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ABSTRACT
This paper deals with disparity estimation based on Markov
random field (MRF) models and color coherence. The dis-
parity and line fields are explicitly modelled as MRFs, and
are estimated by the stochastic diffusion. The potential func-
tions are defined from the novel stochastic models between
disparity and line fields. The color information is also uti-
lized to model the textureless regions where the disparity
estimation generally fails. And, the derived potential func-
tions are minimized by the novel energy minimization method
called stochastic diffusion. The stochastic diffusion dif-
fuses the potential space using the probability distribution
of neighboring fields, and searches for the optimal fields
in the converged potential space. Some experiments show
good performances of disparity estimation, which are com-
pared with the other methods in a webpage.

1. INTRODUCTION

Recently, the main trend of correspondence (disparity and
or motion) estimations is related to the energy minimiza-
tion methods, which have two types of models, the likeli-
hood and the prior models. In these approaches, the joint
energy function of multiple fields is decomposed into two
types of models by Maximum a posteriori (MAP) frame-
work, and the prior models are defined by the MRFs. The
optimal fields are estimated in the process of minimizing
the energy function. The MAP-MRF estimations are suit-
able for the simultaneous and dense fields estimations such
as correspondence, occlusion, line, and segmentation fields,
since they utilize the prior information of the fields to re-
flect the interactions among the various fields[1, 2]. In ad-
dition, it shows good solutions in the ill-posed problems
of computer vision while the standard regularization the-
ory has limitations in the inverse problems. The important
issues of the MAP-MRF framework are energy minimiza-
tion scheme and MRF modelling of the fields. There are
some different energy minimization methods based on the
MAP-MRF framework, such as simulated annealing (SA)
[5], mean field theory (MFT) [6], Bayesian diffusion [7],
graph cut (GC)[8], belief propagation (BP) [9], and so on.

These works deal with the energy minimization schemes de-
fined by the MRF models and the disparity estimation.

The previous work of this paper has proposed the stochas-
tic diffusion as an energy minimization method, and applied
it to disparity estimation [10]. The stochastic diffusion con-
siders the neighboring fields in MRF models with the joint
probability density function (pdf). This is the main dif-
ference from the other energy minimization algorithms of
MAP-MRF based estimators. The probability distribution
of the neighborhood is introduced to the estimated fields
in the form of probabilistic expectation. The each point,
(i, j, d), has a potential value, and its potential is iteratively
updated by the probabilistic expectation of the neighboring
fields. The potential space defined by MRF models is iter-
atively diffused to a stable state, and the optimal fields are
deterministically estimated by the winner-take-all manner
at every pixel. As the expectation is iterated in the poten-
tial space, the effect of the neighboring fields is propagated
to the farther positions, and the potential space seems to be
stochastically diffused to a stable state. When the potential
space is converged, the fields are determined at each pixel
with the minimal potential value.

This paper focuses on the MRF modelling to estimate
the disparity field in the MAP framework. It considers the
energy minimization method and MRF modelling of the
fields at the same time. The proposed algorithm combines
with the line field to enforce the discontinuity of the dispar-
ity field at the image boundaries. The color coherence in
the neighborhood are also exploited to improve the dispar-
ity estimates in the textureless regions. And, the stochas-
tic diffusion is adopted in the energy minimization process.
Though this paper is based on the stochastic diffusion of the
previous works, the proposed method in the paper has some
differences in the sense of MRF models of disparity and line
fields, which is another important issue in the MAP-MRF
framework.

This paper is organized as follows. Section 2 explains
the basic formulation and the novel MRF models of the dis-
parity and line fields. Section 3 shows some experimental
results, and Section 4 concludes this paper.
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Fig. 1. Test images and the true disparity maps. (upper row)
Head, disparity range:0-15, (lower) Slanted, 0-29.

2. STOCHASTIC MODELS

In the MAP-based estimation of disparity and line fields,
the problem is to maximize the probability, p(D,L | Ir, Il).
Ir, Il are stereo pair, and D and L are the disparity and line
fields, respectively. The probability is generally decom-
posed into the marginal probabilities, and is transformed
into a potential function to be minimized using the equiv-
alence between MRF and Gibbs random field [5],

U(D,L|Ir, Il) ∝ U(Il|D,L, Ir)+U(D|L, Ir)+U(L|I
r
). (1)

The first term is the likelihood model which is related to
the intensity difference. The second is the disparity field
model which is based on MRF and plays an important role
in regularization of the field. The third is the line field model
to enforce the discontinuity of the disparity field.

