Minimum Eigenvalue Based 3-D AR Model Order Selection

Brahim Aksassel’z, Youssef Stitouz, Yannick Berthoumieu,z and Mohamed Najim2

1: Département d’informatique, FSTE Errachidia, BP 509 Boutalamine 52000 Maroc
2: ESI-LAPS UMR 5131, ENSEIRB Bordeaux I, BP 99, 33402 TALENCE Cedex France

ABSTRACT

This paper deals with the problem of three-
dimensional AutoRegressive (3-D AR) model
order estimation. Especially, we develop a
practical algorithm to estimate the 3-D AR order
(p1, p2, p3) corresponding to the Quarter-Space

(QS) region of support. The proposed method is
derived from the minimum description length
(MDL) criterion and wuses the minimum
eigenvalue of the covariance matrix of the
underlying 3-D Gaussian process. Numerical
simulations are presented to illustrate the
performances of the new proposed algorithm and
compare it with a recently developed method.

1. INTRODUCTION

In multidimensional (m-D) system and signal
analysis, it is often assumed that the data are
modeled by m-D autoregressive (AR) models
[1]. It is well known that any model-based
approach for data representation and processing
involves two important stages, Vviz., 1)
determination of the model order, and ii)
identification of the model parameters.

Dealing with the model order, we note that
in the 1 and 2 dimensional cases, the existing
order determination methods can be divided into
two classes, namely information criterion
methods and linear algebraic methods. The first
class covers the AIC criterion [2] developed by

Akaike, the MDL (minimum description length)
criterion of Rissanen and Schwartz [3], [4], the
¢ criterion of Hannan [5], the ¢4 criterion [6]

and their 2-D extensions [7]. The second class
covers the Corner method [8], the singular value
decomposition (SVD) based on the rank
determination [9], [10] and finally the minimum
eigenvalue (MEV) method [11], [12]. However,
in the 3-D case, a few papers are available and
they often deal with the parameters estimation
problem assuming that the model order is known
[1], [13].

In this paper we focus on the estimation of
the 3-D AR model order corresponding to the
quarter-space (QS) region of support by using
the so-called minimum eigenvalue method
asymptotically equivalent to the MDL criterion

2. PROBLEM FORMULATION

The 3-D AR process considered here is
described by the following difference equation

y(m,n,t) =

b1 P2 P3

= X X Y gk kg Y(m—hn—kp.t—k3)
ky=0ky=0k3=0

(ky k2 ,k3)#(0,0,0)

+e(m,n,t)
(1)
where iy i, 4,/ are the transversal AR

parameters coefficients, {e(m,n,7)} is a zero
mean, white noise, 3-D Gaussian random



process, with variance aez. The problem is to
estimate the unknown order (pq, ps, p3).

Recently, we have proposed an algebraic
method for Gaussian 3-D QS AR model using a
rank test procedure (RTP) [14]. Good results are
obtained by this method comparing with the
informational criterion ones. However, the
remaining problem with the RTP method is the
need of a subjective intervention by the user to
choose a threshold for determining the rank of a
given matrix. So in this paper we present an
hybrid between algebraic and informational
method which can be automated. Indeed, the
proposed model order selection is based on the
so-called Minimum EigenValue (MEV) method
and uses the information from the covariance
matrix as in [15]. Moreover, this MEV method
derived from the information MDL criterion
[11] is based on the minimum eigenvalue of a
covariance matrix computed from the observed
data and is shown to have improved accuracy
compared with the classical criterion. This work
is the sequel to our former work [7], [10], and
[14] where we have investigated the problem of
AR model order using a RTP based algebraic
method.

3. PROPOSED APPROACH

Considering the model equation (1) and assume
that we have access to a data of size M x NxT.

Let Oy =M -p1, O =N-pp,and O3=T-p3.
Omitting the initial conditions, we arrange the
01 x0, x03 significant data in a compact

matrix form as: YO=¢(M,N,T)
Where v isthe 010203 x(p1 +1)(p2 +1(p3 +1)
data matrix and e(M,N,T) is the 0;0,03x1

vector containing the corresponding values of
the input process generator. The
(p1 +)(p2 +1)(p3 +1) x1 vector parameter 6 is

given by:
9:[90;91;---;9p1]T ;

T
where Hkl = [9k1,0 ; le,l;"';eklapz ]

T
and Oy, k, = [akl’kzio;akl’kzil;"';akl.kz,Ps]

Let R=YTy be the covariance matrix. The
MDL criterion [3] is equal to the sum of the log-
likelihood function of the maximum likelihood
estimator and a function that penalizes the use of
large number of model parameters. The MDL
criterion is equivalent to:

MNT 0T RO

log(272) + >

MDL(k1,ko,k3) = +
20
(b + (ko + (k3 +1)

2

log(MNT)

)

We will now give the following lemma which
will be used to develop our numerical algorithm.
Lemma For a fixed order (k1,kp,k3) and
constraining & to have unit Euclidean norm, the
choice of @ that minimizes criterion (2) is found
to be the eigenvector associated with the
minimum eigenvalue Ay, of the covariance
matrix R.

