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ABSTRACT

In this paper, we present theoretical analysis on how the
global motion parameter accuracies affect the efficiency of
motion compensated video coding. The inaccurate global
motion compensation is modelled by introducing probabilis-
tic rotation, scale and translation parameter errors. Approx-
imate expressions that relate the power spectrum of the pre-
diction error to motion parameter errors is derived. By dou-
bling the accuracy of the motion parameters, up to 6dB the-
oretical gains can be obtained in prediction error variance.

1. INTRODUCTION

Global motion estimation (GME) is essential in several ap-
plications such as video compression, segmentation, mo-
saicing, and image registration. Global motion refers to
higher order motion models like affine or bilinear, which
improves the prediction gain over simple translational model.

Although many global motion estimation techniques have
been proposed, the parameter accuracy vs coding rate anal-
ysis have not been performed. Efficiency of motion com-
pensated coding with translational motion errors have been
studied in [1, 3]. Optimizing the translational accuracy for
block-based coders is analyzed in [2].

This paper studies the effect of GM parameter inaccura-
cies on motion compensated video coding. The 4-RST (ro-
tation, scale translation) motion model used in the analysis
is described in Section II. The power spectrum of the pre-
diction error is related to GM parameter errors, and approx-
imate expressions for prediction error spectrum is derived in
Section III. The effect of motion accuracy level, the effect
of video signal model, and finally the effect of approxima-
tion on the prediction gain are studied in Section IV, which
is followed by conclusion in the last section.

This work is supported by Skyworks Inc. and by UC DIMI.

0-7803-8554-3/04/$20.00 ©2004 1IEEE.

2. MOTION MODEL

Let two images I (¢, y) and I2(z, y) be related to each other
by an affine transform. The coordinates vo = (z(2),3y)T
in I, can be obtained from the coordinates v, = (21, y(1))7
in I; by the following relation.

vo=Avi+t, A= (a“ a”) and t = (t) (1)

a1 G22 ty

The 6 parameters (a11, ¢12, 21, @22, tz, t,) describe the affine
model completely. Setting a11=a22, and a12=—a9; will give
the 4-RST model, which is commonly used in global motion
estimation. Let a and # be the scale and rotation parame-
ters respectively, then a1; = acosf, aj2 = —asinf with

t = (tz,t,)7. In this paper, we analyze how these rota-
tional, scale and translational errors affect the efficiency of
video coding. The next section models the inaccurate global
motion compensation and derives expressions for prediction
error variance for each individual motion parameter.

3. PREDICTION ERROR ESTIMATION FOR
GLOBAL MOTION COMPENSATION

This section develops the approximate expressions for the
motion compensated prediction error as functions of mo-
tion parameter accuracies. Assume that s(z, y) is the video
signal that is predicted in the current frame, and b(z,y) is
the estimate of s(x,y). The prediction error can be written
as e(x,y)= s(z,y)-b(z,y). If perfect motion vector param-
eters are used, it would be possible to obtain s(z, y)=b(x, y)
without any error. Unfortunately, we are bound to have er-
rors in motion parameters. The motion parameters have to
be transmitted with a limited bit rate. Therefore, there will
be errors due to inaccuracy in these parameters; which will

be represented as Aa, A, A, and A,.
The prediction error variance o2 which is defined in

eq.(2) will be used as the error measure,
‘7;2)@ = ﬁ //<I>ee (W, wy ) dwy dw, 2)
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where ®.. is the power spectral density of the error, defined
as

Dee(we, wy) = F{Ele(z,y), e(x, y)*]} S

F represents the Fourier transform, and E[] is the expecta-
tion operator.

3.1. Translational Error

Assume that the image only has translational motion t=(muv,
muy). Let the estimate of this motion vector be t ¢=(mvez,
mvey). Then, error in translational motion parameter will
be Ay = (Ag, Ay). The motion compensated block b(z, y)
can be written in terms of translational error and original
video signal in current frame as b(x,y) = s(z — A,y —
Ay). Substituting b(z, y) in the prediction error equation
yields

e(xvy) zs(xvy)_s(m_Aray_Ay) (4)

Expanding s(x — Ag,y — A,) by Taylor’s series around
(z,y) with the first approximation term and substituting it
in eq.(4) yields

e(x,y) = Agsy + Aysy 5)

where s, = % and s, = g—;. Substituting eq.(5) in eq.(3)
yields the following psd of the prediction error:

