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ABSTRACT

Pixels in hyperspectral images usually contain spectra from
several classifiable objects, so that the recorded pixel is a
mixture of the classes. Current methods estimate the pro-
portion of each class using a set of spectral signatures de-
scribing only the class means. Since the means are known
only by estimation methods, we introduce an approach that
also incorporates the variation inherent in this estimation.
The total least squares approach using projections onto con-
vex sets (POCS) produces improved performance over sim-
ple maximum likelihood methods, even one that also uses
the constraint sets and POCS.

1. INTRODUCTION

Due to spatial resolution limitations, images inevitably pos-
sess pixels comprising mixtures of spectrally distinct mate-
rial classes. Such pixels may be described as a linear mix-
ture of unique spectral signatures associated with the con-
tents. The availability of hyperspectral imaging cameras has
advanced the field of image classification using spectral sig-
natures [1]. Each hyperspectral pixel contains spectral for
data up to several hundred contiguous bands. With accurate
estimates of the contributing spectral signatures, one may
decompose pixels in terms of the proportion of each class
material.

The first task is to obtain accurate estimates of the class
spectral distributions (e.g. mean and covariance of the class
spectral signature) found in the image under examination.
Current methods determine estimates of only class spec-
tral signature means. One method estimates the spectral
signature means with the Optical Real-time Adaptive Spec-
tral Identification System (ORASIS) [2]. This method au-
tonomously establishes a set of spectral signatures from the
image under investigation. Alternatively, a total least squares
(TLS) estimate of spectral signature means from a set train-
ing samples of mixed pixels has been proposed [3].

Secondly, class proportion estimates with these spec-
tral signature estimates have been obtained via quadratic

programming (QP) [3] and orthogonal subspace projection
(OSP) [4]. All of these methods neglect the variation in
the spectral signature estimates and proceed to estimate the
class proportions of a pixel only under the presence of mea-
surement noise.

If it may be assumed a priori that an image contains
certain spectral classes, estimates of the classes characteri-
zation have an error which must be taken into account. This
error includes sampling errors as well as variations caused
by different illuminations. Assuming measurement record-
ing error on each pixel, the proportion estimates may be
determined using TLS [5]. The proportionality estimate
must be subject to certain constraints not supported by TLS,
namely sum-to-one and nonnegativity. A weigthed TLS so-
lution is implemented to accommodate the discrepancy be-
tween the variation associated with the pixel measurement
noise and spectral distribution accuracy.

The set theoretic method of sequential projections onto
convex sets (POCS) was shown to provide proportion es-
timates of discrete probability distributions contained in a
discrete mixture distribution [6]. Similar sets describing the
sum-to-one and nonnegativity constraints must be included
to estimate a hyperspectral pixel’s class proportions. For the
problem of interest, the spectral data for a given pixel need
not sum-to-one, but the proportions must sum-to-one.

This paper illustrates the use of the POCS method to
classify objects and estimate mixtures in hyperspectral im-
ages using spectral distributions obtained a priori from his-
tograms. As mentioned, this approach permits the imple-
mentation of the known solution characteristics: nonnega-
tivity, summation constraints, and noise properties. Simula-
tions provide evidence of the method’s performance under
various mixture proportions and the accuracy of the spectral
distributions.

2. DESCRIPTION OF THE LINEAR MIXTURE
MODEL

Let the column vector rL×1 represent the spectral data con-
tained in a L band hyperspectral pixel. Assuming K ≤ L

0-7803-8554-3/04/$20.00 ©2004 IEEE. 2439



unique spectral classes, the contribution of each class is de-
fined by the column vector aK×1. The linear mixture model
is given by

r = Sa + η, (1)

where the kth column of S represents the true spectral sig-
nature associated with the kth class; the vector η models the
measurement error, usually assumed to be independent and
identically distributed (IID) from a zero mean, white noise
random process with variance σ2

η . However, the variabil-
ity in a particular scene limits the precise knowledge of S

for a given pixel r. Thus, an estimate of the class spectral
distributions must be formulated beforehand from a training
set.

