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ABSTRACT

Regularization techniques have been in use in signal recov-
ery for over four decades. In this paper, we propose a new,
synthetic approach to the study of regularization methods
in image denoising problems based on Moreau’s proximity
operators. We exploit the remarkable properties enjoyed by
these operators to establish in a systematic fashion a vari-
ety of properties of regularized denoising problems and to
propose new numerical schemes to solve them.

1. INTRODUCTION

In many image processing applications, the image  of in-
terest must be recovered from a noisy measurement

T =7+ w, €))

where w represents a realization of a random process. In
most practical situations, such a problem can be cast in a
real Hilbert space (H, || - ||). A widespread approach to this
type of inverse problems is to seek an estimate x, of T as a
solution to the variational problem

1
Minimize f(y) + %Hx —y|? for yeH, (2

where v € ]0,4o0[ and f: H — ]—o00,+00] is a lower
semicontinuous convex function. Among the numerous for-
mulations that fit this setting, let us mention the following.

e If f is the indicator function of a closed convex set C,
ie.,

fly) =wc(y) =0if yc C;+o0if y ¢ C, (3)

then (2) amounts to finding the best approximation to
x from C. This setting is discussed in [6].

e A common situation in analog models is to take H =
H'(Q) and f to be an integral functional of the form

fly) = / o(w,y(w), Vy(w))dw. 4)
Q
This setting covers various approaches, including to-

tal variation, least-squares, Fisher information, and
entropic denoising, e.g., [1, 2, 3,9, 13, 14, 16, 17].
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e In discrete models, images are N x N matrices and
H = R¥*N_ If w is a zero mean Gaussian noise,
then (2) covers maximum a posteriori models with
an a priori Gibbs density p o< exp(—f). See [10, 19]
for further special instances of (2) in discrete models.

Under the present hypotheses, Problem (2) is well-posed
in the sense that, for every data x € 'H, it possesses a
unique solution z., (a stronger property will be established
in Proposition 1). From a strict mathematical programming
viewpoint, the regularization approach associated with (2)
consists of letting the regularization parameter A = 1/(2)
go to zero, i.e., v — 4o00. In this regard, it is known from
standard optimization theory that, under mild assumptions,
2~ converges to the projection of x onto the set of minimiz-
ers of f asy — +oo [9]. In image processing, however,
(2) is usually solved for a fixed value of « which is believed
to be appropriate in terms of balancing the contribution of
the functional f, which reflects some a priori knowledge,
and the quadratic “data fidelity” term, which incorporates
the contribution of the model (1). For instance, suppose that
a bound 42 on the noise power ||w||? is known (see [4] for
the estimation of ). Then, under suitable qualification con-
ditions, Lagrangian theory [12] asserts that there exists a
value of  for which the solution to (2) minimizes f subject
to the constraint |z —y|| < é. In practice, however, this La-
grange multiplier may be hard to determine and +y is often
chosen in a heuristic fashion.

In order to study regularization techniques in a unified
framework, it is useful to abstract the generic problem (2)
into a device that maps an observed image z into a “filtered”
image ., defined as the solution to (2). We shall write this
relation as

Ty = ProX.s . )

The so-called proximity operator prox. ; thus defined was
introduced in 1962 by Moreau [15]. It turns out to enjoy
remarkable properties that will allow us to establish in a
systematic fashion general results on the behavior and the
properties of the regularization problem (2) and of its solu-
tions. The objective of the present paper is to give a brief
overview of this program; further developments and numer-
ical results are contained in [9]. Let us note that the idea
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of using proximity operators in the modeling, analysis, and
solution of signal processing problems goes back to [5].

In Section 2, we provide the necessary mathematical
background. In Section 3, we present some basic properties
of the proximal denoising scheme (5). Section 4 is devoted
to a powerful proximal image decomposition principle that
generalizes the orthogonal decomposition principle in linear
image processing. Finally, in Section 5, we present splitting
methods for solving (2).

2. PROXIMITY OPERATORS

We provide the necessary background in convex analysis
and proximity operators. For a detailed account, see [12].
Throughout, the underlying image space is a real Hilbert
space ‘H with scalar product (- | -) and norm || - ||; To(H) is
the class of all convex lower semicontinuous functions from
'H to |—o0, +00] which are not identically +oc.

