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Gökçe Dane and Truong Q. Nguyen

Department of Electrical and Computer Engineering
University of California at San Diego, 9500 Gilman Drive, La Jolla, CA, 92093-0407

gdane@ucsd.edu, nguyent@ece.ucsd.edu

ABSTRACT

In this paper, we present theoretical analysis on how the
global motion parameter accuracies affect the efÞciency of
motion compensated video coding. The inaccurate global
motion compensation is modelled by introducingprobabilis-
tic rotation, scale and translation parameter errors. Approx-
imate expressions that relate the power spectrum of the pre-
diction error to motion parameter errors is derived. By dou-
bling the accuracy of the motion parameters, up to 6dB the-
oretical gains can be obtained in prediction error variance.

1. INTRODUCTION

Global motion estimation (GME) is essential in several ap-
plications such as video compression, segmentation, mo-
saicing, and image registration. Global motion refers to
higher order motion models like afÞne or bilinear, which
improves the prediction gain over simple translational model.

Althoughmany global motion estimation techniques have
been proposed, the parameter accuracy vs coding rate anal-
ysis have not been performed. EfÞciency of motion com-
pensated coding with translational motion errors have been
studied in [1, 3]. Optimizing the translational accuracy for
block-based coders is analyzed in [2].

This paper studies the effect of GM parameter inaccura-
cies on motion compensated video coding. The 4-RST (ro-
tation, scale translation) motion model used in the analysis
is described in Section II. The power spectrum of the pre-
diction error is related to GM parameter errors, and approx-
imate expressions for prediction error spectrum is derived in
Section III. The effect of motion accuracy level, the effect
of video signal model, and Þnally the effect of approxima-
tion on the prediction gain are studied in Section IV, which
is followed by conclusion in the last section.

This work is supported by Skyworks Inc. and by UC DIMI.

2. MOTION MODEL

Let two images I1(x, y) and I2(x, y) be related to each other
by an afÞne transform. The coordinates v2 = (x(2), y(2))T

in I2 can be obtained from the coordinatesv1 = (x(1), y(1))T

in I1 by the following relation.

v2 = Av1 + t, A =
(

a11 a12

a21 a22

)
and t =

(
tx
ty

)
(1)

The 6 parameters (a11, a12, a21, a22, tx, ty) describe the afÞne
model completely. Setting a11=a22, and a12=−a21 will give
the 4-RST model, which is commonly used in global motion
estimation. Let a and θ be the scale and rotation parame-
ters respectively, then a11 = a cos θ, a12 = −a sin θ with
t = (tx, ty)T . In this paper, we analyze how these rota-
tional, scale and translational errors affect the efÞciency of
video coding. The next section models the inaccurate global
motion compensation and derives expressions for prediction
error variance for each individual motion parameter.

3. PREDICTION ERROR ESTIMATION FOR
GLOBAL MOTION COMPENSATION

This section develops the approximate expressions for the
motion compensated prediction error as functions of mo-
tion parameter accuracies. Assume that s(x, y) is the video
signal that is predicted in the current frame, and b(x, y) is
the estimate of s(x, y). The prediction error can be written
as e(x, y)= s(x, y)-b(x, y). If perfect motion vector param-
eters are used, it would be possible to obtain s(x, y)=b(x, y)
without any error. Unfortunately, we are bound to have er-
rors in motion parameters. The motion parameters have to
be transmitted with a limited bit rate. Therefore, there will
be errors due to inaccuracy in these parameters; which will
be represented as ∆a, ∆θ, ∆x and ∆y .

The prediction error variance σ2
e which is deÞned in

eq.(2) will be used as the error measure,

σ2
pe =

1
4π2

∫ ∫
Φee(ωx, ωy)dωxdωy (2)
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where Φee is the power spectral density of the error, deÞned
as

Φee(ωx, ωy) = F{E[e(x, y), e(x, y)∗]} (3)

F represents the Fourier transform, and E[·] is the expecta-
tion operator.

3.1. Translational Error

Assume that the image only has translational motion t=(mvx,
mvy). Let the estimate of this motion vector be te=(mvex,
mvey). Then, error in translational motion parameter will
be ∆t = (∆x, ∆y). The motion compensated block b(x, y)
can be written in terms of translational error and original
video signal in current frame as b(x, y) = s(x − ∆x, y −
∆y). Substituting b(x, y) in the prediction error equation
yields

e(x, y) = s(x, y) − s(x − ∆x, y − ∆y) (4)

Expanding s(x − ∆x, y − ∆y) by Taylor�s series around
(x, y) with the Þrst approximation term and substituting it
in eq.(4) yields

e(x, y) = ∆xsx + ∆ysy (5)

where sx = ∂s
∂x and sy = ∂s

∂y . Substituting eq.(5) in eq.(3)
yields the following psd of the prediction error:

Φee(ωx, ωy) = F{E[(∆xsx + ∆ysy)(∆xsx + ∆ysy)∗]} (6)

We assume that translational motion error ∆x and ∆y are
independent from each other, they both have zero mean (E[
∆x] = E[∆y] = 0) and equal variance (E[∆2

x] = E[∆2
y] =

E[∆2]). With these assumptions, eq.(6) is written as

Φee = E[∆2
x]F{E[sxs∗x]} + E[∆2

y]F{E[sys
∗
y]} (7)

Φee = E[∆2]{(jωx)(−jωx) · Φss(ωx, ωy)}+
{(jωy)(−jωy) · Φss(ωx, ωy)}. (8)

Simplifying eq.(8) yields the following prediction error psd.

