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ABSTRACT
In many applications, such as array processing and sensor
networks, it is desirable to extract the source signals that
generate the observed output signals. Some common ap-
proaches include principal component analysis, which as-
sumes uncorrelated source signals, and independent com-
ponent analysis, which assumes the independence of the
underlying sources. In recent years, there has been efforts
to perform source separation in the time-frequency domain
since most real life signals of interest are non-stationary [1].
In this paper, we introduce one such component extraction
approach on the time-frequency plane. The proposed ap-
proach extracts components that are well-concentrated on
the time-frequency plane. In order to quantify the compact-
ness or the concentration of the extracted components, we
use the entropy measure as adapted to the time-frequency
distributions. It has been shown that signals which achieve
minimum entropy on the time-frequency plane are gabor
logons. Based on this idea, we propose an adaptive ga-
bor logon extraction method from a given set of observed
signals. The proposed method extracts the most significant
gabor logons as the components using an adaptive filtering
approach. The method is applied on an example data set
to show the effectiveness of the component extraction algo-
rithm.

1. INTRODUCTION

In many signal processing applications, it is desirable to ex-
tract the sources underlying the observed signals. Some ex-
amples include source separation in array processing and
sensor network applications. The most common methods
for source or component extraction include principal com-
ponent analysis (PCA) and independent component analysis
[2]. These methods are effective at extracting orthogonal
components and assume the stationarity of the underlying
signals. Most real life signals are not stationary and thus
do not obey this underlying assumption. For this reason, we
are introducing a component extraction method on the time-
frequency plane. This method relies on extracting com-
ponents that are well-concentrated on the time-frequency

plane. The concentration of the components are quantified
through an entropy measure on the time-frequency plane.
Since it has been shown in the literature that signals that
achieve a small entropy value on the time-frequency plane
are gabor logons, our component extraction algorithm re-
duces to extracting the gabor logons that best describe the
given data set in a minimum mean square sense. Unlike
the traditional gabor decomposition [3], where the signal is
expressed as an infinite sum of time and frequency shifted
gabor logons, the components extracted by this algorithm
have time and frequency centers determined by the signal.
Moreover, the components extracted in this approach have
chirp rates and local spread adapted to the given set of sig-
nals. The goal is to represent the given data set with a few
number of chirped gabor logons.

This paper is organized as follows. Section 2 reviews
the background on entropy measures on the time-frequency
plane, formulates the decomposition problem, and intro-
duces the adaptive time-frequency decomposition algorithm.
Section 3 presents an example and illustrates the results. Fi-
nally, Section 4 discusses the major contributions of this pa-
per as well as some future work.

2. METHOD

2.1. Entropy Measure on the Time-Frequency Plane

A time-frequency distribution (TFD),C(t, f), from Cohen’s
class can be expressed as 1 [4]:

C(t, f) =

∫ ∫ ∫

φ(θ, τ)s(u+
τ

2
)s∗(u−

τ

2
)ej(θu−θt−2πτf)du dθ dτ,

(1)

where φ(θ, τ) is the kernel function and s is the signal.
Some of the most desired properties of TFDs are the energy
preservation and the marginals. They are given as follows
and are satisfied when φ(θ, 0) = φ(0, τ) = 1 ∀τ, θ.

1All integrals are from −∞ to∞ unless otherwise stated.



∫ ∫

C(t, f) dt df =

∫

|s(t)|2 dt =

∫

|S(f)|2 df,

∫

C(t, f) df = |s(t)|2 ,

∫

C(t, f) dt = |S(f)|2.

(2)

The formulas given above evoke an analogy between a TFD
and the probability density function (pdf) of a two-dimen-
sional random variable. This analogy has inspired the adap-
tation of information-theoretic measures such as entropy to
the time-frequency plane. The well-known Shannon en-
tropy for TFDs is defined as:

H(C) = −

∫ ∫

C(t, ω) log
2
C(t, ω)dt dω. (3)

This measure is only defined when C(t, ω) > 0, ∀t, ω.
Therefore, it is valid for positive distributions such as the
spectrogram. In [5], Rényi entropy was introduced as an
alternative way of measuring the complexity of TFDs and
the properties of this measure were proved extensively in
[6]:

Hα(C) =
1

1− α
log

2

∫ ∫









C(t, ω)
∫ ∫

C(u, v)du dv









α

dt dω.