Let the estimate of the mean spectral signatures corre-
spond to the columns of S̄ such that S = S̄ + ∆S. The
perturbation matrix ∆S is assumed to be an IID unbiased
noise random process with variance σ2

s . However, the true
variance of the lth band of the kth spectral distribution is
σ2

s(l, k). The linear mixture model in eq. (1) is more accu-
rately written

r =
(

S̄ + ∆S
)

a + η. (2)

The standard ML estimate does not support the additional
noise described by ∆S. Note that the ML estimation method
may provide adequate approximations of a by defining a
column vector υ = ∆Sa+η containing all the noise sources
present. The mixture model in eq. 2 is rewritten for ML es-
timation as

r = S̄a + υ. (3)

Estimation methods designed to support the perturba-
tion on the estimates of the mean spectral signatures S̄ and
the measurement error associated with r include TLS and
POCS. The common TLS solution assumes both perturba-
tion sources possess the same variance [5]. This assump-
tion would imply that the recording device and the spectral
signature estimates have identical noise characteristics. A
weighted TLS solution provides an estimate while recog-
nizing this distinction in the noise variance. The method
of POCS was shown to accommodate the weighted TLS
method [7]. Additional known constraints on the model are
welcomed by the POCS method. Sets need only be con-
structed to describe the constraints.

The nature of this mixture problem imposes constraints
on aK×1. Since a represents proportions of the K classes
in the recorded mixture, the elements of a must sum to one
and lie on the interval

[

0, 1
]

. The vector a is constrained to
the set Sa defined in eq. (4).

Sa =
{

a ∈ <K
∣

∣

∣

K
∑

k=1

ak = 1, ak ≥ 0
}

(4)

Set theoretic estimation with POCS is presented to solve
the weighted TLS problem described by eq. (2) satisfying
the additional constraints in eq. (4).

3. ESTIMATION METHOD

3.1. Set Theoretic Solution

Set theoretic estimation utilizes a priori knowledge about
a signal to generate a feasible estimate [8]. Sets

{

Si

}m

i=1

constructed with regard to known constraints of the signal
possess an intersection containing the signal. A point in the
intersection of all defined sets S0 =

⋂m

i=1
Sm provides an

estimate of the signal. Note that under these conditions a
unique solution is not guaranteed. When all defined sets are
closed and convex, an estimate may be found using POCS.
The sets describing the known constraints are presented fol-
lowed by a definition of their projector.

3.1.1. Noise Variance Set

For the noise constraint, the set with regard to the ML resid-
ual definition is modified since S = S̄ + ∆S. Applying
the triangle inequality and the additional noise parameter
σ2

υ modifies the ML residual set to

Sη =
{

a

∣

∣

∣

∥

∥r − S̄a
∥

∥

2
≤ σ2

η + σ2

υ

}

, (5)

where σ2
η = E

∥

∥η

∥

∥

2
and σ2

υ = E
∥

∥∆Sa
∥

∥

2
. Alternatively, as

shown in [7] the set Sη may be defined based on weighted
total least squares (TLS) as

STLS =
{

a

∣

∣

∣
∃
{

∆S,η
}

3
(

S̄ + ∆S
)

a = r + η,

τ
∥

∥∆S
∥

∥

2

F
+

∥

∥η

∥

∥

2
≤ ν

}

, (6)

where the parameters τ and ν are determined by statistical
properties of ∆S and η. It was shown in [7] that STLS may
also be defined by

STLS =
{

a ∈ <N
∣

∣

∣

∥

∥S̄a − r
∥

∥

2
−

ν

τ

∥

∥a
∥

∥

2
− ν ≤ 0

}

, (7)

where τ and ν are chosen to satisfy the following

ν = τE
∥

∥∆S
∥

∥

2

F
+ E

∥

∥η
∥

∥

2
τ ≥

E
∥

∥η
∥

∥

2

σ2

K

(

S̄
)

− E
∥

∥∆S
∥

∥

2

F

,

(8)
where σK

(

S̄
)

denotes the smallest singular value of S̄.

3.1.2. Other Sets

The set Sa defined in eq. (4) is decomposed into two ap-
propriate sets. The set SΣ defines the summation to one
constraint of the vector elements, and the set Sn defines the
set of nonnegative vectors.
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3.1.3. Projection onto Sets

The projection onto the set STLS is

a0 =
[

I + λη

(

S̄
T
S̄ −

ν

τ
I

)]

−1
(

â + ληS̄
T
r
)

, (9)

where â /∈ STLS and λη is the Lagrange multiplier satisfy-
ing f(a0), where [7] defines f(·) as

f(a) ≡
∥

∥S̄a − r
∥

∥

2
−

ν

τ

∥

∥a
∥

∥

2
− ν.