Φee(ωx, ωy) = E[∆2](ω2
x + ω2

y)Φss(ωx, ωy). (9)

3.1.1. Validation of the time domain problem formulation
in frequency domain

Now let�s calculate the prediction error variance directly in
frequency domain. Taking the Fourier transform of the ex-
pectation of main error equation yields

Φee = Φss − 2�{Φbs} + Φbb (10)

where cross power spectral density has the form:

Φsb = F{E[s(x, y)s(x − ∆x, y − ∆y)∗]} =

Φss · E[e−jωx∆x−jωy∆y ]
(11)

In [4], translational errors are modelled with Gaussian dis-

tribution p(∆x, ∆y) = 1
2πσ2 e−

∆x2+∆y2

2σ2 , therefore eq.(11)
becomes

Φsb = Φsse
−(ω2

x+ω2
y)σ2/2 (12)

Similarly for Φbb the following expression is found.

Φbb = F{E[s(x − ∆x, y − ∆y)s(x − ∆x, y − ∆y)∗]}
= ΦssE[e−jωx∆x−jωy∆yejωx∆x+jωy∆y ] = Φss

(13)

Substituting eq.(13) and eq.(12) in eq.(10) yields:

Φee = Φss · 2(1 − e−(ω2
x+ω2

y)σ2/2) (14)

Expansion of the exponential in eq.(14) by Maclaurin series
with u = −(ω2

x + ω2
y)σ2/2 is eu = (1 + u + u2/2! + . . .),

and Þrst term approximation similar to eq.(4) gives

Φee ≈ Φss · 2(−u)) = σ2 · (ω2
x + ω2

y)Φss (15)

where we reach the same expression as in eq.(9) with σ 2=
E[∆2].

Note that although direct frequency domain derivation
gives a neater solution for translational motion errors; it is
not straightforward to obtain an exact expression for prob-
abilistic scale and rotational errors. Basically, shift (i.e.
translation) in time domain will introduce a phase change in
frequency domain, which is separable from the video signal
psd. On the other hand, rotational and scale errors affect the
frequency components of the video signal psd nonlinearly
and because of probabilistic error parameters, it is harder to
obtain an analytic expression for prediction error variance
directly in frequency domain. Therefore, in the next two
subsections prediction error expressions due to scale and ro-
tational errors will be derived starting from time domain.

3.2. Scale Error

Let ∆a be the scale error (equal in both x and y directions).
Assuming that the error is due to only scale parameter, then
motion compensated block b(x, y) can be written as

b(x, y) = s(x − ∆ax, y − ∆ay). (16)

Taylor series expansion of eq.(16) with the Þrst two terms
approximation yields

s(x − ∆ax, y − ∆ay) = s(x, y) + {−∆axsx − ∆aysy}
+

1
2!
{∆a2x2sxx + ∆a2y2syy + 2∆a2xysxy}

(17)

Let M = xsx + ysy and N = x2sxx + y2syy + 2xysxy,
where sxx, syy and sxy represent the quantities (∂/∂x)2s,

3360



(∂/∂y)2s, (∂2s/∂x∂y) respectively. Then, the prediction
error can be written by using the Þrst two terms of approx-
imation as e(x, y) = ∆aM − 1

2∆a2N , which yields the
following error psd

Φee = E[∆a2]F{E[MM∗]} − E[∆a3]F{E[MN∗/2+

NM∗/2]} + E[∆a4]F{E[NN∗]}
(18)

If we consider a very good global motion estimator, then
the scaling errors are only due to rounding. Therefore, we
can assume that the error is uniformly distributed between
−β and β with zero mean, where β represents the accu-
racy level of scale parameter. The higher order statistics of
the uniform distribution is E[∆a2] = β2/3, E[∆a3] = 0,
E[∆a4] = β4/5 etc. Note that all the odd moments of the
uniform distribution will be zero due to symmetry of the
uniform distribution around zero, and the higher moments
decrease since the inaccuracy level β is small. Therefore
ignoring the latter terms in the approximation is reasonable
in obtaining the following error psd expression:

Φee = E[∆a2]F{E[MM∗]} +
E[∆a2]

4
F{E[NN∗]} (19)

with F{E[MM∗]} =
∣∣∣∣∂ωxS(ωx,ωy)

∂ωx
+ ∂ωyS(ωx,ωy)

∂ωy

∣∣∣∣
2

, and

F{E[NN∗]} =
∣∣∣∣∂2ω2

xS
∂ω2

x
+ ∂2ω2

yS

∂ω2
y

+ 2∂2ωxωyS
∂ωy∂ωx

∣∣∣∣
2

.

