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ABSTRACT

The resampling step in the bootstrap filter aims at reducing
the well-known particle degeneracy phenomenon. In prac-
tical applications of particle filters, a large number of par-
ticles is used for computing the estimates of desired states.
However, the parallelizability of the filter is affected by the
resampling that increases the hardware complexity. This
paper proposes an alternative method to replace this step
by one that, in accordance to the so-called attractor func-
tion, moves the particles in the likelihood estimate to re-
gions where the weights are higher. The implementation of
this new method allows the parallelization of the algorithm
and the particle filter performance is similar to that obtained
by the traditional bootstrap method.

1. INTRODUCTION

Particle filters can be defined as sequential Monte Carlo
(SMC) methods used to solve estimation problems where
time-varying signals must be presented in real time. Based
on the parametric structure of a probabilistic dynamic sys-
tem [1], these problems are described by the estimation of
non-observable states of the model and/or detection of events
described by the observed signals.

More specifically, if a SMC method implements a re-
cursive Bayesian filter by using Monte Carlo simulations,
this is called sequential importance sampling (SIS) algo-
rithm [2]. The estimates are computed from the represen-
tation of the required posterior density function (pdf) via a
set of importance weighted random samples. As the number
of samples becomes very large, this representation tends to
an equivalent one of the usual functional description of the
posterior pdf.

The problem encountered by SIS method is that, as time
increases, the distribution of the weighted random samples
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becomes more and more skewed, the so-called degeneracy
phenomenon [3]. In this way, a resampling step [4] [5] must
be added to the algorithm aiming at minimizing this prob-
lem, what means that it crucially affects the overall particle
filter performance. Specifically, if the resampling step is
applied at every algorithm iteration, the so-called sequen-
tial importance resampling (SIR) method, or bootstrap, is
obtained [6].

In practical applications of particle filters, a large num-
ber of particles needs to be used for computing the estimates
of desired states. However, the parallelizability of the fil-
ter is affected by the resampling that has the following dis-
advantages from a parallel hardware implementation view-
point: the sampling period and memory requirements are
increased, and the data exchange in implementations with
multiple processing elements becomes a bottleneck of the
parallel design [7]. In this way, modified resampling al-
gorithms must be proposed to have an efficient mechanism
that reduces the hardware complexity and maintains the fil-
ter performance [8].

This paper aims at proposing a method to address the
particle degeneracy phenomenon by using the restoration of
particles. The idea is to replace the resampling by an alter-
native method that moves the particles in the likelihood esti-
mate to regions where the weights are higher, in accordance
to the so-called attractor function. The implementation of
this new method allows the possibility of parallelization of
the algorithm and the particle filter performance is similar
to that obtained by the SIR method.

Next section shows the general bootstrap approach to
present clearly the mathematical notation used in this pa-
per. Section 3 presents the basic concepts of the restoration
method and how it can replace the resampling method in
the SIR method. Experimental results comparing the fil-
tering performance between the traditional SIR method and
the new one is presented is Section 4, and conclusions in
Section 5.



2. THE GENERIC BOOTSTRAP APPROACH

At every time instant k, let {xﬁ",?, w]im)}f\,{zl denote a ran-

(m)

dom measure where x,, "~ is the mth particle of the signal at

k, xgnli) is the mth trajectory of the signal, and w,(gm) is the
weight of the mth particle. It is supposed that this random
measure characterizes the posterior
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where y;.; is the observation signal up to k and w(m)
normalized. Therefore, equation (1) is a discrete welghted
approximation to the true posterior p(zx|y1.x) where the
weights are chosen using the principle of importance sam-
pling [9].

According to the classical SIS [3], the weight updating
for the optimal importance density function that minimizes
the variance of the weights is given by
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where p(yx \:vgr_’)l) does not have an analytical expression in
the general case. To facilitate the filter implementation [4]
[10], it is assumed that p(xk )|a:k 1) is a particular choice
of importance density, what implies in a weight updating
given by
wi™ o w™ plyle™). 3)

An important point is that this chosen importance sampling
density is independent of y; and, therefore, the state space
is explored without any knowledge of the observations.

Due to the particle degeneracy phenomenon [3], a new
step must be added to the algorithm in order to address this
problem and also to improve the filter performance [11] [6]
[1], as described in the following generic algorithm:

Generic SIS Filter
e For m=1:M

— Sample x}C”Np(a:k \x )

— Evaluate wy' :P(yk|$k )

M
e Evaluate wkT ==t w](;”)

e For m=1:M

— Evaluate wgn):(uémn_lwg
e Apply a method to minimize the
degeneracy phenomenon if it exists

— Obtain {Z m),ﬁ),gm) M

Based on the heuristic that particles having high weights
must be duplicated and others must be discarded, the re-
sampling method [4] [5] is used to minimize the particle
degeneracy problem. This method aims at obtaining an un-
weighted empirical distribution approximation of p(x|y1.x)
presented in equation (1) [12] [13], in accordance to the
properly weighted sample principle [1]. When the resam-
pling procedure is applied at each time instant k, the so-
called bootstrap filter is obtained.

3. THE RESTORATION METHOD

The generic SIS filter states that the weight associated to

a particle x,(cm) sampled from p(xk )|;13,c 1) is computed
(nL))

by w(m) = p(yklz™). The restoration method consists
in moving the particles in the obtained likelihood estimate
{2{™ w{™}M_ to regions where the importance weights
are higher, in accordance to the so-called attractor function
defined by a(z\™, y). In other words, given p(yx|z\™),
to move the particles to regions where the importance ran-
dom weights are higher, a(:nfg ), yx) must be chosen in or-
der to guarantee the inequality w;" > wy” for all m.

