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ABSTRACT

Many applications rely on a state-space description of the
input-output dynamics of the system. In this paper we ad-

dress the problem of parameter estimation in a class of non-

linear state-space models. The state transition coefficient
and the process noise variance are estimated from the re-

ceived observationsin arecursive manner. Some properties
of the characteristic function (in this case for normaly dis-

tributed variables) are exploited. Two applications are pre-

sented, estimation of the carrier frequency offset in OFDM

and propagation path parameter estimation in channel sound-
ing. Illustrative examples show the reliable performance of

the introduced parameter estimation technique.

1. INTRODUCTION

State-space models have been extensively used in various
applications. When thelinearity of the system and the Gaus-
sianity of the noise are assumed, this type of modelslead to
optimal filtering using the Kalman Filter. In many applica-
tions such as communications and radar, the system model
may be nonlinear. In such case the Extended Kalman Filter
(EKF) can be used.

The optimality of the Kalman Filter (KF) is partly based
on the fact that all the parameters describing the state space
model are known except for the state which has to be es-
timated. When state-space models are used in various ap-
plications, a typical assumption is that the state transition
scalar (matrix) and the noise statistics are known. However,
this may not be the case in practice. In real applicationsone
may haveto accurately estimate these parametersin order to
obtain a close to optimal performance of the KF. The prob-
lem of recursively estimating the state transition matrix and
the noi se statistics was considered in [1] for alinear model.

In this paper, the goal isto determine the state transition
scalar and the noise statistics in a class of non-linear mod-
els. This type of models are encountered in various com-
munications applications. For example, in OFDM trans-
mission [2], the carrier frequency offset may be modeled
using a nonlinear state-space formulation [4]. Another po-
tential application is in channel sounding and propagation

parameter estimation [5]. The main challenge is in mod-
eling real-world measured data where no prior information
on state transition coefficients and statistics of process noise
is available. In both applications, i.e. OFDM and chan-
nel sounding, when applying EKF to estimate the state, the
parameters describing the state-space model are commonly
selected by trial and error. These parameters have a crucial
role in the performance of the estimator, as has been ob-
served in [5]. Hence, it is highly desirable to estimate both
the state transition coefficient and the noise statistics from
the data.

Therest of the paper is organized as follows. In the next
section we briefly present the system model and in section
three we describe how the state scalar and noise statistics are
estimated from the received data. In section four we focus
our attention on estimating the noise statistics. Illustrative
examples are presented in section five.

2. MODEL AND ASSUMPTIONS

Let us start by introducing the scalar state-space model used
in this paper:

9k+1 = aek + v (1)
h(0k) + wi, )

where h(6;,) = e/“% . This specific nonlinearity is needed
in our applicationsthat are later described in the paper. The
noise sequences v and w are zero mean, mutually uncor-
related and also uncorrelated with the state. We assume
that v is real noise and w is circular white noise, hence
E[ww}] = 026 and E [w,ws] = 0 for any ¢ and s.
We also assume that |a| < 1. It can be easily verified that
if v;, is zero mean, the state 0, is also zero mean. The task
is to estimate a and the variances of v, and wy, from the
received data zy,.

Let us start by considering eguation (1). Multiplying
from the right by v, and taking the expectation we obtain:

E [9k+1vk] =akF [Gkvk] + F [Uﬂ (3)

We can write E [0,vr] = E [0x] E [vr] = 0 since 6y, de-
pends only on past values (up to k£ — 1) of vy. We obtain

ZEr =



that:
E [Og41vk] = 0. (4)

It can be also shown that 02 = o3 (1 — a?). If fisa
Gaussian distributed random parameter obeying N'(0, 0 %),
then we have the following property of the characteristic
function:

Pp(w)=FE [ejwe] = e 295", (5)
For other possible distributions of #, one can use the corre-
sponding characteristic function [3].

3. ESTIMATION

In this section we introduce the method for estimating the
state transition scalar and the noise statistics. For this pur-
pose, considering the equations (1)-(2), let us start by inves-
tigating E [z12}]:

Elzz;] = 14 Ewiwy].

Asaresult:

. k
62 = ﬁ oo Znz — L. (6)

We continue by inspecting E [z 2x):
Elzkz] = E [er“H"'} + F [wpwg) -

The noise is assumed to be circular and white, hence
FE [wgwg] = 0. Using the definition of the characteristic
function we obtain:

k
1 2.2
m E Znin = 672(” 70 (7)
n=2

from which we get:

o5 = 72%2 In {ﬁ Zi:g znzn] ) (8

Let usnow investigate £ [z;2;_, |

El[azi,] = E[(ejwek+wk) (ejwak,lewk_l)*}

= E[ejw(ek:*ek—l)}
_ g ploe]. @

This means that the previous result can be written as:

Elzkzia] = o [wla—1D]Py,, [w] (10)

which can be further written as:

L&
k—2 Z ZnZp_1 = e 308l =300 (17)

n=2

Using the result that o2 =
relation can be rewritten as:

o3(1 — a?), the previous
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n=2
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(13)
Finally, the state transition scalar is given by:
LSk 2zt
a=1+ 2] (14)
0

4. APPLICATIONS

In the previous derivations, for simplicity, we have used a
scalar model. The results can be easily extended to a vector
state-space model. In this section we apply the method to
two potential applications, OFDM and channel sounding.

4.1. OFDM

In OFDM, the carrier frequency offset (CFO) may be mod-
eled in a state-space form, leading to a nonlinear model [4].
The CFO, denoted here by 6 is assumed to obey the follow-
ing dynamics over time;

O = abk_1 + vg, (15)

where |a| < 1 for stability, v, is the Gaussian state noise
with variance o2. The quantity # € [0,1) is referred to as
the normalized frequency offset with respect to the intercar-
rier spacing.