(4)
It has been shown that the minimum value of entropy on
the time-frequency plane is achieved for a gabor logon [6].
This is also consistent with the fact that the gabor logon is
the signal that achieves the lower bound on the uncertainty
on the time-frequency plane [4]. For this reason, our sig-
nal decomposition algorithm is based on extracting a set of
well-concentrated components, that best described the given
data set.

2.2. Problem Statement

Given M measurements of a signal, {x1,x2, · · · ,xM}, we
want to extract the first L components, L < M , that mini-
mize entropy on the time-frequency plane. Each signal, xi,
is transformed to the time-frequency plane as:

Ci(n, ω;ψ) =
∑

m

∑

l

ψ(n−l,m)xi

(

l +
m

2

)

x∗i

(

l −
m

2

)

e−jωm

(5)
The time-frequency distribution corresponding to each trial
is vectorized and a matrix of time-frequency distributions is
formed:

C =











C1

C2

...
CM











, (6)

whereCi is a vector of lengthN×K points,N andK being
the number of time and frequency points, respectively. The
components on the time-frequency plane are found based on
this time-frequency data matrix. Each component TFi is a
linear combination of the rows of this matrix, i.e.

TFi(n, k) =
M
∑

j=1

ajCj(n, k), (7)

where
√

∑

j aj
2 = 1 and ajs are chosen such thatHα(TFi)

is minimized on the time-frequency plane.

2.3. The Proposed Approach

Since gabor logon signals have minimum entropy on the
time-frequency domain, the cost function is chosen as e =
H(TFi) − H∗, where H(TFi) is the entropy of ith com-
ponent, and H∗ the entropy of the corresponding desired
logon signal. The weight vector a = [a1, a2, · · · , aM ]T is
updated using the method of Steepest Descent [7], which is

â = a− µ
∂e

∂a
(8)

where µ is the step size parameter. In the discrete case,
Rényi entropy of the component TFi is

H(TFi) = H(aTC) =
1

1− α
log

2

∑
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(9)
where TFi and Cj are normalized. The gradient of the cost
function e with respect to the lth weight coefficient al is
derived as:

∂e

∂al
=

α

1− α

∑

n

∑

k (TFi(n, k))
α−1

Cl(n, k)
∑

n

∑

k (TFi(n, k))
α (10)

where l = 1, · · · ,M . For the special case of α = 2,

∂e

∂al
= −2

∑

n

∑

k TFi(n, k)Cl(n, k)
∑

n

∑

k (TFi(n, k))
2

(11)

Substituting the results in equation (11) into equation (8)
yields the update equation for a as:

âl = al + 2µ

∑

n

∑

k TFi(n, k)Cl(n, k)
∑

n

∑

k (TFi(n, k))
2

(12)

The block diagram of the proposed approach is shown in
Fig. 1.

The algorithm can be summarized as follows:



Fig. 1. The block diagram of the system

1. Find the gabor logon that best describes the average
of all trials, Cav = 1

M

∑

j Cj . This first gabor logon
is found by finding the average time duration, average
frequency, the spread, and the chirp rate of Cav . A
logon with these estimated parameters is constructed
and chosen as the first desired signal,G(n, k;n0, k0, σ, β).

2. Set the initial value for aj = 1√
N

, and use the adap-
tive filtering algorithm to update the weights until the
error converges. The first component is then deter-
mined as, TF1 = aopt

T
C, where aopt is the optimal

weighting vector.

3. Project all the trials on TF1 and compute the residue.

Ĉi = Ci− < TF1, Ci > Ci i = 1, 2, · · · ,M (13)

4. Repeat the same algorithm on this residue matrix Ĉ,
and extract the next component.

5. Stop when the average energy of the residues drops
below a pre-determined threshold value.

3. EXPERIMENTAL RESULTS AND ANALYSIS

In order to evaluate the effectiveness of our method, we con-
sider the following example. The set of observed signals are
linear combinations of two gabor logons and a chirp signal,
i.e. xi = wi1s1+wi2s2+wi3s3, wherewi1, wi2, wi3 are the
weights for each signal and are distributed as N(0, 1). The
first gabor logon is centered at the time sample point 50 and
normalized frequency of 0.7, the second gabor logon is cen-
tered at time sample point 150 and normalized frequency of
-0.7. The linear chirp signal has an initial normalized fre-
quency of -0.2 and its instantaneous frequency increases to
a normalized frequency of 0.2. Rényi entropy with α = 2
is used as the cost function to ensure that entropy is well-
defined. The data set consists of M = 128 linear combi-
nations of these three signals. Each signal is transformed to
the time-frequency domain with N = 50 time samples and
K = 64 frequency samples. Each TFD is then vectorized
to form a TFD matrix of size 128× 3200.

