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ABSTRACT

Vector quantization based on the Gauss mixture model (GMM)
and the quadratic discriminant analysis (QDA) distortion measure
has been shown to perform well in statistical image classification
problems. Previous work in this area has concentrated on design-
ing a separate GMM-based vector quantizer using the QDA dis-
tortion measure for each class using full search. We design a sin-
gle vector quantizer for all classes using a tree-structured algo-
rithm based on the (generalized) BFOS algorithm. This reduces
the search complexity, while it increases the correct classification
rate. Further, the pruning stage of our algorithm takes into ac-
count the dependencies between the image blocks assuming a hid-
den Markov model (HMM). During the test stage, our algorithm
aims to iteratively maximize the joint probability of occurrence of
all image blocks based on the HMM. Our simulation results indi-
cate that our algorithm performs better (both in terms of compu-
tational complexity and classification rate) when compared to the
previously published algorithms based on the GMM.

1. INTRODUCTION

Statistical image classification using vector quantization based on
the Gauss mixture model (GMM) and the quadratic discriminant
analysis (QDA) distortion measure has been shown to perform
well in image and texture classification problems [1,2]. Previous
work has concentrated on designing a separate vector quantizer
for each class and training with full search using the Lloyd algo-
rithm. The training stage iteratively finds the Gauss mixture com-
ponent that minimizes the QDA distortion for each feature vector
(extracted from each image block) using full search followed by
the update of the parameters of the Gauss mixture components.
During the test stage, for each test image block, the Gauss mixture
component minimizing its QDA distortion is selected and the test
block is assigned to the class to which the selected component be-
longs. Recent work has also incorporated context information, as-
suming a hidden Markov model (HMM) [3,4]. In particular, two of
the feasible strategies have been using the path-constrained Viterbi
algorithm in the test and training stages and using the Ising model
in the test stage.

Our algorithm, tree-structured vector quantization based on
the QDA distortion measure (TSVQ-QDA), is based on tree-growing
followed by pruning using the BFOS algorithm. Tree-structured
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training reduces the computational complexity from O(K?) to
O(K), where K represents the number of mixture components. In
addition, our algorithm leads to a better classification performance
when compared to its full-search counterparts. In particular, its
correct classification rate is higher than that obtained by both the
classifier designed by the full-search Gauss mixture model vector
quantization (GMM-VQ) and the classifier designed by first grow-
ing a codebook based on full search using the splitting measure
used in TSVQ-QDA, followed by pruning. TSVQ-QDA’s better
performance over GMM-VQ is not a coincidence because GMM-
VQ, as shown by our simulations, converges to a poor local min-
imum. This problem is avoided in TSVQ-QDA. Convergence to
a poor local minimum does not occur when the full search quan-
tizer is designed by first growing a codebook based on full-search
followed by pruning; however, it is still inferior to TSVQ-QDA in
terms of its correct classification rate. In addition to its high cor-
rect classification rate and low computational complexity, TSVQ-
QDA does not require the designer to pre-select the number of
Gauss mixture components since the number of components is de-
termined by the algorithm in the pruning stage. On the other hand,
in TSVQ-QDA, the level to which the tree needs to be grown (prior
to pruning) needs be pre-selected, which we resolve by growing a
set of trees each with a different depth and then pruning each us-
ing the BFOS algorithm to the point at which its QDA distortion is
minimized. We then select the best one in terms of its classification
rate on a validation set of vectors.

TSVQ-QDA incorporates context information in the pruning
stage, where each pruned subtree of the fully-grown tree provides
us with a joint likelihood of the image blocks based on the HMM.
The optimum subtree selected by the BFOS algorithm is then the
subtree that leads to the maximum joint likelihood. Training all
classes together (instead of designing a separate quantizer for each)
is a key factor that allows us to include the HMM in TSVQ-QDA.

During the test stage, the optimum sequence of hidden Markov
states is determined by an iterative algorithm that tries to maximize
the joint likelihood of the test image blocks using the optimal sub-
tree and the HMM parameters obtained in the training stage. We
observe that this algorithm leads to a better performance than the
path-constrained Viterbi algorithm (assuming a causal model) with
comparable complexity.