Dee(wa,wy) = FLE[(Azse + Aysy)(Ause + Bysy)']} (6)

We assume that translational motion error A, and A, are
independent from each other, they both have zero mean (F]
A,] = E[A,] = 0) and equal variance (E[A%] = E[A?] =

E[A?]). With these assumptions, eq.(6) is written as
O.. = E[AY)F{E[sys3]} + E[AJ)F{E[sys;]}  (7)
Dee = E[AQ]{(jwz)(_jwz) Py (wa, wy) H
{(jwy)(—jwy) - Pss(wa, wy)}-

Simplifying eq.(8) yields the following prediction error psd.

®)

Dee (W, wy) = E[AQ](W:% + WS)QSS(WMW@J)- )

3.1.1. Validation of the time domain problem formulation
in frequency domain

Now let’s calculate the prediction error variance directly in
frequency domain. Taking the Fourier transform of the ex-
pectation of main error equation yields

(I)ee = (I)ss - 2§R{¢bs} + (I)bb (10)
where cross power spectral density has the form:

(I)SS . E[e_szAz _j“’yAy]

In [4], translational errors are modelled with Gaussian dis-

. . _ Az Ay?
tribution p(Az, Ay) = 5=—e 22, therefore eq.(11)
becomes
D,y = B0 Witw))o?/2 (12)
Similarly for &, the following expression is found.
Oy, = F{E[s(x — Az, y — Ay)s(z — Az, y — Ay)*]}
— (I)SSE[e—szAz—j“’yAyeijAm+jW1;A3/] — (I)SS
(13)
Substituting eq.(13) and eq.(12) in eq.(10) yields:
Do = By - 2(1 — e~ (Witwy)o?/2) (14)

Expansion of the exponential in eq.(14) by Maclaurin series
withu = — (w2 +wp)o?/2is e = (1 +u+u?/2! 4 ..),
and first term approximation similar to eq.(4) gives

Dee m By - 2(—u)) = 07 - (W + wy)Ps 15)

where we reach the same expression as in eq.(9) with o 2=
E[A?)].

Note that although direct frequency domain derivation
gives a neater solution for translational motion errors; it is
not straightforward to obtain an exact expression for prob-
abilistic scale and rotational errors. Basically, shift (i.e.
translation) in time domain will introduce a phase change in
frequency domain, which is separable from the video signal
psd. On the other hand, rotational and scale errors affect the
frequency components of the video signal psd nonlinearly
and because of probabilistic error parameters, it is harder to
obtain an analytic expression for prediction error variance
directly in frequency domain. Therefore, in the next two
subsections prediction error expressions due to scale and ro-
tational errors will be derived starting from time domain.

3.2. Scale Error

Let Aa be the scale error (equal in both x and y directions).
Assuming that the error is due to only scale parameter, then

motion compensated block b(x, y) can be written as
b(x,y) = s(x — Aax,y — Aay). (16)

Taylor series expansion of eq.(16) with the first two terms
approximation yields

s(x — Aazx,y — Aay) = s(z,y) + {—Aazs, — Aays,}

1
—l—E{Aa?x?sm + Aagyzsyy + 2Aa2xyswy}
(17)

Let M = x5, +ysy and N = 22830 + yzsyy + 22y S5y,
where s;4, s,y and s, represent the quantities (0/9x)?s,
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(0/0y)?%s, (9%s/020y) respectively. Then, the prediction
error can be written by using the first two terms of approx-
imation as e(z,y) = AaM — $Aa?N, which yields the
following error psd

®.e = E[Ad®|F{E[MM*]} — E[Ac®|F{E[MN*/2+
NM*/2]} + E[Ad*|F{E[NN*]}
(18)

If we consider a very good global motion estimator, then
the scaling errors are only due to rounding. Therefore, we
can assume that the error is uniformly distributed between
—f and [ with zero mean, where 3 represents the accu-
racy level of scale parameter. The higher order statistics of
the uniform distribution is E[Aa?] = 32/3, E[Aa®] = 0,
E[Aa*] = 3*/5 etc. Note that all the odd moments of the
uniform distribution will be zero due to symmetry of the
uniform distribution around zero, and the higher moments
decrease since the inaccuracy level 3 is small. Therefore
ignoring the latter terms in the approximation is reasonable
in obtaining the following error psd expression:

E[Ad?]
4

®.. = E[Ad®|F{E[MM*]} + F{E[NN*]} (19)

2
Owy S (wa,wy)
Owy

2

Owg S(wy
Owyz

wy) +

with F{E[MM*|} = , and

22w2s | 0°wlS
(')u.zJé + (')Luy2 +2
T Y

2
O wawy S

Owy Owy

F{E[NN"} =

S(wg, wy) is the Fourier transform of the video signal s(x, v).