., M, the main

For each pair {z\"™, w{™}, m = 1

idea is to compute the corresponding pair { km @lgm)} by
using the transformation  (p(y |z\™), (wlgm),yk) wi™),

the so-called restoration function, that depends on the struc-

ture of the importance sampling density p(yx |x,(€m))

(m)
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In this way, by using the observed signal y, the restora-
tion function is applied to obtain the restored observed val-

and on

ues for each evolved particle x,im), m=1,..., M, that is,
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Assuming that h(+) is the deterministic model of the obser-
vation signal, the new particle position is obtained by

™ =l Gm). ©)

The restored weight is computed applying the original im-
portance sampling density to the corresponding new particle
position, or

@™ = plynl#™). (©)

In this case, the selection step occurs without the sorting
among importance weights w(m) m = 1,..., M, what fa-
cilitates the parallelization of the filter.

Figure 1 presents a basic visualization of the restora-
tion method assuming that p(yx |x§€m)) is Gaussian and that

a(xém), yx) is a composition of linear functions around yy,

(m)

that guarantees @™ > w{™ for all m.
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Fig. 1. Simple representation of the restoration method.

The obtained r(p(yx|z\™), a(z\™ , y); w(™)

fied in Figure 1 makes a very significative correction in the
positions of the particles located at the tail of p(yk|x,(fm)).
Additionally, it is easily seen from the picture that, given
p(Yk \J;,(Cm) ), the new distribution p(y |£§€m)) of particles de-

pends exclusively on the joint properties shared by the func-

tions p(yk|m§€m)) and a(:c;(j”), Yk)-

The following algorithm shows the implementation pro-
cedure of the restoration method:

Restoration Method
e For m=1:M
— Compute gj,im) via (4)

— Compute i;cm) via (5)

— Compute UN),(Cm) via (6)

4. EXPERIMENTAL RESULTS

For demonstration purposes, the generic bootstrap algorithm
with the restoration method will be applied to data artifi-
cially generated by the nonlinear, non-Gaussian model [4]
[10]
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for an initialization o ~ N (0, 1), and with v, ~ N(0,10)
and ug ~ N(0, 1) being mutually independent white Gaus-
sian noises.

exempli-

Based on (7), (8) and Figure 1, a suggested attractor
function a(xém), yx) = a is the composition of linear func-

tions around yy, that is,
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B1=yr—6 and f[o =y +0, (10)

N is the normalization factor of p(yk|x,(€m)) and 6 = 2.0 is
a linear coefficient that satisfies the relation w(m) > w(m)

for all m. Therefore, the restoration function is deﬁned as

() = N*mﬁﬁﬁl ﬂms%ﬂ<m
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Moreover, based on (8),
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A comparison between the effects of the position cor-
rections made by the traditional resampling and restoration
methods can be seen in Figure 2. At time instant &, the ini-
tial random measure {z" w,(cm) 100 represented by e is

transformed to the new pair {Z\™, ™ }190  represented

by o. In both cases, the effective sample size [S] [14] in-
creased. The evolution of the measures is described at time
instant k£ + 1 and, in this case, the results showed that the
restoration method was able to make a better reconstruction
of the likelihood function than in the resampling.
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Fig. 2. Comparison of the corrections and evolving effects
for the traditional resampling and the restoration method.
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To compute the updating of the importance weights, the
suggestion is that, at the end of the algorithm iteration k —1,

there exists an initialization such that w,(fm) = M~! for
all m, as presented in Figure 1. Thus, after evolving the

random measure {z{™, w{™}M_, _ the weighted state esti-

mate is assigned according to equation (1). The restoration

method is then applied in order to obtain {i,(:n), w,ﬁm) WM

the set with increased effective sample size. This procedure
is called Sampling Importance Restoration (SIRe) method.
Assuming M = 250, Figure 3 presents a comparison be-
tween the real state and the typical results obtained by SIRe
method for the cases where the estimates are made before
(SIRe - bef) and after (SIRe - aft) the correction of the
weights.

20
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~ True value
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—©— SIRe aft

State estimate

Time

Fig. 3. Typical state estimation of the generic bootstrap fil-
ter with the restoration method.

The idea now is to compare de filter performance of
SIRe methods with the results obtained by the bootstrap fil-
ter. Given x¢9 = 0.10 and M = 250, the comparison was
made for the time range £ = 1,2, ..., 50 with 100 different
initializations of the noises. The estimation performance of
the filters are given by the square root of the mean-square
errors (RMSE) at each k, as presented in Figure 4.

The results showed that the SIRe - bef has practically the
same estimation performance as that obtained by the boot-
strap filter. However, as presented in Figure 3, the SIRe -
aft smooths the estimates, what improved the filter perfor-
mance in the RMSE viewpoint in this specific case. Details
about theoretical aspects of the restoration method and the
use of different attractor functions to improve the filter per-
formance are being described in [15].
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Fig. 4. Comparison of the estimation performance of the
bootstrap with the SIRe methods.

5. CONCLUSIONS

This paper presented the basic concepts and preliminary re-
sults of the particle restoration method. Results showed that
it can be an alternative to replace the traditional resampling
step in SMC methods with real-time applications.
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