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ABSTRACT

We introduce a new model formalizing selection of features
from a large dictionary of variables that can be computed
from a signal or an image. Features are extracted according
to an efficiency criterion, on the basis of specified classi-
fication tasks. We estimate a probability distributionP on
the complete dictionary, which distributes its mass over the
more efficient or informative components. The method is
then tested on several problems of signal processing like
face detection, handwritten digit recognition and DNA mi-
croarray analysis.

1. INTRODUCTION

In many recent instances of signal classification prob-
lems (biology microarrays analysis, text interpretation,im-
age classification), scientists have to deal with highly com-
plex datasets involving a large number of variables. For
many reasons, this abundance of variables harms recogni-
tion tasks: meaningless features act as artificial noise in data
and limit the accuracy of classification algorithms. More-
over, many algorithmic or statistic reasons make essentialto
reduce dimension of the feature space (variance reduction to
infer reliable conclusions (Bias-Variance dilema [1]), speed
of classification algorithms like Support Vector Machines
[2] or k-nearest neighbors). Also, there are other applica-
tions for which detecting the relevant explanatory variables
is critical, and as important as correctly performing classifi-
cation tasks. This is the case, for example, in biology, where
describing the source of a pathological state is equally im-
portant to just detecting it [3].

Methods like singular value decomposition, or indepen-
dant component analysis do not always yield relevant se-
lection of variables, model selection methods based on pe-
nalization face a combinatorial challenge when the set of
variables has no specific order and the search must be done
over its subsets. Automatic feature space construction and
variable selection from a large set have thus become an ac-
tive research area using tree-structured classifiers [4, 5]or
optimizing margin of SVM [6] for instance.

We formalize the feature selection problem as the design
of a suitable probability measure on a set of admissible vari-
ables, and provide a learning algorithm for estimating this
probability on a training set expecting that the most likely
variables (according to this probability) will be the most
useful. This estimated probability on the feature set will
also be used to generate randomized classifiers The selec-
tion algorithm and the randomized classifier will be tested
on a series of examples. The work is organized as follows.
In section 2, we describe our feature extraction model and
design a probability distribution over the feature space that
permit to extract variables. Next, in sections 3, we define a
stochastic adaptive algorithm to find an optimal weight dis-
tribution over features which solves the minimization prob-
lem infered from our model. We then provide several ap-
plications of our method, first with synthetic data, then on
image classification and spam detection.

2. FEATURE EXTRACTION MODEL

We follow the general framework of supervised statis-
tical pattern recognition: the input signalI belongs toI and
is a realization of a random variable. Several computable
quantities are accessible onI, forming a complete dictio-
nary (set of features) denotedF = {δ1, . . . δf}. This set
is assumed to be finite, althoughf can (and will) be a very
large number, and our goal is to select the most useful vari-
ables. A classification task is then specified by a finite par-
tition C = {C1, . . . CN} of I; the goal is to predict the class
C(I) from the observationδ(I).

We assume that a classification algorithmA, is avail-
able, for both training and testing. We assume thatA is
adapted to a subsetω ⊂ F of active variablestaken in the
dictionaryF . In training mode,A uses a database to build
an optimal classifierAω : I → C. The test mode sim-
ply consists in the application ofAω on a given signal. In
the training phase, we first extract{ω(1), . . . , ω(n)}, sub-
sets ofF , and build the classifiersAω(1) , . . . , Aω(n) . Then,
perform classification in test phase using a majority rule
for thesen classifiers to obtain the final algorithm̄AC =
Ā(ω(1), . . . , ω(n), C). Note that we are not studying classifi-



cation algorithms,A, for which we use standard procedures;
rather, we focus on the extraction mechanism creating the
random subsets ofF . This randomization process depends
on the way variables are sampled fromF , and we will see
that the design of a suitable probability onF for this pur-
pose can significantly improve the classification rates. This
probability therefore comes as a new parameter and will be
learned from the training set.

The algorithmA provides a different classifierAω for
each choice of a subsetω ⊂ F . We letq be the classification
error:q(ω, C) = P(Aω(I) 6= C(I)) which will be estimated
by

q̂(ω, C) = P̂(Aω(I) 6= C(I)) (1)

whereP̂ is the empirical probability on the training set. We
shall consider two particular cases for a givenA:

• Multi-class algorithm:A is naturally adapted to multi-
class problems and we then letg(ω) = q̂(ω, C).

• Two-class algorithms (like support vector machines)
Denote byCi the binary partition{Ci, I \ Ci}. We
then denote:

g(ω) =
1

N

N
∑

i=1

q̂(ω, Ci)

Since the evaluation of̂q is needed to computeg, we use
the following procedure to infer an approximation ofg:

• Sample a subsetT1 from the training set.

• Learn the classification algorithm on the basis ofω

andT1.

• Sample, with the same procedure a subsetT2 from
the training set and compute the empirical error of
the classifier onT2.