In the next subsections, we derive the point-wise poten-
tial U(dij , lij) at the i-th row and j-th column in the image.
The potential functions are defined by the MRF models of
the fields and multiple cues such as color information.

2.1. Likelihood model

The likelihood model is the intensity-based error potential
to describe how well the disparity field matches the points
between two images. The usual block matching estima-
tions are based on this measurement. Though the likelihood
model is conditioned on the disparity and line fields, it is
usually dependent only on the disparity field in real cases.
The point-wise potential of the likelihood model is com-
puted as the pixel matching algorithm,

Uo(Il(ij)|Ir, dij) = ρi(Il(i, j)− Ir(i, j + dij)), (2)

where, ρi(·) is a potential function such as the square func-
tion. Note that this paper assumes the epipolar geometry is

Fig. 2. Test images and true disparity maps. (upper row)
Sawtooth, disparity range:0-19, (lower) V enus, 0-19.

1-D horizontal line.

2.2. Line field model

The line field enforces the discontinuity of the disparity field,
and prevents the estimated disparity field from being blurred
in the object boundaries. The MRF model of the line field
is to isolate the adjacent field when the neighboring fields
are likely to be discontinuous. That is to say, when the line
field between the adjacent pixels, (ij) and (n), is one, the
influence of the neighboring field is cut in the MRF models.
Hence, the neighboring field is not related to the regulariza-
tion process any more, and the estimated current field, dij ,
becomes independent of the neighboring field.

The line field model is based on the gradient of the inten-
sity to examine the discontinuity of the disparity field. This
results from the observation that the edges in the intensity
are also likely to be edges in the disparity field. Therefore,
the potential function of the line field should be defined to
assign one at the high gradient. The higher the gradient is,
the lower the potential value becomes to assign one to the
line field. This principle implements the potential function
of the line field to be inversely proportional to the gradient,

U(lij |Ir) ∝
C

∇Ir(ij, n)
L(ij, n), (3)

where, ∇Ir(ij, n) is the gradient of the image, L(ij, n) is
the line indicator between adjacent pixels, (ij) and (n), and
a constant C is the penalty potential to determine the dispar-
ity discontinuity. The potential of the line field is a penalty
to compensate for the potential of the disparity field at the
discontinuous positions.
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2.3. Disparity field model

The potential space of the disparity field is diffused by the
stochastic model. The stochastic diffusion in the disparity
field model is performed by iterative stochastic expectation
using the probability distribution of the neighboring fields,

p(dij |L, Ir) =

∫

N∈S

p(dij |dN ,L, Ir)p(dN |L, Ir) ddn. (4)

The potential space is diffused by propagating the effect
of the neighborhood weighted by the probability distribu-
tion. And, the computational models of the disparity field,
U(dij | L, Ir) are implemented to enforce both the smooth-
ness of the field and the discontinuity in the boundary re-
gion. Even though the two purposes of the computational
models have opposite properties, they can be simultane-
ously considered by the differences of the neighboring dis-
parities and the line field. When the differences of neighbor-
ing disparities are large, the potential value of the disparity
field is increased. On the other hand, the potential value
is decreased when the differences are small. This mech-
anism regularizes the disparity distribution and guarantees
the smoothness of the disparity field. In the paper, in ad-
dition, intensity information is utilized to improve the esti-
mation in the textureless regions. The disparity estimation
generally fails in the regions since the likelihood model is
very noisy and the estimated fields are not unique. The pro-
posed approach is based on the assumption that the pixels
with similar intensity (or color) are likely to have the same
disparity value. Therefore, we can introduce an additional
term in the stochastic diffusion to consider the similarity of
the intensities between adjacent pixels. The probability of
the disparity field, p(dij |dN ,L, Ir), is implemented as
∏

n∈N

exp {− [Vd(dij , dn) +W (dij)] [1 − L(ij, n)] − U(lij |Ir)} ,

(5)
where, U(lij |Ir) is eq. (3), and Vd(dij , dn) is a potential
based on differences of the disparities. As described be-
fore in subsection 2.2, the line indicator isolates the neigh-
borhood when the adjacent fields are discontinuous. The
potential of the disparity field is replaced with that of line
field model as a penalty. Note that the line field model in
the paper is different from that of the previous work. This
paper inserts the potential of the line field directly into that
of the disparity field. Hence, the discontinuity of the dis-
parity field is independently modelled for the each neigh-
borhood while the previous work was modelled on the av-
erage for the neighborhood. This concept models the line
field and disparity discontinuity more sharply. And, an ad-
ditional term, W (dij), is based on the color coherence in
the neighborhood,