The projection onto the set SΣ is

a0 = â −
1

K

(

â
T
1 − 1

)

1K×1, (10)

where â /∈ SΣ.
The projection onto the nonnegativity set Sn is performed

by replacing negative elements of â with zeros to form a0.

4. SIMULATIONS

This section describes the simulations implemented to test
the theory presented. A brief description of the formation of
the mean spectral signatures is included. A one-dimensional
simulated image is presented with an example image. Mean-
squared error (MSE) statistics were obtained for each sim-
ulation. We compare the two POCS-based estimates with
the classic ML estimate and use the ML estimate as the ini-
tial estimate for POCS. It is known that the initial estimate
affects the outcome. The investigation of more effective ini-
tial estimates continues.

4.1. Formation of Sample Pixels

Four (K = 4) spectral classes, including a target, were de-
fined for simulations of hyperspectral pixels from L = 31
band spectral data from the data set [9]. The four classes
have Nk = 100 training examples to simulate illumination
variants. Mean spectral signature estimates were formed
from these basis signatures and are shown in Fig. 1. The
noise power of ∆S was estimated from the training set of
Nk examples. The noise set defined in eq. (7) must satisfy
√

ν
τ
≤ σK to guarantee a convex set. This limits the esti-

mate of the noise power of ∆S. The parameter τ was set at
10 times the value defined by eq. (8).

Random proportions of the basis signatures were mixed
to simulate a class sample. A set of hyperspectral pixels
was formed from random mixtures of the simulated class
samples adhering to the constraint in eq. (4).

4.2. Target Proportion Simulation

A set of 21 hyperspectral pixels were constructed without
contributions from the target class. Pixels 5, 10, 15, and 20
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Fig. 1. Estimates of the Class Spectral Signatures

were modified to contain 20, 15, 10, and 5 percent of the
target class, respectively. White Gaussian noise was added
to each pixel to simulate a SNR of 30dB.

4.3. Hyperspectral Image Simulation

A 75 × 75 pixel image was generated containing pixels of
pure class spectra. A square set of pixels containing sample
target spectra was placed at a random location in the image.
The simulated image is blurred with a PSF with dimensions
5 × 5 to mix adjacent pixels. Simulated recording noise in
a capturing device with a SNR of 30dB is added as a zero
mean Gaussian white noise process. Finally, the image was
sub-sampled by saving every 5th pixel of the image. Fig. 2
shows the original image of pure class pixels (left) and the
resulting image of mixed spectra (right).

Pure Spectra [75 x 75] Mixed Spectra [15 x 15]

Fig. 2. Hyperspectral Image

5. RESULTS

The first simulations illustrate the accuracy of the mean spec-
tral signature. Figure 3 shows the target proportion esti-
mates when the SNR of the estimates of the mean spectral
signatures is 20dB. The POCS-ML estimate uses the noise
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set defined in eq. (5) with σ2
υ = 0 and σ2

η as given for
the simulation. The MSE of the estimated proportions of a

overall and for the target proportion is given in Table 1.
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Fig. 3. Target Proportion Simulation Results with SNR of
20dB ∆S and 30dB for σ2

η , see Table 1

Table 1. MSE of Estimated a (dB)
Overall Target

ML -19.85 -33.23
POCS-ML -27.13 -30.06
POCS-TLS -28.10 -38.76

The performance of the POCS-ML in comparison to the
POCS-TLS method are under further investigation. The
general ML estimate without the constraint given in eq. (4)
clearly does not always provide feasible results. Both POCS
estimates satisfy these constraints.

Simulations were also performed to illustrate mixed spec-
tra due to blurring. Figure 4 shows the true (left) and POCS-
TLS estimate (right) of the target proportion in each pixel.
The scale was set as the minimum and maximum value of
the image. The simulation illustrates the POCS-TLS esti-
mate for a true target proportion of 0.36. The POCS-TLS
method classified some other pixels as possible targets with
much lower proportions, but the true target location is iden-
tified.

6. CONCLUSIONS

The POCS methods provide solutions that satisfy the sum-
to-one and nonnegativity constraints on a and, thus, result
in improvements over the classic ML estimate. The TLS
approach by taking advantage of a more accurate model of
system inaccuracies produces a slightly better estimate for
this problem.
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