DN,M
1,1 )T,

and

EN,M1 =
N−1∑

k=1

M∑

`=1

A
k,`

1 ψ(Bk,`1 )−Bk,`1 ψ(Bk,`1 )+σ2ψ′(Bk,`1 ).

Then, as N,M → +∞, Cov(EN,M1 )−1V N,M1
a.s.→ I and

(V N,M1 )−1/2EN,M1
d→ N .

Note that V N,M1 can be computed from the observed data.
Besides, forN andM large enough, the bound ζN,M1 in (14)
can be determined for a preset confidence level p1 ∈ ]0, 1[
as the solution to the equation

∫
u∈Rq

‖u‖≤ζN,M1

exp
(
− ‖u‖

2

2

)
du = (2π)q/2p1. (17)

Similar results can be obtained for the constraints on the
horizontal finite differences (d = 2) by interchanging the
roles played by the spatial indices k and `.

It should be noted that, at the expense of a finer analysis,
assumption 2.i) above can be replaced by weaker mixing
assumptions [6].

4. SIMULATION EXAMPLE

The original image is the 256× 256 8-bit image x shown in
Fig. 1. The degraded image y is obtained by adding zero-
mean Gaussian white noise to x. The MSE is 897. Shown
in Fig. 2 is a 88×88 portion of y. The constraint sets S1 and
S2 defined in (14) are used with an overall 0.8 confidence
level. The functions involved in this example are

• ψ1 : v 7→ tanh(v/a),

• ψ2 : v 7→ v
(

tanh((v + χ)/a)− tanh((v − χ)/a)
)
,

where a ∈ R∗+ and χ ∈ R∗+. Considerations leading to the
choice of these functions can be found in [6].

We assume that the variance σ2 the noise is known, as
well as the range of the pixel values of x and their mean µ.
This leads to the constraint sets S3 = [0, 255]N×M and

S4 =

{
x ∈ RN×M |

N∑

k=1

M∑

`=1

xk,` = NMµ

}
. (18)

The denoised image is obtained via the variational formula-
tion (2) in which

J : x 7→ ‖x− y‖2. (19)

The resulting constrained optimization problem was solved
numerically with the algorithm proposed in [4]. The MSE
is 188. The 88× 88 portion of this image corresponding to
Fig. 2 is shown in Fig. 3. The denoising performance of the
proposed approach based on gradient constraints can also
be assessed qualitatively by comparing Figs. 2 and 3.
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Fig. 1. Original image.

Fig. 2. 88× 88 portion of the noisy image.

Fig. 3. 88× 88 portion of the denoised image.
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