2. CLASSIFICATION USING TSVQ-QDA

2.1. The BFOS Algorithm in TSVQ-QDA

The BFOS algorithm requires each node of the tree to have two
linear functionals such that one of them is monotonically increas-
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ing and the other is monotonically decreasing [5]. Toward this end,
we view the QDA distortion of any subtree of the fully-grown tree
as a sum of two tree functionals, w1 and wus, such that:

w= 2 S i (@) + g 3 Y sl
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where s; is the " node with probability p;, M is the number

of training blocks, 7' is the set of the terminal tree nodes of the
subtree, &, is the d-dimensional feature vector of the image block
at location (k, ), p; and X; are the mean vector and the covariance
matrix of node s;, and g;(xx,;) is defined as:

gi(ww) = (@rg — pi) 57 (T — i) (©)

The functionals, u; and u2, in (1) and (2) are linear as each can
be represented as a linear sum of its components in each terminal
node of the tree.

The monotonic decrease of u1 is due to the minimization using
the Lloyd algorithm described next, while the monotonic increase
of us follows from Jensen’s inequality and convexity.

The splitting stage is followed by pruning based on the BFOS
algorithm. By the linearity and monotonicity of the tree function-
als, the optimal subtrees (to be pruned) are nested, and at each
pruning iteration, the selected subtree is the one that minimizes:

A’LL1
r=-= AUQ’ (4)
where Au;, ¢ = 1,2, is the change of the tree functional u; from
the current subtree to the pruned subtree of the current subtree.
The magnitude of (4) increases at each iteration. This is a
key point of our design as, then, pruning is terminated when the
magnitude of (4) reaches 1, resulting in the subtree minimizing

u1 + uz [6].

2.2. Classifier Design

The classifier design is depicted in Fig. 1. The design starts with
a single node tree, called 7%, out of which two child nodes are
grown. The Lloyd algorithm is then applied between these two
child nodes, minimizing (1), and this new tree is denoted as 75.
Each terminal node of 7% is then split, two pairs of child nodes are
obtained, and the Lloyd algorithm is applied between each pair,
minimizing (1) to obtain 7T3. This procedure of splitting a tree, 77,
to obtain 741 and running the Lloyd algorithm between pairs of
the child nodes is repeated until ¢ = D, where D is sufficiently
large.

Following the tree-growing stage, we form a set of fully-grown
trees. The set consists of the D trees, T;, 1 < ¢ < D. Then,
each of the D trees, T3, 1 < ¢ < D, is pruned using the BFOS
algorithm, and for each 77, pruning is stopped when the magnitude
of (4) reaches 1. Hence, for each T3, 1 < ¢ < D, the subtree that
minimizes the QDA distortion is obtained. We denote these best
subtrees (in the sense of minimizing the QDA distortion) as P;,
1 < ¢ < D. It should be noted that applying the BFOS algorithm
D times does not increase the computational complexity of the
algorithm significantly as the BFOS algorithm itself adds relatively
small complexity to the algorithm.

‘ Set i=1 and denote the one node tree as T',. ‘

l

‘ Grow child nodes from each terminal node of the current tree. F

[

Use the Lloyd algorithm to assign each training vector in each
parent node to one of its two child nodes so to minimize the u,
tree functional.

‘ Set i=i+1 and denote this tree as 7. ‘

L —

No

For each T;, prune until the magnitude of r reaches 1 and
denote this subtree as P;.

l

Select the subtree among all P, that minimizes the
classification error on a validation set of vectors.

l

The TS-DVQ classification tree is obtained.

Fig. 1. Classifier Training Algorithm

Finally, the best subtree P* is selected (to be the classifica-
tion tree) as the subtree that minimizes the classification error on a
(separate) validation set of vectors among all P;, 1 <4 < D.

2.3. Classification of Test Vectors

A test vector, T ;, is assigned to the node s;« if:

- . 1 1
i" = arg min {— Inp; + 5 In ((QW)d\EiD + Egl(xkl)} 5)

Since only a single quantizer is designed for all classes, each
node, s;, to which more than one class of training vectors is as-
signed, is labeled using the majority vote rule. In particular, the
number of training vectors of each class, C;, in node s; is counted
and denoted as n;; and s; is labeled as class Cj«, where j is
given by:

j° = argmaxn; ; (6)
J

During the test stage (also during the best subtree selection
stage of classifier design), any vector assigned to node s; is labeled
as the class label of node s;.

