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ABSTRACT

The aim of this paper is to introduce a novel MUSIC-like
algorithm for polarized sources characterization based on
a quaternion model for two-component sensor-array signal.
The associated data covariance matrix is described and a
comparison with the classical long-vector approach is made.
We show that the use of quaternions improves the signal
subspace estimation accuracy and reduces the computational
burden. Additionally, the proposed algorithm presents a bet-
ter resolution power for direction of arrival (DOA) estima-
tion than the long-vector approach, for equivalent statistical
performances.

1. INTRODUCTION

In the last few years, thanks to advances in sensor techno-
logy, vector-sensor1 arrays were successfully used in var-
ious domains (communications, seismology, etc.), to im-
prove sources characterization and discrimination. In or-
der to extract information from the recorded datasets, al-
gorithms for diversely polarized arrays were proposed by
several authors ([1], [2]). An analysis of vector-sensor ar-
rays performance was carried out in [3]. Most of the algo-
rithms given in the literature are based on the long-vector
technique, that is the concatenation of the components in a
long-vector, allowing therefore the use of well established
scalar-sensor array processing methods based on matrix al-
gebra techniques.

In this paper we propose a quaternion model for a two-
components (2C) vector-sensor array signals which uses
more efficiently the multidimensional information. Quater-
nion - based techniques have already been proposed in sig-
nal processing by several authors (see [4, 5, 6] and refer-
ences therein). In frequency domain, the data are complex-
valued, representing the modulus and phase of the signals.
The proposed model encodes the two complex-valued com-
ponents of a polarized source recorded on a sensor-array

1A vector-sensor (or multicomponent sensor) is a group of collocated
(often mutually orthogonal) unidirectional scalar-sensors (usually two-2C
or three-3C) allowing to record simultaneously the pulsation of a polarized
wavefield in several space dimensions.

in a vector of quaternions, allowing a compact handling
of the multicomponent information. Consequently, a data
covariance model is introduced as the quaternion spectral
matrix (QSM) and a MUSIC-like algorithm for polarized
sources characterization is proposed. We show that, thanks
to a stronger orthogonality constraint, the new algorithm
achieves a more accurate estimation of the signal subspace
and a better DOA resolution compared with the long-vector
approach. The use of quaternions also reduces the compu-
tational burden and the memory size required for computa-
tion.

2. PROPOSED APPROACH

2.1. Quaternions

A quaternion is a four-dimensional hypercomplex number
that can be written as:

q = q0 + iq1 + jq2 + kq3, (1)

where
i2 = j2 = k2 = ijk = −1. (2)

The conjugate of a quaternion is given by:

q̄ = q0 − iq1 − jq2 − kq3, (3)

and its modulus is:

|q| =
√

qq =
√

qq =
√

q2
0 + q2

1 + q2
2 + q2

3 . (4)

The set of quaternions, notedH, forms a noncommutative
algebra. In general, given two quaternionsp andq, then

pq 6= qp andpq = q̄p̄. (5)

A quaternion can be also expressed in the Cayley-Dickson
form [7] as:

q = q(1) + jq(2), (6)

whereq(1) = q0 + iq1 andq(2) = q2 − iq3. A version
of this notation is used in next subsection to model a two-
component complex signal. A thorough review of quater-
nions can be found in [8]



2.2. Polarized signal model

Consider a 2C linear vector-sensor array formed of N equa-
lly-spaced sensors. In Fourier domain, at fixed frequency,
observation on this array is given by two complex vectors
y1,y2 ∈ CN , one for each component. Using an alternate
form of Cayley-Dickson expression of a quaternion given
in subsection (2.1), the following quaternion-valued vector
y ∈ HN can be constructed:

y = y1 + iy2 (7)

in whichy1 andy2 arej-complex vectors. When using the
long-vector techniques,y1,y2 are concatenated forming the
extended complex vector̃y ∈ C2N , ỹ = [yT

1 |y
T
2 ]T .