W (dij) = exp

{

−
(dij − d̂n)2

2σ2

d

}

· Vi(Iij , In), (6)

where, Vi(Iij , In) is the potential based on the difference

between adjacent intensities. The term, exp{−
(dij−d̂n)2

2σ2

d

},

prevents the current disparity, dij , from being assigned to
the intermediately estimated neighboring disparity, d̂n, when
the intensity difference, Vi(Iij , In), is large. However, if the
current disparity, dij , is different from the estimated neigh-
boring disparities, the intensity difference effects little on
the potential function, and the color coherence term has no
meaning in the potential. That is to say, the color coher-
ence makes an additional role in regularizing the disparity
field only if d̂n is similar to dij . By the additional term,
the disparity fields with similar intensity (or color) are con-
verged to the same value. Note that the pixels with similar
intensities are not assigned to the same disparity directly.
The coherence information is just exploited in the stochas-
tic process as shown in eq. (6), which is the main difference
from the other color-based algorithms. Finally, the potential
function of the disparity field in the stochastic diffusion is
derived by substituting eq. (4) with eq. (5) and (6) and tak-
ing logarithmic function. We should make an emphasis that
the probability of neighborhood fields, p(dN |L, Ir) is the
joint distribution which does not assume any probabilistic
constraints such as the independence. The joint distribution
of the neighborhood is implemented as,

p(dN |L, Ir) =
exp

{

−
∑

n∈N
Ud(dn|L, Ir)

}

∑

N∈S
exp

{

−
∑

n∈N
Ud(dn|L, Ir)

} , (7)

where, the joint pdf is proportional to the joint potential of
the neighborhood.

2.4. Iterative procedure

The 3D potential space is iteratively diffused to a stable
state, and the fields with the minimum potential are selected
as an optimal ones in each pixel. Since the line field is a
binary value, the potentials of two values, 0 and 1, are ex-
amined at each pixel, respectively. The binary value with
minimum potential is decided as the line field. The poten-
tial function of the disparity field as in eq. (4) is iteratively
diffused by the following relation,

U (k+1) =
1

2
{U0 + αU (k) +∆U (k+1)}, (8)

where, α is a weight, ∆U (k) is the potential of the dis-
parity field at the k + 1 iterations, and U (0) is the likeli-
hood model. The iterative relation is derived to preserve the
relative weighting ratio between the potential terms since
the priority of the potential terms depends on the relative
weighting of the terms.

3. EXPERIMENTAL RESULTS

The experiments are performed with 4 stereo image pairs of
grey levels as shown in Figure 1 and 2. These images are
generally used since they have the true depth map and can
be compared with the other methods in the website [11].
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(a) Head Slanted

(c) Sawtooth (d) V enus

Fig. 3. Estimated disparity maps.

The neighborhood configuration used the plane configura-
tion model since it showed the similar performances to those
of the full neighborhood configurations from many experi-
ments [10]. Since it’s impossible to consider the whole con-
figurations of the neighborhood in real implementations, we
should select an optimal configurations to reflect the distri-
bution as exactly as possible.

Figure 3 shows some experimental results of disparity
maps. And, Table 1 shows some comparisons of error rates
with the other methods that are based on MRF models with
excellent performances. The error pixels have the absolute
differences greater than 1 from true disparity values. The er-
ror rates are evaluated from the web site [11]. As shown in
Table 1, the proposed method improves the previous works
[10] for any images. The estimated disparity maps are im-
proved at the textureless regions and the boundaries. These
results prove that the color coherence and line field models
are appropriately modelled in the stochastic process. In ad-
dition, the proposed method shows better performances for
some images compared with the other best results. How-
ever, the proposed method should be optimized to show bet-
ter performances for all the images. And, we should deal
with the occlusion problem as shown in Slanted image in
the future works.

4. CONCLUSIONS

Novel stochastic models to estimate disparity field are pro-
posed in the paper. The disparity and line fields are esti-
mated by the maximum a posteriori (MAP) framework and
Markov random field (MRF) models. The disparity and line

Table 1. The error rates (%) of disparity maps.

Image [7] [8] [9] [10] Proposed
Head 6.49 1.86 1.15 3.95 2.88

Slanted 0.20 2.39 0.84 1.31 0.44
Sawtooth 1.45 0.42 0.98 2.45 2.01

Venus 4.00 1.69 1.00 2.45 1.38

fields are explicitly modelled as MRFs, and are estimated
in an energy optimization method called stochastic diffu-
sion. The color coherence in the neighborhood is utilized to
model the potential function of disparity field. Experimental
results show the improved performance of the disparity es-
timation in the textureless regions. These results mean that
the novel stochastic models including line field and color
coherence are suitable for disparity estimation.
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