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[Abstract] An important class of 
radiometric degradations we are faced with 
often in practice is image blurring. Special 
attention is paid to the recognition of the 
blurred image by moment invariant 
approach. Some important rules of complex 
moments for the blurred image are 
presented. Based on these rules, a useful 
subset of moment invariants is introduced, 
that are not affected by the blur, rotation, 
scale, and translation of the images. The 
experiments have shown that these 
invariants can be successfully used in 
recognition of the blurred image. 
[Key Words]  Image Recognition    
Moment Invariant    Gaussian PSF function 
Complex moment 
1. Introduction 

Moment invariants are widely used in 
automatic target recognition[1][2], character 
recognition[3][4][2][5], computer vision[6] and 
medical analysis[7]. But the real imaging 
systems and the imaging conditions are 
usually imperfect, the observed image 
presents only a degraded version of the 
original scene. An important class of 
degradations we are faced with often in 
practice is image blurring, which can be 
caused by camera defocus, atmospheric and 
by sensor or/and scene motion, etc. Finding 
a set of invariants, which are also not 
affected by blurring, is a key problem in 
pattern recognition. The complex moment is 
a simple and straightforward way to derive 
invariants[8][3][9][10][11]. Unfortunately, How to 
construct the complex invariants which is 
also invariant to convolution with PSF, has 

not been reported. 
From viewpoint of complex moment, we 

propose a new way to deal with the problem 
of recognizing blurred images. Firstly, the 
transfer equation of complex moment after 
image blurring is obtained. Then, the complex 
moment invariant subset that is also invariant 
with respect to blur is introduced. As an 
application, we apply our complex moment 
invariant subset to the task of recognizing 
blurred, rotational, scaled and translated 
objects successfully. 
2. Definition of Image blurring 

Blurring can be usually described by a 
convolution 
g(x,y)=f(x,y)⊗ h(x,y) (1) 
where f is an original image, g is an 
acquired image and h is a point spread 
function (PSF) of image system.  For a 

Gaussian PSF  h(x,y) 22 2/2

22

πσσ
yx

e
+

=  
3. Central moment of the image 

Central moments of (p+q)th order is 
defined as 
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Where x(f)
0,y(f)

0 is the centroid of the image 
f(x,y). 
4. Complex moment of the blurred image 

The complex moment C(f)
pq of p+q 

order of the image function f(x,y) is defined 
as 
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The expression CpqCrs...Ctu is a rotational 

0-7803-8554-3/04/$20.00 ©2004 IEEE. 2131



invariant if only p+r+...+t=q+s+...+u. 
Theorem 1  The complex moment C(g)

pq 
of the blurred image g(x,y)= f(x,y)⊗ h(x,y) 
is 

∑∑
= =

−−

+−

+−+

=
p

u

q

v f
vqup

vu
fh

uv

qpvu
hv

q
u
pg

pq

CuC

uCC
C

0 0 )(
,

2)(
00

)(

2
)(

)(
00)(

])(

)([
 (4) 

where C(g)
pq, C(h)

 pq and C(f)
 pq are complex 

moments of the blurred image, PSF and 
original image, respectively. u00

(f) is the 
zeroth-order central moment of f(x,y).   
Cp

u=p!/(p-u)!u! 
As Gaussian PSF can be seen as the 

approximation of many centrally symmetric 
PSF, we will discuss an important rule of the 
complex moment for Gaussian PSF. 
Theorem 2  In a complex moment Cpq, 
as long as at least one of the subscripts (p 
or q) is zero, it will not be affected by 
Gaussian blurring. 

This theorem gives an explanation why 
some moment invariants undergo changes 
after blurring whereas others remain 
unchanged after Gaussian blurring. The first 
of Hu’s seven moment invariants C1=C11 

have )C ≠0 added to 

it and so have changed after Gaussian 
blurring. As zero is found in all the 
subscripts of the factors in C
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2=C20C02 and 
C3=C30C03, there is no change. Because 
C10=u10+ju01=0 and C01=u10-ju01=0, it can be 

proved that  and . 