Consider now a scenario withF decorrelated sources
impinging on the array. The sources are modeled by sta-
tionary stochastic processes and the propagation medium is
supposed isotropic. Noise is spatially white and not polar-
ized. If the sources are all confined in the array plane, their
DOA is given by a single parameter. For simplicity, we con-
sider that the location of a sourcef is specified by the inter-
sensor phase-shiftθf and its polarization is characterized
by: the amplitude ratio between the componentsρf and the
intercomponent phase shiftϕf . Thus, the global behavior
of thef th source on the array is modeled by the quaternion
vectorsf ∈ HN :

sf (θf , ρf , ϕf ) = pf (ρf , ϕf )af (θf ), (8)

where:pf(ρf , ϕf ) = 1 + iρfejϕf , and:

af (θf ) =
[
1, e−jθf , . . . , e−j(N−1)θf

]T

. (9)

Thus:

sf (θf , ρf , ϕf ) =





1 + iρfejϕf

e−jθf + iρfej(ϕf−θf )

...
e−j(N−1)θf + iρfej(ϕf−(N−1)θf )




.

(10)
Consequently, the recorded signal on the antenna can be
written as:

y =

F∑

f=1

sfσf + n, (11)

wheren is a quaternion vector containing noise contribution
on the two components of the array andσf is thej-complex
amplitude of the source on the first component of the array.

2.3. Quaternion spectral matrix

An observation on the 2C antenna is given by a quaternion
vectory ∈ HN . The data covariance matrix associated to
this model is the quaternion spectral matrix,Ω ∈ H

N×N :

Ω = E[yy†], (12)

whereE[.] is the mathematical expectation operator and†

represents the transposition-conjugation. Substituting(7) in
(12), the representation ofΩ becomes:

Ω = E[y1y
†
1]−E[y1y

†
2]i+iE[y2y

†
1]−iE[y2y

†
2]i. (13)

When considering (13) the reader must keep in mind that
y1,y2 are j-complex vectors and multiplication byi of
a j-complex number is not commutative. One can iden-
tify in (13) the expressions of auto-covariance and cross-
covariance matrices for the two components of the vector ar-
ray, meaning that QSM contains intrinsically all the second-
order information available on the antenna.

Using (11) and the sources and noise decorrelation as-
sumptions, the expression of the QSM becomes:

Ω =

F∑

f=1

σ2
fsfs

†
f + Ωn, (14)

whereΩn = E[nn†] contains noise second order statistics
andσ2

f represents the power of sourcef on the antenna.
The analogous covariance matrix for long-vector case,

Ω̃ ∈ C2N×2N (Ω̃ = E[ỹỹ†]) contains(2 ×N)2 = 4× N2

complex entries, that is8 × N2 real fields while the quater-
nion spectral matrix in (12) has only4 × N2 real values,
reducing by half the memory size required for computation.
The computational burden for quaternion spectral matrix es-
timation is detailed in subsection 2.6.

2.4. Quaternion and complex orthogonality

In order to use subspace-based methods, the quaternion spec-
tral matrix must be diagonalized by means ofQuaternion
EigenValue Decomposition [7]. As the existence of left eigen-
values of a quaternion matrix is problematic [9], the right
quaternion eigenvalues and the right quaternion eigenvec-
tors are considered in this paper. Quaternion spectral matrix
can thus be written as:

Ω =

N∑

f=1

λfufu
†
f , (15)

whereλf are the real eigenvalues (asΩ = Ω†) anduf are
the N orthonormal quaternion-valued eigenvectors. Two
quaternion random vectorsp,q ∈ HN areorthogonal if:

< p,q >H= 0, (16)

where< p,q >H= E[q†p] (see [10]).
Let us consider these two quaternion random vectors

p,q given as:



p = p1 + ip2 and q = q1 + iq2 (17)

and the associated long-vector formsp̃, q̃ ∈ C
2N :

p̃ =
[
pT

1 |p
T
2

]T
and q̃ =

[
qT

1 |q
T
2

]T
(18)

By imposing orthogonality between quaternion vectorsp

andq (< p,q >H= 0), the following relations are obtained:

< p1,q1 >C + < p2,q2 >C= 0 (19)

and

< p2,q
∗
1 >C=< p1,q

∗
2 >C, (20)

while the orthogonality condition2 for the long-vector ap-
proach leads only to (19). This means that the quaternion
vector orthogonality constraint imposed when diagonaliz-
ing QSM, is more restrictive in the choice of the eigenvec-
tors than the long-vector orthogonality constraint.

