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ABSTRACT

In this paper review how image formation or reconstruc-
tion in synthetic aperture radar (SAR) in two and three di-
mensions can be viewed as the inversion of the circular and
spherical Radon transforms, respectively. The advantage of
viewing image formation in this way is that it could be used
in situations where more standard methods could fail such
as high squint and ultra-wideband SAR. The inversion for-
mulae for the circular and spherical Radon transforms em-
ploy Hankel and Fourier transforms along with coordinate
mappings. We show how the theory extends to include finite
bandwidth signals and finite synthetic apertures.

1. INTRODUCTION

The Radon transform is an integral along a path, and in its
simplest form this path is a straight line. We will refer to this
form of the transform (of the function f(x, y), x, y ∈ R)
as the normal Radon transform (NRT) because it is usually
written using the normal equation for the line,

g(ρ, θ) = (Rf)(ρ, θ) =

∞
∫

−∞

∞
∫

−∞

f(x, y) δ(ρ − x cos θ − y sin θ) dx dy, (1)

where δ(·) is the Dirac delta function and (ρ, θ) are the pa-
rameters of a normal equation for the line of integration.
Munson et al. [12] (extended by Jakowatz et al. [9]) showed
the relationship between this line integral and spotlight SAR
image formation using the polar-to-rectangular resampling
process. This corresponds to the Fresnel approximation to
the wavefront: the radiating energy from the radar is as-
sumed to be planar. However, this approximation only holds
in restricted physical geometries and limits the size and res-
olution of the image that can be formed [9].

In reality, the wavefront radiating from the radar’s an-
tenna is spherical, with the sector of the sphere determined
by the antenna beam pattern and geometry. As a conse-
quence, the received signal at a particular antenna position
and time since transmission is an average (integral) of the

surface reflectivity (at the radiation’s frequency) at all points
where the spherical wavefront impinged upon the ground at
half that time (to account for the round trip). We will ignore
the effect of shape and duration of the transmitted pulse by
assuming that the received data has been range compressed
by matched filtering the received signal against the trans-
mitted pulse (see [14, 16]). The antenna position is usually
a function of time along a straight line, and so this coordi-
nate is referred to as slow time. In contrast, the time interval
between transmission and reception of a pulse correspond-
ing to a particular range is referred to as fast time.

If the geometry of the imaged terrain is planar, the lo-
cus of its intersection with the spherical wavefront will be
the arc of a circle. Under this assumption, the received
radar signal is an average of the ground reflectivity over a
circular arc. Consequently, the radar performs a circular
Radon transform (CRT) of the ground reflectivity. There-
fore, forming an image of the ground reflectivity in syn-
thetic aperture radar (SAR) is the process of inverting the
circular averages, or in other words, inverting the circular
Radon transform of the received radar signal. This approach
to image formation provides an alternative view to under-
standing the SAR image formation process and can be used
to develop algorithms that are free of the range curvature
limitations of standard techniques. The approach used here
may also be more intuitive for many readers unfamiliar with
radar, because the concepts of doppler and phase are not re-
quired [1,9,11]. In addition, methods based on inverting the
CRT could be used in situations where the more standard
techniques may fail because the stationary phase approxi-
mation [16] is inappropriate, such as ultra-wideband or fo-
liage penetration SAR [8], and high-squint SAR for tactical
platforms. The CRT is the subject of a previous report [14].
Follow-on work is underway to determine the practical util-
ity of the results presented there.

In this paper we summarise the previous work on the
CRT [13, 14] and the spherical Radon transform (SRT) and
its inverse for 3-dimensional SAR image formation [15].
Like [17], we assume that the radar is monostatic (co-located
transmitter and receiver), and that the propagation medium
is isotropic, homogeneous and non-dispersive so that the
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wave velocity is constant in space. Then using the Born
approximation, the radar echo is assumed to be a sum of
single-scattering objects. We also use the “start-stop” ap-
proximation because the sensor platform speed is much less
than the wave velocity. Furthermore, we make two assump-
tions that can be removed at the cost of complexity. Firstly,
the illumination of the ground by the antenna in both trans-
mission and reception is assumed to be uniform. Secondly,
we assume an aspect independent ground reflectivity.