The distance from an image * € H to a nonempty set
C C Hisde(x) = inf || — C|; if C is closed and convex
then, for every x € H, there exists a unique point Pox €
C such that ||z — Pez|| = de(z). The point Pox is the
projection of x onto C. The conjugate of a function f €
[o(H) is the function f* € I'g(H) defined by

(Vu e H) f*(u) = sup (z | u) — f(z). (6)
zeH
The Moreau envelope of index v € ]0, +oo] of a function
f € To(H) is the function

1
Y. ; - 12
f: xHyuel;f(y)Jr 27H$ ylI*. (7

For every x € H, the infimum in (7) is achieved at a unique
point denoted by prox., ;(x). The operator

1
prox;: H — H: x +— argmin f(y) + = [z — y|>  (8)
yeH 2
thus defined is called the proximity operator of f. Let us
note that, if f = 1o (see (3)), then

e =d%/2y and prox. ; = FPc. 9)

Proximity operators are therefore a generalization of projec-
tion operators.

3. PROXIMAL IMAGE DENOISING: BASIC
PROPERTIES

We fix a function f € T'¢(H) and, for the sake of conve-
nience, we shall sometimes use the notation (5) when no
ambiguity is possible.

As noted earlier, prox, ; acts as a (generally nonlinear)
denoising filter. Our first result states that this filtering op-
eration is very robust in the Hadamard sense in that there

is a Lipschitz-continuous dependence between the observed
data and the denoised images.

Proposition 1 [9] Let x and y be two images in H and v €
10, +00l. Then || prox., ; x —prox. s y|| < ||z —yl|, in short,
2y =yl < llz = yll.

Another robustness issue of interest is the behavior of
the denoised image when the function f varies. The follow-

ing results provides answers for certain types of perturba-
tions.

Proposition 2 [9] Let x be an image in H and v € |0, +00].
Then:

i) Affine perturbation: Let g = f + (- | u) + o, where
u € Hand o € R. Then

Prox. , & = prox, ;(z — yu). (10)

ii) Quadratic perturbation: Let g = f+al|-||?/2, where
a € [0, 400l Then

PrOX., & = PIOX ¢ /(14ay) (#/(1+ay)). (11)
iii) Translation: Let g = f(- — ), where w € H. Then
prox. , = u + prox, ¢ (= — u). (12)

iv) Unitary transformation: Let g = f o L, where
L:"H — 'H is a unitary operator. Then

prox., r = Lil(prox,yf(Lx)). (13)

g

v) Moreau envelope: Let g = "f. Then

1
prox, x = + m(prox(l_w)f T — a:) 14)

In the special case when f = ¢ for some nonempty closed
convex set C' C H then, in view of (9), (14) becomes an
underrelaxed projection operation as

1
= —(Pox — 15
prox, x w+1+7( cT a:) (15)
lies on the segment between x and Pox. Along the same
lines, proximity operators can also be used to perform vari-
ous thresholding operations. Here is a simple example.

Proposition 3 [9] Take a nonempty closed convex set C' C
'H and set f = d¢. Then

Y .
x4+ W(Pcw —z) if do(x) >~ 16)

if de(z) <.

Ty =
Pcl‘
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Here, C can be thought of as some set of images possess-
ing a certain property (see [4, 18] for examples of closed
convex sets modeling pertinent constraints in image recov-
ery). If the image « is close enough to satisfying the prop-
erty in question, then the denoised image . is simply the
projection of = onto C; otherwise, ., is obtained through
a nonstationary underrelaxation of this projection. Let us
now consider the special case when C' = {0}. Then (16)
becomes a basic soft thresholding operation

. {(1 =/lzl)z it 2l > a7

0 if [lz] <7,

which can be taken to various transform domains through
(13). After simple manipulations, we can thus recover stan-

dard wavelet shrinkage techniques [11] for image denoising
and express them in the format (5) [9].

4. PROXIMAL IMAGE DECOMPOSITION

By way of introduction, let us consider a basic denoising
problem in H = L?2. Suppose that the Fourier transform
of the noise in (1) lies mostly in some high-frequency band
B whereas 7 lies mostly in a lower frequency range. Then
it is natural to obtain the denoised image =% by low-pass
filtering . Now let V' be the closed vector subspace of H
of images whose Fourier transform is zero on B and let Py,
be the projection operator onto V. Then it is well-known
[4, 18] that the above filtering operation can be written as
2% = Pyx. Upon invoking the standard orthogonal de-
composition theorem, we thus obtain a decomposition of
the energy of the image x as

|z]|* = di (z) + dy . () (18)

and a decomposition of x into a low-frequency component
2% and a high-frequency component z©, namely

D — P
z=2% + 2%, where v Ve (19)
2° = Py.x.