As either there is zero in the subscripts or it 
is C

)(
21

)(
21

fg C=

12 (or C21) in all the factors of the 
invariants C4=Re(C21C12), C5=Re(C30C12

3), 
C6=Re(C20C12

2), C7=Im(C30C12
3), these 

invariants remain unchanged. It can be said 
that the union of the above two cases 
constitutes the subset of moment invariants 
that will not be affected by Gaussian blur, 
rotation, scale and translation of the images 

(See (5)). 
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By set (5), we have got the invariants 
Φ1,…,Φ7 with their explicit constructions as 
follows 
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In section 5.1, experiments have shown 

that these invariants are approximatively 
invariant even when the image is convolved 
by other centrally symmetric PSF. 
5. Experiments 
5.1 Recognition of the blurred objects 

This experiment deals with recognition 
of some aircrafts. Original aircrafts are 
shown in Fig.1(a). Fig.1(b) shows the same 
set of aircrafts rotated and blurred by an 
uncertain symmetrical PSF. The task is to 
recognize these blurred aircrafts. The 
invariants Φ1,…,Φ7 in (6) are normalized as 
follows. 
Φ’1=Φ1

1/2;   Φ’2=Φ2
1/3; 

Φ’3=Φ3
1/3;   Φ’4=[sgn(Φ4)]|Φ4|1/6; 

Φ’5=[sgn(Φ5)]|Φ5|1/4;     Φ’6=Φ6
1/4, 

Φ’7=[sgn(Φ7)]|Φ7|1/4 
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(a) 

 
(b) 

(a) Templates    (b) Objects to be recognized 
Fig.1  Objects to be recognized and templates

Then all invariant values are placed in the 
same magnitude which will be easy to be 
processed in classification. The normalized 
invariants {Φ’1,…,Φ’7} of the aircrafts are 
used as feature set for recognition, their 
values are given in Table 1. It can be seen 
that {Φ’1,…,Φ’7} are not affected by 

blurring, rotation and scale of the image. 
Minimum distance classification is carried 
out and the distance matrix is given in Table 
2. It can be seen that the distances at 
diagonal of the matrix are minimum and all 
of the aircrafts can be classified correctly. 

 
Table 1  Moment invariants of the blurred rotational objects and the templates 

*10-4 Φ’1 Φ’2 Φ’3 Φ’4 Φ’5 Φ’6 Φ’7 
Fig.1(a) 47.8474 141.1097 73.4281 83.3506 -57.9352 163.6817 -79.34721 
Fig.1 (b) 50.3668 143.0995 74.9502 84.9036 -60.9531 166.1236 -78.7547
Fig.1.(a) 77.9306 100.1901 63.3092 69.2839 64.0336 173.7815 115.9888 2 
Fig.1.(b) 77.3934 96.2911 59.7012 65.1108 60.4290 169.1724 114.0160 
Fig.1 (a) 69.1369 202.3008 104.1412 122.8092 93.5254 279.8661 138.3047 3 
Fig.1 (b) 66.4622 199.8464 99.4797 118.2163 89.2360 278.3136 134.8050 
Fig.1 (a) 78.1634 140.3792 31.7251 44.9366 35.0881 210.8760 121.7225 4 
Fig.1 (b) 79.8016 142.2358 31.7490 45.2324 35.3869 211.1912 123.5178 
Fig.1 (a) 59.4569 62.4597 29.7197 -35.7155 -33.1490 88.8306 70.0342 5 
Fig.1 (b) 60.9398 63.3953 30.4147 -36.5181 -33.4431 89.6381 71.5451 
Fig.1 (a) 61.3502 23.0256 10.9850 11.0857 14.8430 81.8102 62.4638 6 
Fig.1 (b) 60.9120 23.0111 10.9846 9.9497 14.1056 81.0471 61.9137 
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Table 2   Distance matrix 
Fig.1 (a)  

1 2 3 4 5 6 
(1) 5.5187 237.8777 300.1030 235.9313 228.1788 238.4857
(2) 234.1631 9.1680 174.7817 74.6643 172.2705 152.5944
(3) 293.8568 160.2553 9.4371 145.8933 320.2542 316.1980
(4) 237.3455 74.9844 152.6280 3.1033 189.3794 192.4519
(5) 226.4518 180.2102 327.0279 186.4743 2.6875 82.1511 

Fig.1(b) 

(6) 235.3250 162.8534 324.4995 191.3114 79.7129 1.7064 
6. Conclusions 

From viewpoint of complex moment, 
we present a new approach to deal with the 
recognition and restoration of the blurred 
image. Based on Theorem 1 and Theorem 2, 
an important subset (in(5)) of complex 
moments are introduced which are invariant 
simultaneously to image blurring and to 
various geographic transform. Experiment 
results show that our method performs well 
in the tasks of recognizing blurred images. 
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