3. CONTEXT-DEPENDENT MODELING BASED ON THE
HIDDEN MARKOV MODEL

3.1. Training Stage

According to our Markov model, the hidden Markov state of the
image block at location (k, 1) is independent of the states of the
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Fig. 2. X’s represent N and Y’s represent N2 with respect to O.

image blocks in Py, where P,; = {(m,n) : m < korm =
k,n < 1}, given the state of the image blocks in the neighborhood
Nl,kJ, where Nl,kJ = {(m, n) : (m,n) c {(k — 1,l — 1), (/C —
1,1), (k—1,1+1), (k,I—1)}}. Denoting the hidden state (node),
to which the training image block at location (k, 1) is assigned in
subtree t, as vy ;,; (hence each vy is one of the s;’s), the joint
probability of all feature vectors and hidden states in the image is
then given by:

H ak,1,t P(xr,1|vk,it), )
(k,DER
where R is the set of the training image block locations, and a ;¢
and P(xk,i|vk,i,¢) are defined as:

a1t = P(vi,,t|vm,n,e : (m,n) € Niku), ®)

1 -3 9i(xk,1)
(27r)d/2|2i|1/26 2 , 9
provided ¢ is such that s; = vy,1,¢ in (8).

Then, maximizing this joint probability is equivalent to mini-
mizing:

P(zp,lvk,,e) =

u1 + ug, (10)

where u; is as given in (1), and w2 is given by:

Uy = — —Inag,,; (11)
(k,1)ER

A problem is that the linearity and the monotonicity of the tree
functionals cannot be ensured when wus is as given in (10). To over-
come this problem, we use the observation (from our simulations)
that in regions with class changes, the hidden states of the image
blocks in Ny ; do not provide significant additional information
on the state of the image block at (k, 1), given the true classes of

the image blocks in V1 x,;. Then, we can re-define ay ;¢ as:

(m,n) € N1k,u1), (12)

where Cyy,» is the true class of the image block at (m,n).
The training is then done using the BFOS algorithm as in sec-
tion 2 except that the uz in (2) is now replaced by the u2 given in

(11).

a1t = P(vk,1,¢|Crmn

3.2. Test Stage

We modify our classification algorithm discussed in section 2.2
to incorporate context information. The context-dependent algo-
rithm tries to maximize the joint likelihood of the entire image it-
eratively. In the initial iteration, the algorithm uses an HMM based

Iteration Location qi,k,l
Initial in P(s,)
Iteration notin S P(Si | C:n a € N] k 1)
] '
Remaining | "5 P(s;|C,, €N, ,UN,, )
Iterations . !
notin S P(Sl. | Cm’n € Nl,k,l U Nz,k,l)

Fig. 3. The form of ¢; j,,; is dependent on the iteration and location.

only on the neighborhood model in section 3.1. For the remaining
iterations, we extend the neighborhood region to include all of the
eight adjacent neighbors.

During the initial iteration, first the hidden states of the image
blocks on the upper and left edges of the test image are determined
using the algorithm in section 2.3 without using context informa-
tion. Then, the hidden states of the remaining image blocks are
determined. In particular, a test block, z ;, is mapped to the state
(node) s if:

i* = argmin | —1Ingik, + %ln ((QW)d\EiD + %gl(aykl)} ,
(13)
where g; i is given by P(si\C,/mn : (m,n) € Ny ,) and C’,/mn
is the class to which the test block at (m,n) is assigned by the
current iteration of the test algorithm. P(si|C;n,n : (m,n) €
N1,,1) is computed in the training stage using (12).

The test block, xj,;, is then assigned to the class of the state
si*, using the majority rule discussed in section 2.3.

The initial iteration assigns each image block to a hidden state
and a class and provides a reasonable initial estimate of the hid-
den states of the test blocks. We can now refine this initial esti-
mate by defining an extended neighborhood N to include all of
the eight adjacent neighbors as Ni; = {N1,x,:1 |J N2 k,i }, where
Ny = {(m7n) : (m7n) € {(k -1,i- 1)7 (k - lal)a (k -
1,14+ 1),(k,l — 1)} and Ny = {(m,n) : (m,n) € (k,l +
1), (k+1,1-1),(k+1,1),(k+ 1,1+ 1)}. The remaining iter-
ations assume the extended neighborhood model, which leads to a
better classification result as the dependencies from all of the adja-
cent neighbors are used. The problem is that the training algorithm
provides the ay,; ¢+ parameters only for Ny 5 ;, but not for Na 1 ;.
The key to solving this problem is to assume that the statistics of
the test image is invariant under a rotation of 180 degrees. We note
that when the image is rotated by 180 degrees, N1 1, and Na
switch their locations. Then, using this symmetry between Ny
and N i ;, we compute the parameters for /Nj,; from the training
parameters computed for Ny i ;.