Consider now a probability distributionP onF . For an
integerk, consider the distributionPk = P

⊗k correspond-
ing tok independent trials with distributionP and define the
cost functionE by

E(P) = EPk
g(ω) =

∑

ω∈Fk

g(ω)Pk(ω). (2)

We wish to minimize this averaged error rate with re-
spect to the selection parameterP and thus select the rele-
vant features (those whereP(δ) is large). The global scheme
that we propose for estimatingP is summarized in Figure 1:

3. SEARCH ALGORITHMS

We minimize the energyE with respect to the prob-
ability P. This requires computing the gradient ofE , and

I ∈ I SetF

Feature samplingvia P: ω

ClassificationA onω(I)

Mean performanceg(ω)

updateP

Fig. 1. Procedure for learning the probabilityP

dealing with the constraints calledSF :

∑

δ∈F

P(δ) = 1 (3)

∀δ ∈ F P(δ) ≥ 0 (4)

We will also denoteHF the hyperplane inRf which
carriesSF , defined by (3) and the Euclidean projectionπHF

onHF We use first a gradient descent to minimizeE , taking
only constraint (3) into account. For the Euclidean metric:

∀δ ∈ F ∇PE(δ) =
∑

ω∈Fk

C(ω, δ)Pk(ω)

P(δ)
g(ω)

whereC(ω, δ) is the number of occurences ofδ in ω and
the corresponding discrete scheme is

Pn+1 = Pn − εnπHF
(∇E(Pn)) εn > 0 (5)

We do not deal for the moment with constraints (4). It is all
the same possible by switching to an exponential parametriza-
tion (6) or a constrained optimization algorithm (7).

For anyδ ∈ F , definey(δ) = log P(δ) and

Y =

{

y = (y(δ), δ ∈ F) |
∑

δ∈F

ey(δ) = 1

}

which is in one-to-one correspondence withSF . If we call
Ẽ(y) = E(P), we can consider the gradient ofẼ as a gradi-
ent on the variablesP with the Kullback metric〈; 〉P onSF ,
and denoting̃∇ the gradient with respect to〈; 〉P, we have

∇̃PE(δ) = ∇yẼ(δ) =
∑

ω∈Fk

Pk(ω)C(ω, δ)g(ω)

The associated discrete evolution equation forP becomes

Pn+1(δ) =
Pn(δ)

Kn

e−εn(∇̃Pn
E(δ)−κnPn(δ)) (6)

whereKn is second order andκn a projection term onY.



LearningP with (5) can also be adapted to naturally sat-
isfy (4). We use a constrained diffusion toSF

dPt = −∇Pt
E(Pt)dt +

√
σdWt + dZt (7)

whereσ is a non degenerate positive matrix onHF , dWt a
standard gaussian increment and dZt a process which acounts
for the jumps which appear when a reprojection is needed
on SF : d|Zt| is positive if and only ifPt hits the bound-
ary ∂SF . Solutions to (7) (which is is well posed in our
situation) depends on Skorokhod maps [7].

Since gradients are numerically untractables, we use a
stochastic approximation based on the ODE method [8] to
learnP with (5,6,7). The stochastic approach can be eas-
ily computed if we remark that the expression of∇E is an
expectation

∇PE(δ) = E

[

g(ω)C(ω, δ)

P(δ)
|ω ∼ Pk

]

It is now possible to explicit the learning algorithm which
acts asymptotically as a similar way as(7) [9, 10]:

• Step0: initialize P0 to the uniform law onF .

• Stepn: extractωn w.r.t. Pn,k and computeg(ωn)

• UpdatePn+1 using the formula:

Pn+1 = Pn − εndn +
√

εndξn + dzn

where

dn(δ) = πHF

(

g(ωn)C(ωn, δ)

Pn(δ)

)

anddzn is the shortest vector to keepPn+1 into the
simplexSF .

4. EXPERIMENTS

Synthetic datas We consider100 ternary variables and3
classes andI = {−1; 0; 1}f (features are coordinates of
I ∈ I). We defineµ( ;G) a probability for which allδ
in F are independent,δ(I) follows a uniform distribution
on {−1; 0; 1} if δ 6∈ G and δ(I) = 1 if δ ∈ G. We
takeF1 = {δ1; δ3; δ5; δ7},F2 = {δ2; δ4; δ6; δ8} andF3 =
{δ1; δ4; δ8; δ9} and noise uniformly the distributions obtained.
A is aM -nearest neighbour, with distance given by

d(I1, I2) =
∑

δ∈ω

χ
δ1(I)6=δ2(I)