In the next section we present the theory for the CRT
and SRT and their inverse.

2. RADON TRANSFORMS AND THEIR INVERSES

We refer the reader to the previous report [14] and the ref-
erences contained therein for an introduction to the normal
Radon transform.

2.1. Definition of the CRT and SRT

By analogy with (1), we define the circular Radon transform
of a function to be the path integral of the function along a
circle of radius t centred on the point (u, 0) on the x-axis.
This can be written as

g(u, t) = (Rcf)(u, t) =

∞
∫

−∞

∞
∫

−∞

f(x, y)

δ(t −
√

(x − u)2 + y2) dx dy. (2)

Again by analogy, we define the spherical Radon transform
(SRT) of a function to be the integral of the function around
a sphere of radius t centred on the point (ux, 0, uz) in the
x-z-plane:

g(ux, uz, t) = (Rsf)(ux, uz, t)

=

∞
∫

−∞

∞
∫

−∞

∞
∫

−∞

δ(t −
√

(x − ux)2 + y2 + (z − uz)2)

f(x, y, z) dx dy dz. (3)

The geometry of the spherical Radon transform is shown in
Figure 1. There are many other possible families of CRT
and SRT depending on the choice of centres for the cir-
cles and spheres: the particular definition presented here has
been chosen because it best corresponds to the standard ge-
ometry used in SAR (it allows the sensor to move anywhere
in a line or plane, respectively), and is tractable mathemati-
cally.

Focussing on the spherical case for the moment, we can
transform the coordinate system to spherical coordinates by
letting x = ux + t cos θ sinφ, y = t sin θ sin φ, and z =

Fig. 1. The geometry of the spherical Radon transform. The
origins of the spheres of radiation lie in the xz plane.

uz + t cosφ, where (ux, 0, uz) is the coordinates of the sen-
sor (i.e. it is in the x-z-plane) and θ is the azimuth and φ is
the zenith. Then an equivalent definition of the SRT is

g(ux, uz, t) = (Rsf)(ux, uz, t) =

π
∫

0

2π
∫

0

f(ux + t cos θ sin φ, t sin θ sin φ, uz + t cos φ)

t2 sin φdφ dθ. (4)

From (3), the dual operator for the SRT (changing the inte-
gration with respect to x, y and z to be with respect to ux,
uz and t), called here the spherical backprojection operator,
is defined to be

(R†
sg)(x, y, z) =

∞
∫

0

∞
∫

−∞

∞
∫

−∞

δ(t −
√

(x − ux)2 + y2 + (z − uz)2) g(ux, uz, t)

dux duz dt (5)

The circular backprojection operator is obviously the 2D
equivalent. These operators are important because Radon
transforms are commonly inverted by computing the cor-
responding backprojection operator in tomography [3]. In
the NRT case, the backprojection operator is related to the
inverse of the NRT by a scale factor [3, 14]. This simple re-
lationship does not hold in the CRT or SRT cases as we will
see later, and a more complicated relationship is required if
the circular and spherical backprojection operators are used
for inversion in each case. We proved that (5) is the adjoint
of the SRT in [15].
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2.2. The Problem

The 3D SAR image reconstruction problem, given the data
g(ux, uz, t) consisting of integrals of f(x, y, z) over spheres
in three-dimensional space centred on the y = 0 plane, is to
find a closed form solution for f . In SAR terms, g represents
the range-compressed baseband received signal in fast-time
t and slow-time ux, uz coordinates and is represented by
(4). The equivalent in 2D is g(u, t).

When g is data collected from a SAR system, then (4)
should more properly be [6],

g(ux, uz, t) =

π
∫

0

2π
∫

0

h(t)µ(θ, φ) f(ux + t cos θ sin φ,

t sin θ sin φ, uz + t cos φ) t2 sin φdφ dθ, (6)

where h(t) is the range attenuation factor under the omnidi-
rectional isotropic scattering model, and µ(θ, φ) represents
the antenna diagram assuming no frequency dependence.
We will assume that the range attenuation factor has been
compensated for in the processing to form g(ux, uz, t) and
so can be neglected here. We will also assume that the target
is in the main beam so that the antenna diagram can also be
neglected.