Now let f = ty. Then, since (6) yields f* = iy, 1, we
deduce from (9) that (18) can be rewritten as

2[* = 2v(7f (@) + () (/7)) (20)
and (19) as

@ =
x = xj‘?—l—x?, where xé PrOXyy & 21
a5 = yproxs. ., (z/7),
whence
F@) + (@5 /v) = (@ [25)/7. (22)

A remarkable result due to Moreau [15] states that the de-
compositions (20), (21), and (22) are actually true for any
function f € T'g(H), thus yielding a powerful nonlinear sig-
nal decomposition principle. So far, the denoising problem
(2) has been viewed only as an operation x +— x?f. The
above decomposition principle tells us that the component
of the image that it left out, namely x?, actually possesses
a “dual structure” since, up to a factor -, it is obtained by
applying the same type of proximal operation to x, except
that the function f is now replaced by its conjugate f*. We
therefore obtain a decomposition of the image

z (22, 27) (23)
which is entirely parametrized by f. Deeper insights into
the properties of the denoising procedure can be gained
from the availability of the two components in the decom-
position [5, 9]. For instance, in the special case when
H = L?(Q) and f is the total variation, i.e.,

fix »—>/ |V (w)|dw, (24)
Q

then the denoising problem (2) was proposed in [17]. In this
case, the above proximal decomposition principle appears
implicitly in [14], where x? was described as a bounded
variation component of the image x carrying most of its
structure, while x? was described as a texture/noise compo-
nent. One will find in [14] a detailed and insightful analysis
of this Rudin-Osher-Fatemi decomposition model.

Another benefit of the decomposition (21) is to provide
an alternative means to compute xf‘?. Indeed, in some prob-
lems, it may be difficult to compute x? = prox, ;  directly
but the dual problem of applying prox.,, may be easier.
One can then obtain the denoised image as

¥ =z — Y ProX s s (/7). (25)
As an illustration, suppose that f is defined as

fra e sup (x| L), (26)
peG

where L is a bounded linear operator from some real Hilbert
space G to H, and where G is a nonempty convex subset of
G. Now let C' = L(G). Then we can write

Jrae sup (x| u) = oc(x), 27)
uelC

where o denotes the support function of the closed convex
set C'. Since f* = o = i, (9) asserts that we can calcu-
late the denoised image x? through a projection operation,
as (25) becomes z€ = x — yPc(z/v). In the case when
f is the total variation functional, this scheme is implicitly
used in [2].
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5. SPLITTING AND CONSTRAINED SOLUTIONS

In some problems, solving numerically (2) may be difficult
due to the nature of f. In other words, the evaluation of
prox ; may be hard for some functions. Let us now suppose
that f can be split into the sum of two functions, say

f=Ffi+f, (fi.f)€To(H)

In view of (2), the problem becomes

(28)

1
Minimize fl(y)+f2(y)+%|\x—y||2 for y € H. (29)

Depending on the properties of f; and f5, several schemes
can be devised to compute prox ; by using the (usually sim-
pler) operators prox g, and/or proxy, iteratively [7]. For in-
stance, suppose that

1) proxy, is relatively easy to implement;

ii) fo is differentiable and V fs is S-Lipschitz on H (see,
e.g., [8] for examples).

Then the following algorithm can be used, which requires
proximal steps with respect to f1 only.

Theorem 4 [9] Fixe €]0,~/(6v+1)[and let (yn)nen be a
sequence in [g,27y/(By+1)—e]. Then, for every yo € 'H, the
sequence (Yn )nen constructed according to the recursion

Tn TYn
Yn+1 = PIOX., f K - T)yn + 7(36 — 7V fa(yn))

converges to Ty = pI’OX,Yf Z.

A special case of interest is when f; = i¢, for some
nonempty closed convex set C' C H. In this case, we seek
the optimal solution to the denoising problem relative to fo
over the feasibility set C, i.e.,

1
Minimize f2(y) + %Hx —y||* for y € C. (30)

This formulation makes it possible to incorporate more a
priori information in terms of hard constraints on the solu-
tion (see [4, 18] for examples of pertinent constraints). In
this case, the iteration in Theorem 4 assumes the form

Ynt1 = PC |:<]- - %)yn + 77774(1_ _va2(yn))

We conclude by noting that certain formulations, e.g.,
those described in [20], can be recast as the problem of
minimizing f; + *p, where ¢ € T'o(H) [9]. This problem
can be solved via the iteration y,, 1 = Prox,, s, Prox, Yn.
The reader is referred to [7] for a more general iteration and
convergence results, and to [9] for image denoising applica-
tions.
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