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ABSTRACT

In this paper we present a new approach for density es-
timation. The proposed approach is based on modifying
Expectation-Maximization (EM) algorithm to approximate
an empirical probability density function of scalar data with
a linear combination of Gaussians (LCG). We also propose
a novel EM-based sequential technique to get a close initial
LCG approximation the modified EM algorithm should start
with. Due to both positive and negative components, the
LCG approximates inter-class transitions more accurately
than a conventional mixture of only positive Gaussians. Ex-
periments on simulated images demonstrate the accuracy of
our approach.

1. INTRODUCTION

Approximation of an empirical relative frequency distribu-
tion of scalar data with a particular probability density func-
tion is widely used in pattern recognition and image pro-
cessing, e.g., for data clustering or image segmentation [3,
5, 7]. The basic problem is to accurately approximate, to
within the data range, not only the peaks, or modes of the
probability density function for the measurements but also
its behavior between the peaks. This is most essential for
a precise data classification because borders between data
classes are usually formed by intersecting tails of the class
distributions. Of course, generally no accurate classification
can be achieved by using only a mixed marginal probability
distribution by itself. Nonetheless such rough data classi-
fication or clustering techniques are of practical interest in
many important application problems, e.g., for automated
screening and analysis of images obtained by computer to-
mography, magnetic resonance imaging, or magnetic reso-
nance angiography.

We propose a modification of the well-known Expectation-
Maximization (EM) algorithm in order to approximate an
empirical relative frequency distribution of the scalar data
with a linear combination of Gaussians (LCG). The LCG
has both positive and negative components so that it approx-
imates empirical data more accurately than a conventional
mixture of only positive Gaussians [4, 8, 10].

The EM-algorithm for estimating parameters of mixed
probability distributions was first proposed in the late nine-
teen sixties both in the general form [11] (see also [12])
and for the normal mixtures [1]. But it became popular
only after the pivotal paper [2] a decade later extended this
technique into a general problem of parameter estimation
from the incomplete data sets. Today a variety of the EM-
algorithms exist to find the maximum likelihood parame-
ter estimates for mixtures of probability distributions [6, 9].
Our modification extends the conventional EM-scheme onto
a more general approximation with the LCG.

Section 2 below derives the modified EM algorithm and
discusses its pros and cons. Section 3 presents a sequen-
tial initializing scheme that produces by itself a close LCG-
approximation. Some experimental results and concluding
remarks are given in Section 4.

2. LIKELIHOOD MAXIMIZATION WITH AN LCG

Let F = [f(q) : q = 0, . . . , Q] be an empirical relative
frequency distribution representing an unknown probability
density function ψ(q):

∫

∞

−∞
ψ(q)dq ≡

∑Q

q=0 f(q) = 1.
Let the distribution f(q) be approximated by the LCG with
Kp positive andKn negative components ϕ(q|θ) where θ =
[µ, σ] denotes the mean µ and standard deviation σ:

pA,Θ(q) =

Kp
∑

k=1

αp,kϕ(q|θp,k) −

Kn
∑

l=1

αn,lϕ(q|θn,l) (1)

In line with Eq. (1), the weights A are such that
Kp
∑

k=1

αp,k −

Kn
∑

l=1

αn,l = 1 (2)

The probability densities from a proper subset of the set of
the LCGs due to the additional restriction pA,Θ(q) ≥ 0
which holds for the mixtures without negative components.
Below this special feature is ignored because our goal is to
closely approximate the empirical data within the limited
range [0, Q]. The density in Eq. (1) is assumed strictly pos-
itive only in the points q = 0, 1, . . . , Q. We also assume in
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this section that the numbers Kp and Kn of the components
of each type are known after an initialization and do not
change during the EM-process. The initialization provides
also the starting parameter values A

[0] and Θ
[0].

An initializing algorithm outlined below in Section 3
considers the LCG-approximation of a given K-modal em-
pirical distribution as a refinement of a conventional K-
component normal mixture. The Kp,ref positive and Kn,ref

negative components refining the mixture approximate the
difference between the empirical data and the dominant mix-
ture, so that Kp = K +Kp,ref and Kn = Kn,ref .

The LCG providing a local maximum of the log-likelihood
of the empirical data:

L(A,Θ) =

Q
∑

q=0

f(q) log pA,Θ(q) (3)

can be found using the iterative block relaxation process ex-
tending a conventional EM scheme.

