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ABSTRACT
Statistically self-similar images that are segments of two di-

mensional self-similar random fields, have been useful in the anal-
ysis and synthesis of certain types of textures. Whereas a rigorous
definition of self-similarity in continuous-space is based on spatial
scaling, current treatments in digital image processing are based on
ad-hoc approaches rather than on spatial scaling mainly because
of the unavailability of continuous scaling in discrete-space. This
paper presents a formulation based on such a continuous scaling
operator leading to a more general and versatile characterization
of statistical self-similarity in images.

1. INTRODUCTION

A two dimensional random field is statistically self-similar in the
wide sense if its mean and autocorrelation functions are invariant
to spatial scaling. Statistically self-similar images, which are seg-
ments of statistically self-similar random fields, have been useful
in analyzing and synthesizing certain types of textures and natural
patterns in various image processing areas [1–4].

Statistical self-similarity for continuous-space random fields
has typically been defined in terms of isotropic scaling [5], or scal-
ing by the same factors along both axes. Though this definition,
which is a direct extension of the 1-D definition [5], is widely ac-
cepted for continuous-space self-similarity [6, 7], as we show in
this paper, it is restrictive in the sense that various random fields
that demonstrate aspects of self-similarity are not covered by it.

In discrete-space, a counterpart to the continuous-space defini-
tion does not exist because of the unavailability of continuous scal-
ing in discrete-space. Therefore, other approaches have been uti-
lized for discrete-space self-similar random fields instead of spa-
tial scaling. A popular approach is to exploit characteristics of
fractional Brownian (fBm) motion [8, 9]. A unique approach to
defining self-similarity using a discrete-domain scaling operator
was proposed by Zhao and Rao [10]. They devised a 1-D contin-
uous scaling operation for discrete-time processes and applied it
for 2-D self-similarity definition in discrete-space. However, that
approach is also restrictive.

The key contributions of the paper are (1) it provides a defini-
tion for statistical self-similarity in continuous-space that is more
general than the current definition, (2) it develops a formalism for
self-similarity based on scaling that works in discrete-space rather
than continuous-space, and (3) it provides examples of images syn-
thesized using the new model.

This work was supported in part by grant HE–1442–2003 from the
Xerox UAC foundation.

The paper is organized as follows. Section 2 proposes a new
definition of the generalized self-similarity in continuous space.
Section 3 provides a formulation which conducts the scaling oper-
ation in discrete-space, and offers a new definition for wide-sense
discrete self-similar random fields. The algorithm to generate the
discrete-space self-similar random fields and synthesis examples
are provided in Section 4. Concluding remarks are drawn in Sec-
tion 5.

2. GENERALIZED SELF-SIMILARITY IN CONTINUOUS
SPACE

A generally accepted definition of the statistical self-similarity of
a continuous-space random field x(t), t = [t1, t2]

T is [5]

x(at)
d
= aHx(t), a > 0, (1)

where, d
= denotes equality of the finite-dimensional distributions

and H is called the Hurst parameter.
However, the definition in (1) is restrictive in capturing certain

types of self-similarity because it is simply a direct adoption of the
1-dimensional definition of self-similarity, and does not use the ad-
ditional degree of freedom obtained by moving into 2 dimensions.
Such limitations can be surmounted by defining self-similarity in
a new way using a scaling operation by a matrix instead of a scalar
factor as in (1)

Definition 1. A random field x(t) is self-similar for a matrix class
C with index H if, for a non-singular matrix A ∈ C,

x(At)
d
= |D|H/2x(t) (2)

where D = detA.

We have chosen to use the term index instead of Hurst param-
eter to prevent confusion with earlier definitions. The definition
in (1) is a special case of the new definition in (2) and holds for
the class of diagonal matrices with equal entries, i. e., matrices of
the form, A = aI, a > 0, where I is a 2 by 2 identity matrix.
However, the new definition is more general than the definition in
(1). For example, suppose a random field h(t1, t2) = f(t1)g(t2)
is composed of two independent random processes f(t) and g(t),
where only f(t) is self-similar with H . Obviously, h(t1, t2) is di-
rectionally self-similar but this directional self-similarity cannot be
captured by (1). On the contrary, according to the new definition,
h(t) is self-similar with respect to the class of matrices

A =

[

a 0
0 1

]

, a > 0. (3)
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3. SCALING OPERATION AND STATISTICAL
SELF-SIMILARITY IN DISCRETE-SPACE

We now formulate a scaling operator in discrete-space that leads to
developing a framework for treating self-similarity on lines anal-
ogous to that for continuous space as in (2). Let f(ω) be a 1-
D warping function that transforms a frequency ω ∈ [−π, π] to
Ω ∈ [−∞,∞], where ω may be regarded as the frequency vari-
able in the discrete time Fourier transform of a discrete time signal
while Ω is the same for the continuous time Fourier transform of a
continuous time signal [11]. Then the vector valued function

Ω = f(ω) , [Ω1, Ω2]
T = [f(ω1), f(ω2)]

T (4)

is a 2-D frequency warping transform. Inversely, the unwarping
transform f−1(Ω) maps Ω into ω.