To see how this stronger orthogonality constraint affects
the subspace estimation in eigenstructure-based algorithms,
two randomly-generated matricesW1,W2 ∈ C

50×50 are
considered. Assimilating these matrices to data recorded on
a 2C sensor array, a quaternion matrixWQ ∈ H50×50 and
a long-vector oneWLV ∈ C100×50 are constructed as:

WQ = W1 + iW2 and WLV = [W1|W2]
T

. (21)

Diagonalization and rank-R truncation (0 < R < 50) of
WQ andWLV giveWR

Q andWR
LV respectively (see [6]).

Then:

errQ(R) =
‖WQ − WR

Q‖

‖WQ‖
(22)

and

errLV (R) =
‖WLV − WR

LV ‖

‖WLV ‖
(23)

give the normalized rank-R approximation error ofWQ and
WLV , where‖.‖ designates the Frobenius norm.

In Fig. 1, errQ(R) and errLV (R) (in dB) are pre-
sented as functions of the rank-R approximation. Averaging
over 100 independent realizations ofW1 andW2 was per-
formed. The quaternion approach concentrates the energy
of the two-component dataset on the first eigenvectors bet-
ter than the long-vector technique, as one can see inFig.1.
This means that on 2C recorded datasets, the energy of the
signals is more accurately concentrated on signal subspace
using quaternions than with the long-vector methods. This
property is exploited in the following quaternion high reso-
lution algorithm.

2Two complex random vectors̃p, q̃ ∈ CN are orthogonal if
< p̃, q̃ >C= 0, where< p̃, q̃ >C= E[q̃†p̃].
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Fig. 1. Rank approximation error (in dB) for the quaternion
and long-vector approaches

2.5. Quaternion-MUSIC

MUSIC-like methods are based on the projection of a steer-
ing vector on the estimated noise subspace. By identifica-
tion of (14) with (15), we associate the firstF eigenvalues
to the signal part of the observation and the rest ofN −F to
the noise part. Thus, the quaternion projector on the noise
subspace is defined as:

Πn =
N∑

f=F+1

ufu
†
f . (24)

An unitary quaternion steering-vectorq(θ, ρ, ϕ) ∈ HN , mod-
eling the arrival of a polarized source on the antenna is then
generated dividing

q(θ, ρ, ϕ) =





1 + iρejϕ

e−jθ + iρej(ϕ−θ)

...
e−j(N−1)θ + iρej(ϕ−(N−1)θ)




(25)

by its norm. The Quaternion-MUSIC estimator (Q-MUSIC)
depending on three parameters is computed by projectingq

on the noise subspace:

Q(θ, ρ, ϕ) =
1

q†(θ, ρ, ϕ)Πnq(θ, ρ, ϕ)
(26)

The function in (26) has maxima for sets of (θ, ρ, ϕ)
corresponding to sources present in the signal. By varying
θ, ρ, ϕ within a given domain with a chosen step, a three di-
mensional surface is computed. The estimated values ofθ, ρ

andϕ are the coordinates of the most important local max-
ima on this surface. Assuming that the iteration step is suf-
ficiently small for a correct sampling of the hyper-surface,
the search for local maxima is automatically done by com-
paring each point on this surface with its neighbors. The
first F maxima correspond to theF sources present in the
signal. This way, the estimation process ofθ, ρ andϕ is
quasi-unsupervised.



2.6. Computational issues

This section addresses the problem of computational com-
plexity for long-vector and quaternion algorithms. A full es-
timation of the computational complexity of the methods is
difficult and is little relevant as it is hardware and software
dependent. In the sequel we only focus on one aspect of
the algorithm: the estimation of the covariance matrix. This
procedure, as it implies repetitive operations, best illustrates
the complexity differences between the two algorithms. The
complexity of the methods are evaluated in terms of mem-
ory requirements, memory traffic and basic arithmetical op-
erations: real numbers addition (A), multiplication (M) and
division (D).

Let us consider a vector-sensor array composed ofN

two-component sensors. In frequency domain, a snapshot of
the array is given by two complex-valued vectorsp1,p2 ∈
C

N . The quaternion representationp ∈ H
N and the long-

vector representatioñp ∈ C2N of the observation vector
have the expressions given by (17) and (18). The corre-
sponding covariance matrices are as it follows:

Ω = E[pp†] ∈ H
N×N andΩ̃ = E[p̃p̃†] ∈ C

2N×2N .