The observation equation, which gives usthe input-output
relation of the systemiis:

zr = G (0r) + wi, (16)

where G : [0,1) — Cy defined as G(6y,) = CoHy %, isa
non-linear function of the state variable 6. ﬁk isthe N x N
frequency-domain circulant channel matrix, with the (¢,5)th
entry givenby A(; ;) moa n (k). Thediagonal matrix Cy of
size N x N introduces the frequency offset and is defined
asCy = diag{exp (‘]%)} withn=L,.... N+ L—1,
where L isthe length of the cyclic prefix.

Equations (15)-(16) form the nonlinear state space model
on which the estimation of the state, ¢, is performed.



4.2. Channel Sounding

In channel sounding, one of the key tasks is to estimate pa-
rameters describing the propagation model (for examplethe
direction of departure at the mobile station, the time delay
of arrival or the complex paths weights) [5]. Using state-
space models improves considerably the propagation path
parameter tracking and thus, enhancesthe accuracy of chan-
nel analysis. Parameter tracking can considerably increase
the path parameter pairing over time. This can be used to
answer more precisely the questions of path lifetimein dif-
ferent measurement scenarios. It also allows detailed inves-
tigation of the parameter statistics of scattering clusters. In
this application the state-space model is given by:

(17)
(18)

abp,ic + Up i

g(elhk) + Wik,

9p,k+1

Zj

whered,, ;.41 isthe parameter of interest (e.g. mean path de-
lays, angles of arrival, direction of departure). This param-
eter is mapped to the measurements by a nonlinear function
that is parameter dependent, for example the delay of the
path p is mapped to the measurements by:

Np—1 Np—17T
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Estimation of the channel parameters using the model (17)-
(18) has been performed in [5]. However, the state tran-
sition coefficient and state noise variance were selected by
trial and error. Moreover, it was observed that the estimator
in highly sensitive to the values of these parameters. Thisis
due to the fact that the techniqueis operating on real world
measured data, where the dynamics change over along pe-
riod of time (one measurement can reach up to several min-
utes). Hence, thereis a need to estimate and possibly track
these parameters from the received data.
Using the rationale presented in Section 3, it can be
shown that an estimate of the transition scalar is given by:

1

— (I mT n
AMmomp o™ nld

a=1+ (20)

where

k
, 1 “
q= dzag {m Z ann—l} y (21)

n=2

diag operation is selecting the diagonal elements of a ma-

trix, theresult being avector, and © isdenoting the Hadamard
product. We haveused alsothenotationm = [Ne=t ... Net] ™

5. EXAMPLES

Inour first example, all the parametersinvolved in the model
are known. This type of simulation is useful since we can
verify the convergence of estimated parameters to the true

ones. Let us start by generating 1000 samples according to
equations (1)-(2). The state noise v is real white Gaussian
noise, the observation noise w is circular complex white
Gaussian noise. The two noise sequences are mutually un-
correlated and also uncorrelated with the state. The state
transition coefficientisa = 0.9. In Figure 1 we have de-
picted with the solid line the estimated observation noise
variance Figure 1-(a) and the estimated state variance, Fig-
ure 1-(b). Dashed line represents the true values. We have
used equation (6) for the measurement noise variance es-
timation and equation (8) for the state noise variance esti-
mation. We have estimated the state transition scalar using
equation (14), theresult is depicted in figure 2.

state variance
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Fig. 1. Tracking result for: (a) process noise variance, true
vaueis a2 = 0.004, (b) measurement noise variance, true
values is 02, = 0.0019. Dash line represents true values,

continuous line represents estimated values.
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Fig. 2. Estimated value of the state transition coefficient,
truevalueis a = 0.9. Dash line represents true value, con-
tinuous line represents estimated value.

The second example is related to the channel sounding
application. In our study we have considered the normal-
ized Direction Of Arrival (DoA) azimuth as the parameter
of interest. The results obtained by the proposed technique
and ML estimator [6] are presented. The received signal is
modeled using (18). Real sounder datais used [6]. Hence
the true value is not known. For this purpose, the state has



been considered known (it has been already estimated from
the real sounder measurements using a ML technique [6]).

It is important to note that the parameter estimation is
applied in advanceto the data to acquire the state-space pa-
rameters. The estimated state transition coefficient is pre-
sented in figure 3. In this case the state-transition parameter
is not know. One should use a trial and error approach in
order to find good approximationsfor the state-space model
parameters, as has been used in [5]. Moreover, this exam-
ple shows the estimation over about 10.5 seconds. Typi-
cally the channel sounding data recordings can span over
several minutes, time in which the parameters change due
to the movement of the mobile station and the dynamic en-
vironment. This makes the trial and error selection of the
parameters a tedious task, if not impossible.

state transition coefficient = 0.99241
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Fig. 3. Estimated value of the state transition coefficient.

In this example the measurement noise is known, hence
we can depict aconvergeto thetruevalue (figure4). Thees-

observation noise variance

number of samples

Fig. 4. Measurement noise variance. Estimated (continuous
line) versustrue value (dash line).

timated state using estimated state-space model parameters
is depicted in Figure 5, along with the true state.

number of samples

Fig. 5. Estimated normalized DoA azimuth using estimated
parameters (continuous line) versus normalized DoA az-
imuth estimated with the ML method (dash line).

6. CONCLUSIONS

In this paper we have introduced a parameter estimation
method applicablefor aclass of non-linear state-space mod-
els. The state transition coefficient and the process noise
variance are estimated from the received observationsin a
recursive manner, exploiting some properties of the charac-
teristic function. The reliable performance of the technique
has been demonstrated in illustrative examples.
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