We compare the previous algorithms (figure 2). Exact
algorithm is faster but is quiclky captured in a local mini-
mum although stochastic algorithms avoid more traps. The
stochastic Euclidean method and reflected diffusion achieve
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Fig. 2. Exact gradient (top full line) vs. exponential gradient
(top dashed line) vs. Euclidean stochastic gradient (bottom
dashed line) vs. Reflected diffusion (bottom full line)

better results faster. Moreover, we observe that the features
which are preferably selected are those which lie in several
subspacesFi and arereusable features, the knowledge of
which being very precious information for the understand-
ing of pattern recognition problems.
Face detection We use in this section the face database from
MIT, which contains19 × 19 gray level images.F is a
set of binary edge detectors, as developed in [4] and the
classification algorithmA which is used here is a Support
Vector Machine. We summarize results in figure 3.
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Fig. 3. Average classification error of faces recognition
on the test set using a uniform law (crossed line) and
P∞, learned with a Riemannian stochastic gradient method
(dashed line) or reflected diffusion (full line).

The results are quite good since we achieve a perfor-
mance of1.6% error rate after learning with a reflected dif-
fusion or1.7% with a stochastic exponential gradient (1.95%,
before learning). Our features extraction method based on
learning the distributionP thus improve significantly the
performances of classification, particularly for weak clas-
sifiers (k = 20 or 30 for example) as shown in figure 3. We
note again that reflected diffusion performs better than the
exponential gradient. The analysis of the most likely fea-
tures is also interesting and occurs in meaningful positions



since favored edge detectors are located near the nose, eyes,
and mouth of faces.
DNA Microarray Analysis We benchmark our selection
of features on the standard Leukemia cancer dataset down-
loaded from http://www.iitk.ac.in/kangal/bioinformatics. Datas
are preprocessed and transformed to a collection of3859
genes of72 leukemia samples. Datas are divided in47 sam-
ples if Acute Lymphoblastic Leukemia (ALL) and25 sam-
ples of Acute Myeloblastic Leukemia (AML). We divide
samples in a training set (60% of datas) and a test set (40%)
which is independent from the training set. We use forA

a SVM classifier andk = 100 genes are extracted at each
step. We show in figure 4 the evolution of the mean error
rateE on our training set.
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Fig. 4. Evolution of E for the cancer classification prob-
lem (AMM vs. AML) on the training set using a reflected
diffusion (full line).

We achieve a very low rate of error on our training set
(0.5% mean misclassification rate withP∞) and the proba-
bility map permit to exhibit important genes for the classifi-
cation problem. We then rank genes by decreasing probabil-
ity obtained after our learning procedure and estimate global
misclassification rate on our test set using the top ranked
genes without any votind procedure (the performances re-
ported are individual performances ofA run on the space
determined by the most selected genes). Figure 5 shows the
error obtained with the number of genes selected. We ob-
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Fig. 5. Number of misclassified samples of the test set
using several numbers of selected genes

tain similar results as [3] since we only need20 genes to
perfectly classify datas. Our method of selection of genes
is higly effective since the mean misclassification rate using
20 genes randomly selected among the global set of vari-
ables is greater than30% and outperform results provided
by [11] (15% error rate with50 genes). Our results are
nearly similar to those reported in [12]: by using a10-fold
cross validation method, we obtain a very low rate of er-
ror with 4 genes (5% error) and a perfect classification with

20 genes. Moreover, the genes selected by our algorithm are
consistent with some genes selected in other works [13, 11].
Handwritten number recognition We have tested our al-
gorithm on the US Postal database: the images are16 × 16
grayscaled maps, with intensity between0 and 255. We
use the same feature set,F , as in the faces example. The
improvement of the detection rate is also similar to the pre-
vious example, as shown in figure 6.
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Fig. 6. Mean error rate for uniform law (crossed line) vs.
exponential descent (dashed line) vs. reflected diffusion
(full line) on the test set.

Results noticed in the figure 6 are obtained using a ma-
jority vote with 10 binary SVM-classifiers on each binary
classification problemCi vs. I \ Ci and learning a proba-
bility distribution to extract features improves significantly
error rates. The final average error rate on the US Postal
database is about3.2% for 10 elementary classifiers per
classCi, with 100 binary features per elementary classifier.
The performance is not as good as the one obtained by the
tangent distance method (2.7% error rate of classification),
but we here use very simple (edge) features, and is better
than linear or polynomial Support Vector Machines runned
on whole pixels (8.9% and4% error rate) and than sigmoid
kernels (4.1% [14]) with a reduced complexity (measured,
for example by the needed amount of memory).

5. CONCLUSION, FUTURE WORK

We introduce a precise mathematical model to formalize the
search for optimal features. We learn a probability distribu-
tion on the original dictionary, based on a gradient descent
of an energyE within the simplexSF . The experiments
show that the performance is significantly improved over
an initial rule in which features are simply uniformly dis-
tributed. In a future work,F can be modified during the
algorithm, by allowing for combination rules, involving a
hybrid evolution in the set of probability measures. This
will be implemented as a generalization of our constrained
diffusion algorithm to include jumps in the underlying fea-
ture space.
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