We may assume that f(x, y, z) = 0 for y < 0 or that
f(x, y, z) = f(x,−y, z) as convenient because either the
SAR points to one side of the platform or for low frequency
SAR, two antennas are used to distinguish the left- and right-
hand sides [7]. Note here that the SRT annihilates functions
f(x, y, z) that are odd in y (i.e. f(x, y, z) = −f(x,−y, z)),
and this property has important consequences. In particular,
the inversion formulae typically give reconstructions f that
are even, so if we know f(x, y, z) = 0 for y < 0, we will
need to multiply reconstructions by a factor of two to give
the correct answer in the upper half space.

2.3. Inverting the Spherical Radon Transform

In this section we present the extension to previously under-
stood methods for inverting the CRT [13,14] to the spherical
three-dimensional case [15]. Three approaches have been
developed: the Square Fourier Transform approach [14], a
Hankel transform method and a backprojection method. For
brevity only the Hankel and backprojection approaches are
presented here [15].

2.3.1. Hankel Transform Method

The inverse of the CRT can be expressed analytically in
terms of a Hankel transform. This was discovered inde-
pendently by Fawcett [4] and Andersson [1], and rediscov-
ered more recently by Soumekh [16] and Milman [10, 11]
as a statement of the ω-k migration (or range migration) al-
gorithm [2]. In the report [14], we derived the inverse of

the CRT in terms of the Hankel transform following Nils-
son [13]. We now present the extension to invert the SRT.

From Hankel’s Theorem, the Hankel transform pair of
order ν can be written as

f (Hν)(γ) = Ht
ν [f(t)](γ) =

∞
∫

0

f(t)
√

γt Jν(γt) dt

f(t) = Hγ
ν [f(γ)](t) =

∞
∫

0

f (Hν)(γ)
√

γt Jν(γt) dγ,

and then from [15]

f (F,F,F )(vx, ρ, vz) =

√

π

2
|ρ|

Ht
1/2

[

g
(F,F,I)
0 (vx, vz, t)

]

(2π
√

ρ2 + v2
x + v2

z), (7)

where g
(F,F,I)
0 denotes the Fourier transform with respect

to the first and second variables, and the third variable is
left intact. Therefore we see that the Fourier-Fourier-Hankel
transform of g0 = g/t, after a coordinate transformation
and scaling, gives the 3-dimensional Fourier transform of
f . The similarity to the 2D case [13, 14] can be seen:

f (F,F )(v, ρ) =
|ρ|
2
Ht

0

[

g
(F,I)
0 (v, t)

]

(v,
√

ρ2 + v2).

From J1/2(z) =
√

2
πz sin z, we can see that the half-

order Hankel transform is the special case of the Fourier
sine transform,

Ht
1/2

[

g
(F,F,I)
0 (vx, vz, σ)

]

=

∞
∫

0

g
(F,F,I)
0 (vx, vz, t) sinσt dt.

2.3.2. Backprojection Method

Andersson [1] showed that the backprojection operator for
the CRT can be used to implement g(F,H0), the Fourier-
and zeroth-order-Hankel transformed circular-Radon trans-
formed data. We presented this in [14] following the deriva-
tion of Nilsson [13]. Here, we present the equivalent expres-
sion for the SRT case.

We take the backprojection operator (5) of g0(ux, uz, t) =
g(ux,uz,t)

t rather than g,

(R†
sg0)(x, y, z) =

∞
∫

−∞

∞
∫

−∞

(8)

g0(ux, uz,
√

(x − ux)2 + y2 + (z − uz)2) dux duz.

Then we have previously shown [15] that

f (F,F,F )(vx, ρ, vz) =
√

π

2
|ρ|

√

v2
x + ρ2 + v2

z (R†
sg0)

(F,F,F )(vx, ρ, vz) (9)
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and in the 2D case [13, 14]

f (F,F )(v, ρ) = π|ρ|(R†
cg0)

(F,F )(v, ρ).