Although the same distortion measure, as given in (13), is used
throughout the test stage to assign the test blocks to the hidden
nodes (states), g;,x,1 varies depending on the iteration and the lo-
cation of the test block. Denoting S as the set of images in the
upper and left edges of the test image, the different forms of ¢; 1
are summarized in Fig. 3. If a test block is located on an edge
such that one or more of the neighbors don’t exist, then g; 1, is
computed using only its existing neighbors. This is not taken into
account in Fig. 3.
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4. SIMULATION AND RESULTS

We used a set of six aerial images in our simulations. Each image
is of size 512 x 512, and is divided into blocks of 8 x 8, with each
block belonging to one of the two classes. In each experiment, we
used 5 of the images for training and the remaining image for the
test stage using cross-validation. The DCT coefficients matrix for
each 8 x 8 image block is computed and the upper-left 4 x 4 DCT
blocks from the DCT coefficients matrix are extracted to be used
as feature vectors. We also computed the DCT coefficients of the 4
non-overlapping 4 x 4 image blocks within each 8 x 8 image block
and included the 3 highest-energy DCT coefficients (except the DC
coefficient) of these 4 X 4 image blocks in the feature vector. In
each experiment, D, the number of levels discussed in section 2,
is selected to be 8, although the results are not very sensitive to the
exact value of D.

Table-1 compares the classification error of TSVQ-QDA with
that of the recently published algorithms based on the GMM, using
the same set of aerial images [2,3,4,7]. TSVQ-QDA with context
information has a better performance than all of the algorithms.
TSVQ-QDA with no context information is inferior to only the
HMM-GMM, which is context dependent.

Table-1) Comparison of Classification Algorithms

Classification Algorithm | Classification Error
TSVQ-QDA context 138
HMM-GMM .140
TSVQ-QDA no-context 159
MHMM .160
ARM 178
Causal HMM .188
GMVQ 190
CART 216
LVQ 218

Table-2 compares the classification errors of TSVQ-QDA with
those of a full-search GMM-VQ classifier and a classifier designed
by first growing a codebook based on full search using the w1 mea-
sure used in TSVQ-QDA, followed by pruning. We call this latter
classifier a pruning classifier. All three classifiers use the same set
of feature vectors and use context information as modeled in Sec-
tion 3, and they all have a comparable number of mixture compo-
nents (or nodes). Table-2 shows that TSVQ-QDA performs better
than both of the full-search algorithms. We note that the classifier
designed by the full-search GMM-VQ converges to a poor local
minimum, i.e. its overall QDA distortion is higher than that de-
signed by TSVQ-QDA. Our observations have shown that the in-
clusion of the In p; term in the codebook growing stage leads to
the poor local optimum problem. The full-search classifier with
pruning does not converge to a poor local minimum; however, in
terms of classification performance, TSVQ-QDA is still better.

Table-2) Comparison with full search algorithms

Test Image | GMM-VQ | Pruning | TSVQ-QDA
1 21 17 15
2 A1 .09 .09
3 27 25 23
4 .16 22 17
5 .04 .05 .03
6 .19 17 .16

We also compared the path-constrained Viterbi algorithm and
our test algorithm in Section 3.2, both applied to the same test
set and using the same set of parameters obtained from the train-
ing algorithm in Section 3.1. As our algorithm converged in 4-5
iterations, the number of paths allowed in the Viterbi algorithm
was equal to 4 or 5 to have comparable complexity [3]. The path-
constrained Viterbi algorithm led to a classification error of 0.142,
which is worse than that obtained by the context-dependent TSVQ-
QDA. Since the Viterbi algorithm can take into account only the
causal dependence, our algorithm leads to a better classification
performance.

5. SUMMARY AND CONCLUSIONS

We proposed TSVQ-QDA, tree-structured vector quantization with
the QDA distortion measure, as an image classification algorithm.
TSVQ-QDA performed better in our aerial image simulations than
the full-search algorithms implemented previously. Further, TSVQ-
QDA has low training complexity. Also, our test algorithm is not
restricted to a causal HMM, instead it incorporates the dependen-
cies from all of the adjacent image blocks. An important observa-
tion is that the overall QDA distortion obtained with TSVQ-QDA
is lower than that obtained using the full search algorithm, which
indicates that the classification performance of TSVQ-QDA is not
a coincidence, and that the full-search algorithm converges to a
poor local minimum.
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