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ABSTRACT

Many applications rely on a state-space description of the
input-output dynamics of the system. In this paper we ad-
dress the problem of parameter estimation in a class of non-
linear state-space models. The state transition coefficient
and the process noise variance are estimated from the re-
ceived observations in a recursive manner. Some properties
of the characteristic function (in this case for normally dis-
tributed variables) are exploited. Two applications are pre-
sented, estimation of the carrier frequency offset in OFDM
and propagation path parameter estimation in channel sound-
ing. Illustrative examples show the reliable performance of
the introduced parameter estimation technique.

1. INTRODUCTION

State-space models have been extensively used in various
applications. When the linearity of the system and the Gaus-
sianity of the noise are assumed, this type of models lead to
optimal filtering using the Kalman Filter. In many applica-
tions such as communications and radar, the system model
may be nonlinear. In such case the Extended Kalman Filter
(EKF) can be used.

The optimality of the Kalman Filter (KF) is partly based
on the fact that all the parameters describing the state space
model are known except for the state which has to be es-
timated. When state-space models are used in various ap-
plications, a typical assumption is that the state transition
scalar (matrix) and the noise statistics are known. However,
this may not be the case in practice. In real applications one
may have to accurately estimate these parameters in order to
obtain a close to optimal performance of the KF. The prob-
lem of recursively estimating the state transition matrix and
the noise statistics was considered in [1] for a linear model.

In this paper, the goal is to determine the state transition
scalar and the noise statistics in a class of non-linear mod-
els. This type of models are encountered in various com-
munications applications. For example, in OFDM trans-
mission [2], the carrier frequency offset may be modeled
using a nonlinear state-space formulation [4]. Another po-
tential application is in channel sounding and propagation

parameter estimation [5]. The main challenge is in mod-
eling real-world measured data where no prior information
on state transition coefficients and statistics of process noise
is available. In both applications, i.e. OFDM and chan-
nel sounding, when applying EKF to estimate the state, the
parameters describing the state-space model are commonly
selected by trial and error. These parameters have a crucial
role in the performance of the estimator, as has been ob-
served in [5]. Hence, it is highly desirable to estimate both
the state transition coefficient and the noise statistics from
the data.

The rest of the paper is organized as follows. In the next
section we briefly present the system model and in section
three we describe how the state scalar and noise statistics are
estimated from the received data. In section four we focus
our attention on estimating the noise statistics. Illustrative
examples are presented in section five.

2. MODEL AND ASSUMPTIONS

Let us start by introducing the scalar state-space model used
in this paper:

θk+1 = aθk + vk (1)

zk = h(θk) + wk, (2)

where h(θk) = ejωθk . This specific nonlinearity is needed
in our applications that are later described in the paper. The
noise sequences v and w are zero mean, mutually uncor-
related and also uncorrelated with the state. We assume
that v is real noise and w is circular white noise, hence
E [wtw

∗
s ] = σ2

wδt,s and E [wtws] = 0 for any t and s.
We also assume that |a| < 1. It can be easily verified that
if vk is zero mean, the state θk is also zero mean. The task
is to estimate a and the variances of vk and wk, from the
received data zk.

Let us start by considering equation (1). Multiplying
from the right by vk and taking the expectation we obtain:

E [θk+1vk] = aE [θkvk] + E
[
v2

k

]
(3)

We can write E [θkvk] = E [θk] E [vk] = 0 since θk de-
pends only on past values (up to k − 1) of vk. We obtain



that:
E [θk+1vk] = σ2

v. (4)

It can be also shown that σ2
v = σ2

θ(1 − a2). If θ is a
Gaussian distributed random parameter obeying N (0, σ 2

θ),
then we have the following property of the characteristic
function:

Φθ(ω) = E
[
ejωθ

]
= e−

1
2σ2

θω2
. (5)

For other possible distributions of θ, one can use the corre-
sponding characteristic function [3].

3. ESTIMATION

In this section we introduce the method for estimating the
state transition scalar and the noise statistics. For this pur-
pose, considering the equations (1)-(2), let us start by inves-
tigating E [zkz∗k]:

E [zkz∗k] = 1 + E [wkw∗
k] .