S(ωx, ωy) is the Fourier transform of the video signal s(x, y).

3.3. Rotational Error

Let ∆θ be the error in the rotation parameter. If the motion
error is due to only rotation, then a11 and a12 parameters
in eq.(1) will be cos θ, and − sin θ respectively. Since ∆θ
refers to errors and therefore very small; cos∆θ and sin ∆θ
can be approximated by 1 and ∆θ respectively. Then mo-
tion compensated block b(x, y) can be written as

b(x, y) = s(x + ∆θy, y − ∆θx). (20)

Taylor expansion of eq.(20) with Þrst two terms approxima-
tion yields

s(x + ∆θy, y − ∆θx) = s(x, y) + (∆θysx − ∆θxsy)

+
1
2!

(∆θ2y2sxx − 2∆2θxysxy + ∆θ2x2syy)

(21)

Let K = xsy − ysx and L = (y2sxx − 2xysxy + x2syy),
then the prediction error is e(x, y) = ∆θK − 1

2∆θ2L and
the error psd is given as

Φee = E[∆θ2]F{E[KK∗]} +
E[∆θ2]

4
F{E[LL∗]} (22)
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Fig. 1. Normalized prediction error variance as a function
of global motion parameter inaccuracies.

with F{E[KK∗]} =
∣∣∣∣∂ωyS(ωx,ωy)

∂ωx
− ∂ωxS(ωx,ωy)

∂ωy

∣∣∣∣
2

, and

F{E[LL∗]} =
∣∣∣∣∂2ω2

xS
∂ω2

y
+

∂2ω2
yS

∂ω2
x

− 2∂2ωxωyS
∂ωy∂ωx

∣∣∣∣
2

.

4. NUMERICAL RESULTS

In this section, the relation between prediction error vari-
ance and the three error (rotational, scale and translational)
parameters are evaluated numerically. As in [5], we as-
sume that the video signal s(x, y) has a power spectrum
(eq. (23)) that corresponds to a separable autocorrelation
function with R(x, y) = e−α(|x|+|y|):

Φss(ωx, ωy) =
4α2

(α2 + ω2
x) · (α2 + ω2

y)
(23)

S(ωx, ωy) that is used in eqs.(19, 22) for derivation of Φee

is calculated similar to [6]. Fig. 1 depicts the dependency
of normalized prediction error variance to motion parameter
inaccuracies for α = 0.9. The motion errors are uniformly
distributed between [−β, β]. The horizontal axis represents
β, where β is 0.5 for integer-pel accuracy, β is 0.25 for
half-pel accuracy and so on. If the gain in dB is deÞned as
10log10σ

2, then Fig. 1 suggests that for all three parameters,
doubling the accuracy introduces a ≈6 dB gain (or equiva-
lently reduce bit rate by 1 bit/sample). Sub-pixel accuracy
becomes more important in translational errors, since in a
typical video sequence, the dynamic range of a displace-
ment is bigger than the range of the scaling factor. The
ranges in which the global motion parameters fall depends
on the characteristics of a video sequence. For example, in
a video sequence with moderate motion, the scale change
can be in the range [0.9 1.1], where the size of displacement
can be much larger. For this reason Fig. 1 does not directly
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Fig. 2. The effect of video signal model

suggest that translational motion accuracy is more impor-
tant than the rotation and scale parameters in increasing the
prediction gain for the whole class of video signals.

4.1. Effect of signal model assumption

Besides the accuracy level, the video signal characteristics
also affect the prediction gain. To understand the effect
of video signal, we have analyzed how the prediction error
variance due to individual motion parameters change as α in
eq.(23) change from 0.22 to 0.55. (examples of α and cor-
responding images can be found in [5].) Fig. 2 illustrates
that the prediction gain that is obtained by changing scale
accuracy is less susceptible to video signal model. While
prediction gain that can be obtained by changing the rota-
tion accuracy is sensitive and can vary more for different
video sequences. This brings us to the point that individ-
ual accuracy for each of these motion parameter should be
optimized based on the characteristics of the video frame.

4.2. Effect of approximation

The effect of approximation in derivation of the prediction
error variance is analyzed. Fig. 3 shows how the predic-
tion error variance changes by approximating the psd of er-
ror by the Þrst term and by using the Þrst two terms of the
taylor�s series expansion (see eq.(17)) for scale parameter.
As the accuracy level increases, approximation errors also
increase. Since, typical range of scale is far below β=0.5
accuracy, therefore, using the Þrst few terms is reasonable
in approximating the exact psd error expression.

5. CONCLUSION

In this paper, the effect of different global motion parame-
ter accuracies on the prediction efÞciency is studied. It is
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Fig. 3. The effect of approximation

found that prediction gain is almost linearly proportional to
the error variance of the motion parameters, and increasing
the accuracy of the motion parameters can reduce the bit
rate theoretically up to 1 bit/sample. The effect of these pa-
rameters in the efÞciency of the video coding depends on
the characteristics of the video signal. Future work will be
in optimizing the accuracy of global motion parameters for
video coding applications.
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