3.3. Rotational Error

Let A6 be the error in the rotation parameter. If the motion
error is due to only rotation, then a1; and a;o parameters
in eq.(1) will be cosf, and — sin 6 respectively. Since Af
refers to errors and therefore very small; cos Af and sin Af
can be approximated by 1 and A#f respectively. Then mo-
tion compensated block b(x, y) can be written as

b(x,y) = s(x + Aby,y — Abzx). (20)
Taylor expansion of eq.(20) with first two terms approxima-
tion yields
s(x+ Aby,y — Abz) = s(x,y) + (Abys, — Abzxs,)
1

+5(A92y28m — 2A%02ysy, + AO?2?s,,)

(2D

Let K = x5y —ysg and L = (Y2820 — 20ys.y + xgsyy),

then the prediction error is e(z,y) = AOK — $ AL and
the error psd is given as

E[A0?]

®.. = B[AO?)F{E[KK*]} + T}'{E[LL*]} (22)
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Fig. 1. Normalized prediction error variance as a function
of global motion parameter inaccuracies.

2
with f{E[KK*]} _ awy%(::xwy) _ awm%(‘:fxwy) , and
FIEILLY = | 22925 | @S 50 wsw,s ’

{E[LL*]} = Bwr T T T 20w, 0w,

4. NUMERICAL RESULTS

In this section, the relation between prediction error vari-
ance and the three error (rotational, scale and translational)
parameters are evaluated numerically. As in [5], we as-
sume that the video signal s(z,y) has a power spectrum
(eq. (23)) that corresponds to a separable autocorrelation
function with R(z,y) = e~ (zI+lvD);

402

(@ +w}) - (o +wj)

(I)ss(wa:awy) = (23)

S(wg,wy) that is used in eqs.(19, 22) for derivation of ® ..
is calculated similar to [6]. Fig. 1 depicts the dependency
of normalized prediction error variance to motion parameter
inaccuracies for « = 0.9. The motion errors are uniformly
distributed between [— (3, 3]. The horizontal axis represents
0, where ( is 0.5 for integer-pel accuracy, 3 is 0.25 for
half-pel accuracy and so on. If the gain in dB is defined as
10log100?, then Fig. 1 suggests that for all three parameters,
doubling the accuracy introduces a ~6 dB gain (or equiva-
lently reduce bit rate by 1 bit/sample). Sub-pixel accuracy
becomes more important in translational errors, since in a
typical video sequence, the dynamic range of a displace-
ment is bigger than the range of the scaling factor. The
ranges in which the global motion parameters fall depends
on the characteristics of a video sequence. For example, in
a video sequence with moderate motion, the scale change
can be in the range [0.9 1.1], where the size of displacement
can be much larger. For this reason Fig. 1 does not directly
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Fig. 2. The effect of video signal model

suggest that translational motion accuracy is more impor-
tant than the rotation and scale parameters in increasing the
prediction gain for the whole class of video signals.

4.1. Effect of signal model assumption

Besides the accuracy level, the video signal characteristics
also affect the prediction gain. To understand the effect
of video signal, we have analyzed how the prediction error
variance due to individual motion parameters change as « in
eq.(23) change from 0.22 to 0.55. (examples of « and cor-
responding images can be found in [5].) Fig. 2 illustrates
that the prediction gain that is obtained by changing scale
accuracy is less susceptible to video signal model. While
prediction gain that can be obtained by changing the rota-
tion accuracy is sensitive and can vary more for different
video sequences. This brings us to the point that individ-
ual accuracy for each of these motion parameter should be
optimized based on the characteristics of the video frame.