As a result:

σ̂2
w = 1

k−2

∑k
n=2 znz∗n − 1. (6)

We continue by inspecting E [zkzk]:

E [zkzk] = E
[
e2jωθk

]
+ E [wkwk] .

The noise is assumed to be circular and white, hence
E [wkwk] = 0. Using the definition of the characteristic
function we obtain:

1
k − 2

k∑
n=2

znzn = e−2ω2σ̂2
θ (7)

from which we get:

σ̂2
θ = − 1

2ω2 ln
[

1
k−2

∑k
n=2 znzn

]
. (8)

Let us now investigate E
[
zkz∗k−1

]
:

E
[
zkz∗k−1

]
= E

[(
ejωθk + wk

) (
ejωθk−1 + wk−1

)∗]
= E

[
ejω(θk−θk−1)

]
= E

[
ejω(a−1)θk−1

]
E

[
ejωvk−1

]
. (9)

This means that the previous result can be written as:

E [zkz∗
k−1] = Φθk−1 [ω(a − 1)]Φvk−1 [ω] (10)

which can be further written as:

1
k − 2

k∑
n=2

znz∗n−1 = e−
1
2 σ̂2

θ [ω(a−1)]2e−
1
2 σ̂2

v [ω]2 . (11)

Using the result that σ2
v = σ2

θ(1 − a2), the previous
relation can be rewritten as:

−1
2
σ̂2

θω2(â − 1)2 − 1
2
σ̂2

θω2(1 − â2) =

ln

[
1

k − 2

k∑
n=2

znz∗n−1

]
(12)

−2σ̂2
θπ2

[
â2 − 2â + 1 + 1 − â2

]
= ln

[
1

k − 2

k∑
n=2

znz∗n−1

]
.

(13)
Finally, the state transition scalar is given by:

â = 1 +
ln[ 1

k−2

∑ k
n=2 znz∗

n−1]
σ̂2

θω2 . (14)

4. APPLICATIONS

In the previous derivations, for simplicity, we have used a
scalar model. The results can be easily extended to a vector
state-space model. In this section we apply the method to
two potential applications, OFDM and channel sounding.

4.1. OFDM

In OFDM, the carrier frequency offset (CFO) may be mod-
eled in a state-space form, leading to a nonlinear model [4].
The CFO, denoted here by θ is assumed to obey the follow-
ing dynamics over time:

θk = aθk−1 + vk, (15)

where |a| < 1 for stability, vk is the Gaussian state noise
with variance σ2

v . The quantity θ ∈ [0, 1) is referred to as
the normalized frequency offset with respect to the intercar-
rier spacing.

The observation equation, which gives us the input-output
relation of the system is:

zk = G (θk) + wk, (16)

where G : [0, 1) → CN defined as G(θk) = CθH̃k x̃k is a
non-linear function of the state variable θ. H̃k is the N ×N
frequency-domain circulant channel matrix, with the (i,j)th
entry given by h(i,j) mod N (k). The diagonal matrix Cθ of
size N × N introduces the frequency offset and is defined
as Cθ = diag

{
exp

(
j 2πnθ

N

)}
with n = L, . . . , N + L − 1,

where L is the length of the cyclic prefix.
Equations (15)-(16) form the nonlinear state space model

on which the estimation of the state, θ, is performed.



4.2. Channel Sounding

In channel sounding, one of the key tasks is to estimate pa-
rameters describing the propagation model (for example the
direction of departure at the mobile station, the time delay
of arrival or the complex paths weights) [5]. Using state-
space models improves considerably the propagation path
parameter tracking and thus, enhances the accuracy of chan-
nel analysis. Parameter tracking can considerably increase
the path parameter pairing over time. This can be used to
answer more precisely the questions of path lifetime in dif-
ferent measurement scenarios. It also allows detailed inves-
tigation of the parameter statistics of scattering clusters. In
this application the state-space model is given by:

θp,k+1 = aθp,k + vp,k (17)

zk = g(θp,k) + wk, (18)

where θp,k+1 is the parameter of interest (e.g. mean path de-
lays, angles of arrival, direction of departure). This param-
eter is mapped to the measurements by a nonlinear function
that is parameter dependent, for example the delay of the
path p is mapped to the measurements by:

g (θp,k) = 1√
Nr

[
e−jθp,k

Nr−1
2 · · · 1 · · · e+jθp,k

Nr−1
2

]T

∈ C
M×1

(19)
Estimation of the channel parameters using the model (17)-
(18) has been performed in [5]. However, the state tran-
sition coefficient and state noise variance were selected by
trial and error. Moreover, it was observed that the estimator
in highly sensitive to the values of these parameters. This is
due to the fact that the technique is operating on real world
measured data, where the dynamics change over a long pe-
riod of time (one measurement can reach up to several min-
utes). Hence, there is a need to estimate and possibly track
these parameters from the received data.