(27)
If averaging overL particular realizations of the covari-

ance matrix is used for estimation, we can write:

Ω =
1

L

L∑

l=1

plp
†
l =

1

L

L∑

l=1

Ωl (28)

and

Ω̃ =
1

L

L∑

l=1

p̃lp̃
†
l =

1

L

L∑

l=1

Ω̃l. (29)

Each one of theΩl matrices hasN2 quaternionic entries
and can be represented at machine memory level on4N2

real fields, while thẽΩl matrices have4N2 complex entries
each, corresponding to8N2 real values. This way, quater-
nion algorithm reduces by half the memory requirements
for representation of data covariance model, resulting also
in a total diminution by a factor of≈ 2 of memory traffic
operations (data retrieving and writing) and a proportional
speed gain.

Let us evaluate now the total number of basic arith-
metical operations needed to estimate the covariance ma-
trix. Each of the quaternion entries ofΩl is the result of
the multiplication of two quaternions. Multiplication of two
quaternions implies 16 real multiplications (M) and 12 real
additions (A), that is a total of16N2 (M) and 12N2 (A)
for the whole matrix. For the complex matrix̃Ωl we have
16N2 (M) and8N2 (A).

Thus, the summation
∑L

l=1 Ωl needs a total of16N2L

(M) and12N2L+(L−1)4N2 = 16N2L−4N2 (A) while∑L
l=1 Ω̃l requires16N2L (M) and8N2L+(L− 1)8N2 =

16N2L−8N2(A). These results take into account the obser-
vation vectors multiplication as well as matrices addition.
The final division byL means another4N2 real numbers
divisions (D) for the quaternion algorithm and8N2 (D) for
the long-vector one.Table 1 recapitulates the covariance
matrix computational effort for the two algorithms.

As we can see, the quaternion algorithm reduces the
memory requirements for data covariance model represen-
tation by a factor of two. Consequently, the memory traffic
is reduced by approximately the same factor, resulting in an
important gain in rapidity, especially for large data size.Re-
garding the number of elementary operations on real values,
the quaternionic approach demands4N2 additions more-
over and4N2 divisions less than the long-vector method.
The computational complexity for division is several times
more important than for addition, implying higher compu-
tational cost for long-vector.

The computation of the quaternionic eigenvectors of the
estimated matrixΩ ∈ HN×N can be performed using algo-
rithms dealing with complex numbers or quaternions. The
methods based on complex numbers come down to diago-
nalizing the complex adjoint matrix ofΩ, that is a complex-
valued matrix of size2N×2N (see [7, 11]). In this case, the
computational complexity of the eigenvalue decomposition
of the quaternionic matrixΩ is equivalent to the decompo-
sition complexity of the complex matrix̃Ω. The advantage
of this approach is given by the possibility of using complex
matrix diagonalization routines already existing in the liter-
ature (ex. LAPACK), that are computationally optimized.

Nevertheless, it was shown (see [12]) that working di-
rectly in quaternionic domain improves the convergence
speed of the algorithms compared to complex approach. This
reinforces the idea that the use of quaternions can enhance
the performance of algorithms.

Generally, the use of quaternions in algorithms reduces
the computational effort, due to the compact handling of the
data.

3. RESULTS

In this section, a comparison between the Q-MUSIC and
the long-vector MUSIC algorithm is presented for different
source configurations. First, a polarized source impinging
on an array of 20 two-component sensors is considered. The
simulated parameters for the source areθ = 0.44 rad, ρ =
1, ϕ = −30o. In Fig. 2 we plotted the DOA curve for the
quaternion and the long-vector approach, assuming the po-
larization parameters known. Five hundred trials have been
used to estimate the covariance matrices. As we can note
in Fig. 2, the two detection curves for the algorithms are
almost completely superposed. However, the quaternion al-
gorithm seems to be slightly more resolutive (the amplitude
of the detection lobe is more important) than the long-vector



Memory Memory Real Real Real
requirements operations multiplications additions divisions
(real values) (M) (A) (D)

quaternion SM 4N2 ≈ 4N2L 16N2L 16N2L − 4N2 4N2

long-vector SM 8N2 ≈ 8N2L 16N2L 16N2L − 8N2 8N2

Table 1. Computational effort for covariance matrix estimation

one. The explanation to this result is the stronger orthogo-
nality constraint (described in subsection 2.4) imposed by
the quaternion approach.