Let τ indicate an iteration and let

p
[τ ]
A,Θ(q) =

Kp
∑

k=1

α
[τ ]
p,kϕ(q|θ

[τ ]
p,k) −

Kn
∑

l=1

α
[τ ]
n,lϕ(q|θ

[τ ]
n,l)

be the LCG at that step. Conditional weights

π[τ ]
p (k|q) =

α
[τ ]
p,kϕ(q|θ

[τ ]
p,k)

p
[τ ]
A,Θ(q)

; πn(l|q) =
α

[τ ]
n,lϕ(q|θ

[τ ]
n,l)

p
[τ ]
A,Θ(q)

(4)

Kp
∑

k=1

π[τ ]
p (k|q) −

Kn
∑

l=1

π[τ ]
n (l|q) = 1; q = 0, . . . , Q (5)

specify, respectively, relative contributions of each data item
q = 0, . . . , Q into each positive and negative Gaussian at the
step τ . Using these variables, the log-likelihood function of
Eq. (3) can be rewritten in the equivalent form:

L(A[τ ],Θ[τ ]) =
Q
∑

q=0
f(q)

[

Kp
∑

k=1

π
[τ ]
p (k|q) log p

[τ ]
A,Θ(q)

]

−

Q
∑

q=0
f(q)

[

Kn
∑

l=1

π
[τ ]
n (l|q) log p

[τ ]
A,Θ(q)

]

(6)

where the same term log p
[τ ]
A,Θ(q) in the first and second

brackets has to be replaced with the equivalent terms: logα
[τ ]
p,k+

logϕ(q|θ
[τ ]
p,k)− log π

[τ ]
p (k|q) and logα

[τ ]
n,l + logϕ(q|θ

[τ ]
n,l)−

log π
[τ ]
n (l|q), respectively.

The block relaxation scheme for the function in Eq. (6)
converges to a local maximum of the likelihood function by
iteratively repeating the following two steps:

1. E-step [τ + 1]: to find the parameters A
[τ+1], Θ[τ+1]

by maximizing L(A,Θ) under the fixed conditional
weights of Eq. (4) for the step τ , and

2. M-step [τ + 1]: to find these weights by maximizing
L(A,Θ) under the fixed parameters A

[τ+1], Θ[τ+1]

until the changes of all the parameters become small.
The E-step performs the Lagrange maximization of the

likelihood function of Eq. (6) under the condition of Eq. (2)
yielding the following weights estimates:

α
[τ+1]
p,k =

Q
∑

q=0

f(q)π[τ ]
p (k|q); α

[τ+1]
n,l =

Q
∑

q=0

f(q)π[τ ]
n (l|q)

The parameters of each Gaussian are obtained by the un-
conditional maximization as in the conventional scheme:

µ
[τ+1]
c,k = 1

α
[τ+1]
c,k

Q
∑

q=0
q · f(q)π

[τ ]
c (k|q)

(σ
[τ+1]
k,c )2 = 1

α
[τ+1]
c,k

Q
∑

q=0

(

q − µ
[τ+1]
c,k

)2

· f(q)π
[τ ]
c (k|q)

where ”c” stands for ”p” or ”n”, respectively.
The M-step performs the Lagrange maximization of the

log-likelihood of Eq. (6) under the Q conditions of Eq. (5).
It results in the conditional weights π[τ+1]

p (k|q) and π[τ+1]
n (l|q)

of Eq. (4) for all k = 1, . . . ,Kp; l = 1, . . . ,Kn; and
q = 0, . . . , Q. The modified EM-algorithm is valid until
these weights are strictly positive, and the initial LCG ap-
proximation should comply to this limitation. The iterations
have to be terminated when the log-likelihood of Eq. (6) be-
gins to decrease. Generally, if the initialization is incorrect,
this algorithm may diverge from the very beginning. Thus
the initial LCG has to closely approximate the empirical dis-
tribution.

3. SEQUENTIAL EM-BASED INITIALIZATION

The search for a number of Gaussians in a mixture is based
on an integral absolute deviation between the empirical and
model densities. The number is sequentially increasing while
the deviation decrement is above a given threshold. Using
such a search, a close initial estimate of the LCG is obtained
by the following algorithm:

1. Find the numberK of the dominant modes of the em-
pirical distribution F by sequentially approximating
it with the mixtures Pk of k = 1, . . . ,K Gaussians
using the conventional EM-algorithm.

2. Split the absolute deviation between F and PK into
the additive and subtractive parts.

3. Find separately the numbers kadd and ksub of Gaus-
sians for each part by approximating it with the scaled-
down normal mixtures using the conventional EM-
algorithm.