4.2. Effect of approximation

The effect of approximation in derivation of the prediction
error variance is analyzed. Fig. 3 shows how the predic-
tion error variance changes by approximating the psd of er-
ror by the first term and by using the first two terms of the
taylor’s series expansion (see eq.(17)) for scale parameter.
As the accuracy level increases, approximation errors also
increase. Since, typical range of scale is far below 5=0.5
accuracy, therefore, using the first few terms is reasonable
in approximating the exact psd error expression.

5. CONCLUSION

In this paper, the effect of different global motion parame-
ter accuracies on the prediction efficiency is studied. It is
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Fig. 3. The effect of approximation

found that prediction gain is almost linearly proportional to
the error variance of the motion parameters, and increasing
the accuracy of the motion parameters can reduce the bit
rate theoretically up to 1 bit/sample. The effect of these pa-
rameters in the efficiency of the video coding depends on
the characteristics of the video signal. Future work will be
in optimizing the accuracy of global motion parameters for
video coding applications.

6. REFERENCES

[1] R. Buschmann, “Efficiency of displacement estimation
techniques”, Signal Process.: Image Communication,
vol. 10, pp.43-61, 1997.

[2] J. Ribas-Corbera, D.L. Nenhoff, “Optimizing motion-
vector accuracy in block-based video coding,” IEEE
Trans. on Circuits and Systems for Video Technology,
vol.11, no.4, pp.497-511, April, 2001.

[3] B. Girod,“The efficiency of Motion-Compensating Pre-
diction for Hybrid coding of Video Sequences”, IEEE
Journal on Selected Areas in Communications, vol. sac-
5,n0. 7, pp. 1140-1154, August, 1987.

[4] B. Girod, “Efficiency analysis of multihypothesis
motion-compensated prediction for video coding,’
IEEE Trans. on Image Processing, vol. 9, no. 2, pp.
173-183, 2000.

[5] A. Habibi, A. Wintz, “Image coding by linear transfor-
mations and block quantization”, IEEE Trans. on Com-
munication Technology, vol. 19, pp. 50-62, Feb. 1971.

[6] A. Bruckstein, M. Elad, R. Kimmel,“Down-scaling for
better transform compression”, IEEE Trans. on Image
Processing, vol. 12, no. 9, pp. 1132-1144, Sep. 2003.

3362



	Index
	ICIP 2004 Home Page
	Conference Info
	Welcome Message
	Techincal Program Overview
	Technical Program Committee
	EDICS Categories
	ICIP2004 Paper Submission Statistics
	ICIP2004 Paper Statistics - Final Program
	ICIP2004 Organizing Committee
	Sponsors
	Exhibition
	Venue Access
	Social Activities
	Other Information
	Call for Papers for ICIP2005

	Sessions
	Monday, 25 October, 2004
	MA-S1-Computational Radar Imaging
	MA-L1-Watermarking I
	MA-L2-Face Recognition
	MA-L3-Video Compression Standards I
	MA-L4-Biomedical Image Processing: Segmentation and Qua ...
	MA-L5-Error Resilience / Concealment I
	MA-P1-Image Segmentation: By Color, Texture, and Edge
	MA-P2-Image Filtering and Morphological Processing
	MA-P3-Image Enhancement I
	MA-P4-Video Segmentation
	MA-P5-Low-level Image Indexing and Retrieval
	MA-P6-DCT-based Video Coding
	MA-P7-Image Compression and Applications
	MA-P8-Distributed Source Coding and Others
	MP-S1-Deformable Models and Applications
	MP-S2-Media Security Issues in Streaming and Mobile App ...
	MP-L1-Face Detection, Recognition, and Classification I
	MP-L2-Video Summarization and Browsing
	MP-L3-Image Filtering and Partial Differential Equation ...
	MP-L4-Image/Video Indexing and Retrieval
	MP-L5-Watermarking II
	MP-P1-Video Compression Standards II
	MP-P2-Error Resilience/Concealment II
	MP-P3-Biometrics I
	MP-P4-Image Segmentation: By Multiple Features and Othe ...
	MP-P5-Image Enhancement II
	MP-P6-Video Object Tracking
	MP-P7-Biomedical Image Processing: Compression and Regi ...
	MP-P8-Video Coding