3. FINITE APERTURE AND BANDWIDTH
INVERSE SPHERICAL RADON TRANSFORM

An expression which represents a realistic SAR collection
with finite bandwidth and synthetic aperture can be formed
from (7) [15]. The result is

f
(F,F,F )
fb,fa (vx, ρ, vz) =

√

π

2
|ρ|

Ht
1/2

[

g
(F,F,I)
fb,fa (vx, vz, t)

] (

2π
√

ρ2 + v2
x + v2

z

)

.

where

g
(F,F,I)
fb,fa (vx, vz, t) = g

(F,F,I)
0 (vx, vz, t) ∗vx

Lx sinc(Lxvx)

∗vz
Lz sinc(Lzvz) ∗t vbe

−2πiv0t sinc(vbt) (10)

where ∗vx
, ∗vz

, and ∗t indicate convolution with respect to
the variables vx, vz , and t, respectively, and Lx, Lz are the
lengths of the x and z apertures. We observe that the effect
of finite apertures in x and z is a convolution with a sinc
function in the Fourier domains of vx and vz respectively,
and the effect of finite bandwidth is a convolution with a
shifted sinc function in the spatial domain of t.

4. CONCLUSION

In this paper we have reviewed a formulation for 2D and
3D SAR image formation that is not subject to the prob-
lems of range curvature because it exactly treats the circular
and spherical nature of the radar’s propagating wavefront.
This is achieved by inverting the spherical Radon transform,
which is an integral of a 3D function around a spherical sur-
face, or the CRT in the 2D case. Inverting the CRT or SRT is
shown to involve Fourier transforms and a Hankel transform
along with coordinate transformations. We have shown the
effect that finite bandwidth and synthetic aperture will have
upon the reconstructed function in the 3D case.

5. REFERENCES

[1] Andersson L.-E., “On the determination of a function from
spherical averages”, SIAM Journal of Mathematical Analy-
sis, 19 (1), 1988, pp. 214–232.

[2] Carrara W. G., Goodman R. S., Majewski R. M., Spotlight
Synthetic Aperture Radar Signal Processing Algorithms,
Artech House, 1995.

[3] Deans S. R., The Radon transform and some of its applica-
tions, 2nd Edition, Krieger Publishing Company, 1993.

[4] Fawcett J. A., “Inversion of n-dimensional spherical aver-
ages”, SIAM Journal of Applied Mathematics, 45 (2), 1985,
pp. 336–341.

[5] Gradshteyn I. S., Ryzhik I. M., Tables of Integrals, Series,
and Products, Sixth Edition, Academic Press, 2000.

[6] Hellsten H., Andersson L.-E., “An inverse method for the
processing of synthetic aperture radar data”, Inverse Prob-
lems, 3, 1987, pp. 111–124.

[7] Hellsten H., “Inverse scattering analysis of diffraction lim-
ited SAR”, IEEE Transactions on Antenna Propagation,
38(10), 1990, pp. 1517–1522.

[8] Hellsten H., Ulander L. M. H., Gustavsson A., “Development
of VHF CARABAS II SAR”, Radar Sensor Technology, Pro-
ceedings of the SPIE, 2747, 1996, pp. 48–60.

[9] Jakowatz C. V. Jr., Wahl D. E., Eichel P. H., Ghiglia D. C.,
Thompson P. A., Spotlight-Mode Synthetic Aperture Radar:
A Signal Processing Approach, Kluwer Academic Publish-
ers, 1996.

[10] Milman A. S., “SAR imaging by ω-k migration”, Interna-
tional Journal of Remote Sensing, 14 (10), 1993, pp 1965–
1979.

[11] Milman A. S., “The hyperbolic geometry of SAR imaging”,
submitted to IEEE Transactions on Aerospace and Electronic
Systems, 2000.

[12] Munson D. C., O’Brien J. D., Jenkins W. K., “A tomographic
formulation of spotlight-mode synthetic aperture radar”, Pro-
ceedings of the IEEE, 71(8), 1983, pp. 917–925.

[13] Nilsson S., “Application of fast backprojection techniques
for some inverse problems in integral geometry”, Linköping
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