The initial LCG consists of the Kp = K + kadd positive
and Kn = ksub negative Gaussians.
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4. EXPERIMENTS AND CONCLUSIONS

To assess robustness and computational performance, the
proposed segmentation techniques have been tested on a
synthetic bi-modal image. A synthetic bimodal checker-
board image was used to compare the estimated and the
original known parameters of the model including the num-
ber of positive and negative Gaussians, their mean values,
variances, and the mixing proportions. Each ”ideal” class
consists of one dominant and four subordinate components
shown in Fig. 1(a). By an inverse transformation of each
class in the ideal region map in Fig. 1(b), gray levels in
the range [0, 255] are generated randomly according to their
class distributions in Fig 1(c). The resulting bimodal gray
level image is shown in Fig. 1(d).
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Fig. 1. Components of the LCG-models of the two classes
(a) specified by the checkerboard map (b), the whole LCG-
models of each class (c), and the checkerboard image hav-
ing the chosen gray level distributions (d).

Table 1. Initial and final estimated parameters for the LCG
model
Parameters α1 µ1 σ2

1 α2 µ2 σ2
2

Original 0.50 65.0 600.0 0.50 190.0 600.0
Initial values 0.59 66.1 725.9 0.41 198.7 789.1
Final values 0.51 65.3 581.4 0.49 189.7 581.4

Error, % 2.0 0.42 3.1 2.0 0.16 3.1

Results of the sequential EM-based initialization for the
simulated image in Fig. 1(d), are shown in Fig. 2. Fig-
ure 2(a), presents the two estimated dominant components
for the two classes. Parameters of this initial model are
given in Table 1. The Levy distance [13] of 0.1 between
these two distributions indicates a large mismatch between
dominant components and the empirical density. Figure 2(b),
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Fig. 2. Initial LCG-approximation of the empirical grey
level distribution.
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Fig. 3. Final 2-class LCG-approximation

illustrates the estimation of the number of the subordinate
Gaussians, the minimum error having been obtained for the
eight components. Figure 2(c), presents the initial LCG-
model built with the sequential EM-based algorithm. The
final mixed LCG-model P has to be split into K LCG-
submodels, one per class, by associating each subordinate
component with a particular dominant term in such a way as
to minimize the expected misclassification rate. For the im-
age shown in Fig. 1(d) the initial LCG-model corresponds
to the minimum classification error of 0.0028 between the
first and the second class for the threshold t = 126. The
estimate for each class is shown in Fig. 2(d).

Figure 3 presents the final LCG (a) obtained by refin-
ing the above initial one using the modified EM-algorithm,
the 10 components of the final LCG (b), the final LCG-
approximation of each class for the best separation thresh-
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Fig. 4. Density models of the lung and chest tissues in
Fig. 1(d) estimated with the mixture of 10 positive Gaus-
sians (the minimum misclassification rate 0.013 for the
threshold t = 139).

old t = 131 (c), the segmentation (d) for the checkerboard
image in Fig. 1(d) obtained for these two classes. The seg-
mentation has an error of 0.007% with respect to the the
ground truth shown in Fig. 1(b). First five iterations of the
algorithm increase the log-likelihood of Eq. (6) from −5.00
to −4.21, the refinement process is terminated since the log-
likelihood begins to decrease. After we use the modified
EM algorithm the resulting Levy distance [13] between the
empirical distribution and estimated distribution becomes
0.0012 is notably smaller than before (0.1) indicating the
close approximation. The final parameters of the two dom-
inant components are given in Table 1

The approximation of the same empirical density with
a conventional mixture of 10 positive Gaussians highlights
advantages of using the LCG. The resulted mixture model
in Fig. 4(a)–(d), has more than three times higher misclas-
sification rate (0.013) because one of its components com-
bines former separate tails of both the classes and actually
cannot be related to only one mode. This is why our LCG-
segmentation produces much more accurate segmentation.
The Levy distance [13] between the estimated density us-
ing ten positive component and empirical density is 0.021
which is notably bigger than the Levy distance [13] obtained
by modified EM algorithm.

These simulated images and other experiments with multi-
modal medical images presented in [14] show that the mod-
ified EM algorithm produces accurate LCG-models of em-
pirical relative frequency distributions of scalar signals, pro-
vided that the proposed sequential initial approximation re-
sults in proper number of the additive and subtractive com-
ponents. The computations are as simple as in the conven-

tional EM-techniques. In principle, this approach can be
extended onto the LCG-based cluster analysis of multivari-
ate empirical data containing both the valid class samples
and outliers.
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