Based on the warping transform defined above, we define a
scaling operation TA[ ] in 2-D discrete-space. Let n = [n1, n2]

T .
The scaling operation TA[ ] by a non-singular matrix A in 2-D
discrete-space associated with a 2-D warping transform f is de-
fined by the following input-output relationship:

y(n) = TA[x(n)] , G−1 [|D|X(ΛA(ω))] , (5)

where D = detA,

ΛA(ω) , [Λ1(ω1, ω2), Λ2(ω1, ω2)]
T = f−1[AT f(ω)], (6)

and X(ω) is a Fourier transform representation of x(n) defined as

X(ω) = G[x(n)] ,
∑

n

x(n)e−jn·ω (7)

with

x(n) = G−1[X(ω)] ,
1

(2π)2

∫

ω

X(ω)ejn·ω dω. (8)

We now define discrete-space statistical self-similarity in the
wide-sense using the scaling operation TA.

Definition 2. A discrete-space random field x(n) is self-similar
for a matrix class C with the index H in the wide-sense if, for a
non-singular matrix A ∈ C,

E[TA[x(n)]] = |D|−H/2E[x(n)]

TAA[Rxx(n, n′)] = |D|−HRxx(n, n′)
(9)

where E[ ] is the mean of a random field and Rxx(n, n′) is the
autocorrelation of the random field x(n).

If the random field is zero-mean wide-sense stationary, the
definition in (9) can be reduced to

Px[ΛA(ω)]
∣

∣

∣
det

[

dΛA(ω)
dω

]
∣

∣

∣

= |D|−H−2Px(ω). (10)

where

dΛA(ω)

dω

,

[

∂Λ1(ω1,ω2)
∂ω1

∂Λ2(ω1,ω2)
∂ω1

∂Λ1(ω1,ω2)
∂ω2

∂Λ2(ω1,ω2)
∂ω2

]

. (11)

For the rest of this paper, we only consider zero-mean wide-sense
stationary random fields.
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Fig. 1. Power spectrum P1 with r = −0.6

One example of such a self-similar random field is a stationary
random field x1(n) with the power spectrum

P1(ω) =
‖f(ω)‖r

∣

∣

∣
det

[

d f(ω)
d ω

]
∣

∣

∣

, (12)

where, ‖ · ‖ denotes Euclidian norm. It can be shown that the
random field x1(n) is self-similar with respect to

A1 = a

[

cos θ − sin θ
sin θ cos θ

]

(13)

with H = − r
2
− 1.

Fig. 1 shows the power spectrum with r = −0.6 (H = −0.7)
and the bilinear warping transform (BLT)

f(ω) = [2 tan(ω1/2), 2 tan(ω2/2)]T . (14)

Notice that the range of the index H differs from the range of the
Hurst parameter in continuous-space (0 < H < 1). Unlike the
continuous case, discrete-random fields with the power spectrum
in (12) are stationary.

Another example is the directionally self-similar random field
x2(n) with the power spectrum

P2(ω1, ω2) =
|f(ω1)|

r

|f ′(ω1)|
g(ω2) (15)

where g(ω) is an arbitrary 1-D power spectrum. Then x2(n) is
self-similar with the index H = −r − 1 with respect to the class
of matrices

A2 =

[

a 0
0 1

]

, a > 0. (16)

The power spectrum P2(ω) with f(ω) = 2 tan(ω/2), g(ω) =
0.5(1 + cos ω) and r = −1.2 is shown in Fig. 2 (a). Note that
P2(ω) is infinity at (0, ω2) when r < 0. The plot in Fig. 2 (a)
excludes this frequency for the purpose of display.

To introduce our third example, we need the following theo-
rem.

Theorem 1. Let Px(ω) be a power spectrum of a discrete-space
random field x(n) that is self-similar with index H with respect
to a matrix class A according to (10). Then, a stationary random
field y(n) with a power spectrum

Py(ω) =

∣

∣

∣

∣

det
dω

dΛC(ω)

∣

∣

∣

∣

Px[ΛC(ω)] (17)
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Fig. 2. Power spectrum of the directionally self-similar random
field (r = −1.2)

is self-similar with index H with respect to the class of matrices

B = CACT , (18)

where C is an orthogonal matrix satisfying CCT = I.