0.4 0.41 0.42 0.43 0.44 0.45 0.46 0.47 0.48 0.49 0.5
0

2

4

6

8

10

12

14

DDA by θ (rad)

Fu
nc

tio
n 

m
ag

ni
tu

de

Q−MUSIC
long−vecteur MUSIC

Fig. 2. DOA estimation for one source
Cut forρ1 = 1 (rad) andϕ1 = −30o (s1)

A scenario with three differently polarized sources is
then considered. The simulated parameters for the sources
are given inTable 2. Fig. 3 ((a) and (b)) shows the polariza-
tion plane for the DOAθ1 = −1 corresponding to the first
source.

s1 s2 s3

θ (rad) 0.44 -0.44 -0.88
ρ 1 3 5
ϕ (degrees) -30 -10 20

Table 2. Simulated parameters for the three sources

When using Q-MUSIC, the estimated values for the po-
larization parameters arêρQ

1 = 1.15 andϕ̂
Q
1 = −28o, whe-

reas for the long-vector algorithm the estimated parameters
are ρ̂LV

1 = 1.2, ϕ̂LV
1 = −27o. The polarization path (the

detection cone) is wider for Q-MUSIC, meaning that the
proposed method is less resolutive in polarization parame-
ters plane. This is a direct consequence of memory require-
ments reduction for QSM computation (see subsection 2.6).
The multicomponent (polarization) dimension of the data is
compressed when computing QSM, resulting in a less ac-
curate separation of sources in polarization domain. This
fact is also illustrated inFig. 4 that plots DOA curves corre-
sponding to polarization parameters of the first source, for
both algorithms. We see that for Q-MUSIC, the other two
sources (s2 et s3) are still present on the detection curve
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right side ofFig. 4 represents a zoom of the detection peak
for s1, showing that, even in a multiple source scenario, the
quaternion approach presents a stronger answer for sources
DOA estimation.

In order to have a statistical characterization of Q-MUSIC
estimator, its performance is compared to long-vector MU-
SIC and classical MUSIC (for scalar arrays) in Monte Carlo
runs. Consider two equal-power uncorrelated polarized sour-
ces, with random initial phases, impinging on a two-compo-
nent sensor-array composed of 10 equally-spaced sensors.
The sources DOAs areθ1 = −0.7 rad, θ2 = 0.5 rad and
they have the following polarization parameters:ρ1 = 2.5,
ϕ1 = −0.18 rad, ρ2 = 3, ϕ2 = 0.15 rad. Figure 5 plots
the DOA root-mean-square (RMS) estimation error for the
estimators mentioned bellow. One hundred snapshots are



used in each Monte Carlo run. Three hundred independent
runs contribute to each number in the figure. Additive white
gaussian noise is present in different signal to noise propor-
tions. The RMS error for DOA estimation is defined as the
root-mean-square of the RMS estimation error ofθ1 andθ2:

RMS(θ̂) =

√
RMS2(θ̂1) + RMS2(θ̂2)

2
.

For Scalar-MUSIC a mean is operated over the two com-
ponents. Fig 5 shows that the two algorithms, Q-MUSIC
and long-vector MUSIC, present equivalent performance,
their RMS error curves are almost totally superposed. Nev-
ertheless, their estimation error is clearly inferior to scalar
version of the algorithm.
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4. CONCLUSIONS

This paper illustrates the potentiality of hypercomplex num-
bers in statistical signal processing.

We have proposed an eigenstructure-based algorithm for
multiple sources characterization on a 2C-sensor array based
on a novel quaternion model for 2C complex-valued dataset.
Q-MUSIC proved to be more sensitive to sources DOAs
than the classical long-vector version, for equivalent sta-
tistical performance. We showed that a more accurate es-
timation of the signal subspace is achieved provided that
hypercomplex algebra is used. The memory requirement
for covariance matrix computation are diminished by half,
resulting in a proportional reduction of computational bur-
den. However, the proposed method is less sensitive to po-
larization parameters estimation compared to long-vector
approach. Nevertheless, quaternion formalism provides an
elegant and compact way of handling multicomponent data.
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