Using the rationale presented in Section 3, it can be
shown that an estimate of the transition scalar is given by:

â = 1 +
1

σ2
θ ||(m � m)||2 (m � m)T ln [q] (20)

where

q = diag

{
1

k − 2

k∑
n=2

znz∗n−1

}
, (21)

diag operation is selecting the diagonal elements of a ma-
trix, the result being a vector, and� is denoting the Hadamard

product. We have used also the notation m =
[

Nr−1
2 · · · Nr+1

2

]T
.

5. EXAMPLES

In our first example, all the parameters involved in the model
are known. This type of simulation is useful since we can
verify the convergence of estimated parameters to the true

ones. Let us start by generating 1000 samples according to
equations (1)-(2). The state noise v is real white Gaussian
noise, the observation noise w is circular complex white
Gaussian noise. The two noise sequences are mutually un-
correlated and also uncorrelated with the state. The state
transition coefficient is a = 0.9. In Figure 1 we have de-
picted with the solid line the estimated observation noise
variance Figure 1-(a) and the estimated state variance, Fig-
ure 1-(b). Dashed line represents the true values. We have
used equation (6) for the measurement noise variance es-
timation and equation (8) for the state noise variance esti-
mation. We have estimated the state transition scalar using
equation (14), the result is depicted in figure 2.
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Fig. 1. Tracking result for: (a) process noise variance, true
value is σ2

v = 0.004, (b) measurement noise variance, true
values is σ2

w = 0.0019. Dash line represents true values,
continuous line represents estimated values.

0 50 100 150 200 250 300 350 400 450 500
0

0.2

0.4

0.6

0.8

1

1.2

1.4

number of samples

estimated state transition scalar

Fig. 2. Estimated value of the state transition coefficient,
true value is a = 0.9. Dash line represents true value, con-
tinuous line represents estimated value.

The second example is related to the channel sounding
application. In our study we have considered the normal-
ized Direction Of Arrival (DoA) azimuth as the parameter
of interest. The results obtained by the proposed technique
and ML estimator [6] are presented. The received signal is
modeled using (18). Real sounder data is used [6]. Hence
the true value is not known. For this purpose, the state has



been considered known (it has been already estimated from
the real sounder measurements using a ML technique [6]).

It is important to note that the parameter estimation is
applied in advance to the data to acquire the state-space pa-
rameters. The estimated state transition coefficient is pre-
sented in figure 3. In this case the state-transition parameter
is not know. One should use a trial and error approach in
order to find good approximations for the state-space model
parameters, as has been used in [5]. Moreover, this exam-
ple shows the estimation over about 10.5 seconds. Typi-
cally the channel sounding data recordings can span over
several minutes, time in which the parameters change due
to the movement of the mobile station and the dynamic en-
vironment. This makes the trial and error selection of the
parameters a tedious task, if not impossible.
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Fig. 3. Estimated value of the state transition coefficient.

In this example the measurement noise is known, hence
we can depict a converge to the true value (figure 4). The es-
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Fig. 4. Measurement noise variance. Estimated (continuous
line) versus true value (dash line).

timated state using estimated state-space model parameters
is depicted in Figure 5, along with the true state.
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Fig. 5. Estimated normalized DoA azimuth using estimated
parameters (continuous line) versus normalized DoA az-
imuth estimated with the ML method (dash line).

6. CONCLUSIONS

In this paper we have introduced a parameter estimation
method applicable for a class of non-linear state-space mod-
els. The state transition coefficient and the process noise
variance are estimated from the received observations in a
recursive manner, exploiting some properties of the charac-
teristic function. The reliable performance of the technique
has been demonstrated in illustrative examples.
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