First, the average ofM TFDs corresponding to each trial
is computed. Then, the time-frequency location of the peak

energy on the time-frequency plane is found as n0 and k0.
A window centered at (n0, k0) is constructed to determine a
local region around this peak. The size of the window is de-
termined based on the energy distribution of the signal, i.e.
the window is expanded until the energy value drops below
10% of the peak value. This windowing approach around
the peak helps us extract local features. The same window
is applied to all trials to extract the corresponding regions
in each trial. The standard deviation σ and gradient (the
chirp rate), β, of this local TFD are estimated. Based on
the parameters (n0, k0, σ, β), a gabor logon is constructed
and chosen as the first desired signal. Using the steepest de-
scent algorithm, the weight coefficients ajs are updated to
minimize the difference of Rényi entropy between the linear
combination of the M local TFDs and the TFD of the first
desired logon to obtain the first time-frequency component,
TF1. This first component is projected onto all of the M
trials and the residue is found. This same algorithm is re-
peated for the residue on the time-frequency plane, i.e. pick
the peak, construct a window, determine the desired gabor
logon, and adaptively filter the signals to get close to the de-
sired gabor logon. This process is repeated until the energy
of the residue is below a certain threshold. In this example,
five components were enough to represent 99% of the total
energy of the signal.

Table 1 gives the entropy values for these five compo-
nents, the corresponding desired logon signals, and the first
five components obtained using PCA. It is shown in Table
1 that the entropy of the gabor logons are close to the en-
tropy of the extracted components. Since the entropy dif-
ferences between these five components and desired logon
signals are small, we can infer that the extracted signals are
quite close to actual logons. It is also seen that the entropy
of components extracted by our method is less than the en-
tropy of PCA components. This indicates that we obtain
components that are more compact than the ones obtained
by PCA.

The time-frequency surfaces in Fig. 2 indicate that the
five components extracted include both the logon signals
and three chirped logons that represent the linear chirp sig-
nal. The topographical plots of the extracted components
make it clear that each component was appropriately iso-
lated in terms of the topographical region of origin.

The results of this preliminary example show that the
decomposition of time-frequency energy using our approach
can be used to extract meaningful time-frequency compo-
nents for analysis of large sets of data. This decomposi-
tion algorithm achieves several goals. First, time-frequency
data reduction is accomplished by producing a few mean-
ingful components on the time-frequency plane that explain
most of the signal’s energy. A second benefit of this time-
frequency domain decomposition is that it can extract ac-
tivity that overlaps in time, but not in frequency, which is



Table 1. Entropy Comparison

Entropy Our Comps PCA Comps Desired Logon

1 2.8119 2.8123 2.7609

2 2.8144 2.9341 2.7613

3 2.8117 2.8118 2.2248

4 2.8002 2.8065 2.0377

5 2.8002 2.8017 2.0352

not possible using time domain decomposition approaches.
Finally, another benefit of our method is the ability to sep-
arate and extract parts of chirped signals, which cannot be
achieved using the conventional gabor expansion.
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Fig. 2. The average time-frequency distribution of 128 trials
and the first 5 components

4. CONCLUSIONS

In this paper, a new signal decomposition method on the
time-frequency plane is proposed based on the minimum
entropy criterion. The major difference of the proposed ap-
proach from conventional component extraction or decom-
position methods is the cost function. The cost function that

is minimized is entropy on the time-frequency plane, thus
producing compact components that are similar to gabor lo-
gons. Using entropy as the cost function, and adopting an
adaptive filtering method to update the weights correspond-
ing to each trial we extract ’minimum’ entropy components
orthogonal to each other. Experimental results show that
our approach is effective in determining a few number of
components that can be used to represent a large set of data.

Future work includes determining the convergence rate
of the algorithm and applying the proposed method to real
life data sets. The proposed approach may be applied to
different areas such as array processing, sensor data fusion
and source extraction in biomedical signal processing.
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