	Tuesday, 26 October, 2004
	TA-S1-Content-based Analysis of Multi-modal High Dimens ...
	TA-S2-Image Forensics
	TA-L1-Feature-based Image Segmentation
	TA-L2-Denoising and Deblurring
	TA-L3-Biometrics II
	TA-L4-Lossy Image Coding
	TA-L5-Wavelet Video Coding and Scalability I
	TA-P1-Stereoscopic and 3-D Processing I
	TA-P2-Face Detection, Recognition and Classification II
	TA-P3-Motion Detection and Estimation: Block Matching
	TA-P4-Feature Extraction and Analysis: Color and Textur ...
	TA-P5-Watermarking III
	TA-P6-Video Indexing, Retrieval and Editing
	TA-P7-Interpolation
	TA-P8-Geosciences and Remote Sensing and Environment
	TP-S1-What is the Latest in Networked Video?
	TP-L1-Super-resolution and Interpolation
	TP-L2-Deblocking, Restoration, and Enhancement
	TP-L3-Motion Estimation and Detection
	TP-L4-Image Segmentation
	TP-L5-Biomedical Image Processing: Compression, Registr ...
	TP-P1-Stereoscopic and 3-D Processing II
	TP-P2-Face Detection, Recognition and Classification II ...
	TP-P3-Video Streaming and Networking
	TP-P4-Shape Extraction and Analysis
	TP-P5-Watermarking IV
	TP-P6-Image/video Storage and Retrieval
	TP-P7-Wavelet Video Coding and Scalability II
	TP-P8-Image Modeling

	Wednesday, 27 October, 2004
	WA-S1-Content Understanding for Home Photograph and Vid ...
	WA-S2-Pattern Discovery in Real-world Broadcast Video
	WA-L1-Image Scanning, Display, and Printing I
	WA-L2-Image Formation I
	WA-L3-Stereoscopic and 3-D Coding &amp; Processing
	WA-L4-Image Coding I
	WA-L5-Source-Channel Coding I
	WA-P1-Motion Detection and Estimation: Optical Flow and ...
	WA-P2-Watermarking V
	WA-P3-Feature Extraction and Analysis I
	WA-P4-Image Segmentation: Level Set and Active Contour
	WA-P5-Transcoding
	WA-P6-Implementations and Systems
	WA-P7-Document Image Processing and Other Applications
	WA-P8-Biomedical Image Processing: Segmentation and Com ...
	WP-L1-Image Representation, Rendering, and Quality Asse ...
	WP-L2-Stereoscopic Image Processing and 3D Modeling
	WP-L3-Feature Extraction and Analysis II
	WP-L4-Image/Video Segmentation and Tracking
	WP-L5-Distributed Source Coding and Scalability
	WP-L6-Video Streaming
	WP-P1-Image Coding II
	WP-P2-Source-channel Coding II
	WP-P3-Stereoscopic and 3-D Coding
	WP-P4-Super-resolution and Mosaic
	WP-P5-Image Formation II
	WP-P6-Motion Detection and Estimation: Other Methods
	WP-P7-Watermarking and Cryptography
	WP-P8-Image Segmentation: Clustering and Statistical Me ...
	WP-P9-Image Scanning, Display, and Printing II

	Tutorials
	Plenary Sessions
	Special Sessions
	Table of Contents of Printed Proceedings

	Authors
	All Authors
	A
	B
	C
	D
	E
	F
	G
	H
	I
	J
	K
	L
	M
	N
	O
	P
	Q
	R
	S
	T
	U
	V
	W
	X
	Y
	Z