Proof. Since ΛA[ΛB(ω)] = f−1[(BA)T f(ω)] = ΛBA(ω), for
a self-similar random field x(n),

Py(ΛB(ω)) =

∣

∣

∣

∣

det
dΛB(ω)

dΛC[ΛCACT (ω)]

∣

∣

∣

∣

Px[ΛC(ΛCACT (ω))]

=

∣

∣

∣

∣

det
dΛB(ω)

dΛCA(ω)

∣

∣

∣

∣

Px[ΛCA(ω)]

=

∣

∣

∣

∣

det
dΛB(ω)

dΛA(ΛC(ω))

∣

∣

∣

∣

∣

∣

∣

∣

det
dΛA(ΛC(ω))

dΛC(ω)

∣

∣

∣

∣

× |DA|−H−2Px[ΛC(ω)]

=

∣

∣

∣

∣

det
dΛB(ω)

dΛC(ω)

∣

∣

∣

∣

|DA|−H−2 Py(ω)
∣

∣

∣
det dω

dΛC(ω)

∣

∣

∣

=

∣

∣

∣

∣

∣

det

[

dΛB(ω)

dω

dω

dΛC(ω)

(

dω

dΛC(ω)

)

−1
]
∣

∣

∣

∣

∣

× |DA|−H−2Py(ω)

=

∣

∣

∣

∣

det
dΛB(ω)

dω

∣

∣

∣

∣

|DA|−H−2Py(ω).

Furthermore, since C is an orthogonal matrix, |DB| = |DA|, and

Py(ΛB(ω))
∣

∣

∣
det dΛB(ω)

dω

∣

∣

∣

= |DB|−H−2Py(ω). (19)

With Px(ω) = P2(ω) and

C =

[

cos θc − sin θc

sin θc cos θc

]

, (20)

Py(ω) becomes the power spectrum for directional random fields
rotated by an angle θc. The power spectrum Py(ω) is depicted
in Fig. 3. The plot was generated with the same f(ω) and g(ω)
as in P2(ω) with θc = π/4. Again, infinity values in the power
spectrum were removed from the plot, which were located on the
line ω1 = −ω2.
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Fig. 3. Power spectrum P2 of the oriented directionally self-
similar random field (r = −1.2, θc = π/4)

4. SYNTHESIS OF DISCRETE-SPACE SELF-SIMILAR
RANDOM FIELDS

Construction of 1-D systems to generate 1-D discrete-time self-
similar processes was possible by factorization of the correspond-
ing power spectrum [11]. Unlike 1-D factorization, however, it
is known that a rational 2-D spectrum cannot generally be fac-
torized into rational factors. Ekstrom and Woods [12] provided
an approach to achieve the factorization of a 2-D power spectrum
through complex cepstrum, and it was used here to design a 2-D
recursive filter for discrete-space self-similar random fields.

However, the cepstrum method cannot directly be applied to
power spectra introduced here because they do not satisfy the con-
dition for existence of the cepstrum stated in [12] in certain situa-
tions, especially when r < 0. Furthermore, the power spectra may
have zero values at certain frequencies, which hinder to apply the
logarithm to the power spectra. Therefore, we modify the power
spectra with small constants. For instance, P1(ω) in (12) can be
approximated with c1, c2 � 1 as

P̃1(ω) =
‖f(ω) + c1‖

r

∣

∣

∣
det

[

d f(ω)
d ω

]
∣

∣

∣

+ c2. (21)

Then, the cepstrum based factorization can be applied to P̃1(ω)
to construct a recursive filter. Other power spectra can also be
approximated in the similar way.

We first synthesize discrete self-similar random fields using
the power spectrum P1(ω) in (12) with the BLT in (14). As dis-
cussed, P1(ω) is approximated as

P̃ (ω) =
2r[tan2(ω1

2
) + tan2(ω2

2
) + c1]

r/2

sec2(ω1

2
) sec2(ω2

2
)

+ c2. (22)

Discrete-space self-similar random fields generated from white noise
inputs with r = −0.6 (H = −0.7) and −1.4 (H = −0.3) are
given Fig. 4.

Fig. 5 shows an example of a directionally self-similar ran-
dom field from P2(ω) in (15) with f(ω) = 2 tan(ω/2), g(ω) =
0.5(1 + cos(ω)), and r = −1.2. The directionality in the ran-
dom fields can easily be observed from the synthesized images.
Finally, Fig. 6 displays a directionally self-similar random field
rotated with an angle θc = π/4 and r = −1.2.
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(a)

(b)

Fig. 4. Synthesized discrete self-similar images, (a) r = −0.6, (b)
r = −1.4

Fig. 5. Synthesized directionally self-similar images (r = −1.2)

Fig. 6. Synthesized oriented directionally self-similar images with
θc = π/4, and r = −1.2

5. CONCLUSION

In this paper, we pointed out the limitation of the current statis-
tical self-similarity definition in continuous-space and suggested
a new definition. Self-similarity in discrete-space was formulated
by a new scaling operation based on 2-D frequency warping trans-
form. As a result, it is possible to describe the self-similarity of
random fields, which would be considered not self-similar by pre-
vious definitions. Also, a wider class of self-similar fields can be
synthesized based on the new self-similarity definition. Synthesis
examples demonstrated that the new definition can generate vari-
ous types of self-similar random fields such as directionally self-
similar random fields in discrete-space.
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