	Papers
	All Papers
	Papers by Session
	Papers by Topics

	Topics
	1.1.1: Lossy coding
	1.1.2: Lossless coding
	1.1.3: Image compression standards
	1.2.1: DCT-based video coding
	1.2.2: Wavelet-based video coding
	1.2.3: Model-based video coding
	1.2.4: Scalability
	1.2.5: Transcoding
	1.2.6: Video compression standards
	1.2.7: Other
	1.3: Stereoscopic and 3-D Coding
	1.4: Distributed Source Coding
	1.5.1: Source/channel coding
	1.5.2: Networking
	1.5.3: Error resilience / concealment
	1.5.4: Video streaming
	1.5.5: Other
	2.1.1: Linear filtering
	2.1.2: Nonlinear filtering
	2.1.3: Level set and fast marching
	2.1.4: Partial differential equations
	2.1.5: Other filtering techniques
	2.2.1: Multiframe image restoration
	2.2.2: Contrast enhancement
	2.2.3: Deblocking / artifacts removal
	2.2.4: Deblurring
	2.2.5: Denoising
	2.2.6: Other restoration techniques
	2.2.7: Other enhancement techniques
	2.3.1: By edge
	2.3.2: By color
	2.3.3: By texture
	2.3.4: By multiple features
	2.3.5: By other features
	2.3.6: Active-contour / snake-based methods
	2.3.7: Clustering-based methods
	2.3.8: Model-fitting-based methods
	2.3.9: Statistical-classification-based methods
	2.3.10: Morphological-based methods
	2.3.11: Level-set-based methods
	2.3.12: Other segmentation methods
	2.4.1: Video object segmentation
	2.4.2: Temporal segmentation
	2.4.3: Video shot segmentation
	2.4.4: Tracking
	2.4.5: Other video segmentation techniques
	2.4.6: Other tracking techniques
	2.5: Morphological Processing
	2.6.1: Stereo image processing
	2.6.2: 3D modeling &amp; synthesis
	2.6.3: Other techniques
	2.7.1: Color
	2.7.2: Texture
	2.7.3: Shape
	2.7.4: Shading
	2.7.5: Other features
	2.8.1: Perceptual / human visual system
	2.8.2: Source modeling
	2.8.3: Noise modeling
	2.8.4: Other
	2.9.1: Face detection, recognition and classification
	2.9.2: Fingerprint analysis and coding
	2.9.3: Iris analysis
	2.9.4: Human activity, gait analysis, and gaze analysis
	2.9.5: Goal-oriented analysis tasks
	2.9.6: Other
	2.10.1: Interpolation
	2.10.2: Super-resolution
	2.10.3: Mosaic
	2.10.4: Registration / alignment
	2.10.5: Other techniques
	2.11.1: Block matching
	2.11.2: Optical flow
	2.11.3: Parametric model for motion estimation
	2.11.4: Change detection
	2.11.5: Camera calibration
	2.11.6: Other motion detection techniques
	2.11.7: Other motion estimation techniques
	2.12.1: Hardware and software co-design
	2.12.2: Embedded and real-time systems
	2.12.3: Paralleled and distributed systems
	2.12.4: Other system platforms
	3.1.1: Super-acoustic imaging
	3.1.2: Tomographic imaging
	3.1.3: Nuclear and x-ray imaging
	3.1.4: Magnetic resonance imaging
	3.1.5: Other
	3.2.1: Radar imaging
	3.2.5: Multispectral / hyperspectral imaging
	3.2.6: Other
	3.4: Optical Imaging
	3.5: Synthetic-Natural Hybrid Image Systems
	4.1: Scanning and Sampling
	4.2: Quantization and Halftoning
	4.3: Color Reproduction
	4.4: Image Representation and Rendering
	4.5: Display and Printing Systems
	4.6: Image Quality Assessment
	5.1: Image and Video Databases
	5.2.1: Low-level image indexing and retrieval
	5.2.2: Relevance feedback and interactive retrieval
	5.2.3: Content addressable browsing
	5.3.1: Video partition/shot detection
	5.3.2: Video features for retrieval
	5.3.3: Low-level video indexing and retrieval
	5.3.4: Semantic video retrieval
	5.3.5: Content summarization and editing
	5.4: Multimodality Image/Video Indexing and Retrieval
	5.5.1: Watermarking
	5.5.2: Cryptography
	6.1.1: Image segmentation and quantitative analysis
	6.1.2: Computer assisted screening and diagnosis
	6.1.3: Visualization
	6.1.4: Image compression
	6.1.5: Image registration and fusion
	6.2.1: Astronomy
	6.2.2: Geosciences
	6.2.3: Remote sensing
	6.2.4: Environment
	6.3: Document Image Processing and Analysis
	6.4: Other Applications

	Search
	Help
	Browsing the Conference Content
	The Search Functionality
	Acrobat Query Language
	Using Acrobat Reader
	Configurations and Limitations

	About
	Copyright
	Current paper
	Presentation session
	Abstract
	Authors
	Gokce Dane
	Truong Nguyen