Thus, for 0 =6y, , we have

1 7 o1 T2
WﬁminRHmm —Wel e1~O' !
thereby ﬁimm =2 3)

Substituting and dropping all terms that do not
depend on kq, ko, k3 or @ we then obtain:

MDL(ky, ko, k3) = MNT l0g(Amin) +
(kq + D) (ko +1) (k3 +1) log(MNT)
2
4)

The parameter vector ¢ in the argument of the
MDL has been dropped, since the explicit &
dependence is suppressed (it has been
incorporated into the term Apmin )-

L . 2
Multipl both sid f (4) by —— and
ultiplying both sides of (4) by VNT an

combining terms we obtain



2
——— MDL(kq,ko,k3) =10g(Amin ) +
MNT (ky, k2, k3) 9(Amin)

(kl +1) (kz +1) (k3 +1)
+ log(MNT MNT )

®)
Since log(.) is a monotonically increasing
function we can form a different criterion that
contains the same information as the MDL
criterion. Consequently, the following MEV
criterion has its minimum at the same location as
the MDL.:

(k1 +D)(ko +1)(k3 +1)
MEV(ky,k9,k3) = Zmin (MNT) MNT

(6)
Remark: From the above expression, it can be
seen that when large sample sizes are used (i.e.
(l+1) (ko +1) (k3+1)
MNT — +), the term (MNT) MNT is
approximately one, this means that the new
criterion asymptotically tends to the minimum
eigenvalue.

If we increase the length of 6 by increasing
ky and/or k, and/or k3, the dimension of the
covariance matrix R also increases. If ky, k»
and k3 are chosen such ;> p;, k,>p, and
k3 > p3 then Amin Will be small compared with
the cases (ky<py, OF kp<ppy Or k3z<p3).
Indeed, if kg <p1, Or kp <py OF k3<p3, the
prediction error is significantly large because the
model does not have a sufficient number of
parameters to fit the predicted signal to the
observed data. Consequently, the determination
procedure of the optimal model order consists of
computing MEV (k1,kp,k3) for different orders

and selecting the triplet which correspond to the
corner where Amin drops very quickly. In

practice several corners can be found instead of
a single corner. In order to select the correct
corners in the three-dimensional matrix MEV,
we construct the three arrays as follows :

- row ratio array by dividing each horizontal
plan of MEV array by the previous one; i.e.
RRA(i, j,m)=MEV (i, j,m)| MEV (i =1, j, m);
i=2,ky, j=L-ky,m=1-k3.

- column ratio array by dividing each vertical
plan of MEV array by the previous one;

CRA(i, j,m) = MEV (i, j,m)| MEV (i, j —=1,m) ;
i=1,"‘k1, J:2|k2;m:1,k3.

- layer ratio array by dividing each layer of
MEV array by the previous one;

LRA(i, j,m)=MEV (i, j,m)| MEV (i, j,m —1);
i:l,-.-kl, j:l,kz’m:27k3

An estimate of p;p is set equal to the row

number that contains the minimum value in the
row ratio array.

The number of column which haves the
minimum value in column ratio array will be
the estimate of p-.

Finally, the number of layers which have the
minimum value in layer ratio array will be the
estimate of p3.

4. SIMULATION RESULTS

Here, we give a numerical example to provide
verification of the theoretical results. For this
purpose, we generate a 64x64x64 3-D AR
process of fixed order and we compare the
MEV based method with the four AIC, MDL,
@p, and RTP criteria. The model in the

example is a 3-D AR (2,2,2) with parameters

described in the top of the following page

For 100 runs Monte-Carlo the empirical
probability of the estimated order using the five
methods are depicted in the table 1. The value
of B8=0.2 and the threshold used to evaluate the

rank of matrices in RTP method is §=0.995.



The order k;,i=1, 2,3 are assumed to be in

(0,0,0) = 1
4(1,0,0) = -1.300
a(2,0,0) = 0.3825

a(0,0,1) =—1.1300
a(101) = 1.4696
a(2,0,1) = -0.4322

4(0,0,2) = 0.3120
a(1,0,2) = —0.4056
a(2,0,2) = 0.1193

TABLE 1: EMPIRICAL PROBABILITY OF ESTIMATED ORDERS BY THE AIC, MDL , ¢4, RTP, AND

a(0,1,0) =—1.2700
a(11,0) = 1.6510
a(2,1,0) = —0.4858

a(011) = 1.4251
a(l11) =—1.8656
a(211) = 0.5489

(0,1,2) =—0.3962
a(11,2)= 05151
a(2,12) = 0.1516

1<k; <5.

4(0,2,0) = 0.3900]
a(1,2,0) = —0.5070
a(2,2,0)= 0.1492 |

a(0,2,1) =—0.4407 ]
a(L21) = 05729
a(2,2,1) =—0.1686 |

4(0,2,2) = 0.1217
a(1,2,2) =—0.1582
a(2,2,2) =— 0.0465

MEV FIVE METHODS For 3-D AR(2,2,2)

Order (2,2,2) 212) | (2,23) | (232 (2,3,3) (3.2,3) (332)

AIC Y% 24 9 20 25 0 0
MDL % 60 15 15 0 10 0 0

pp % 90 6 4 0 0 0 0

RTP % 84 16 0 0 0 0 0
MEV % 98 2 0 0 0 0 0

arrays needs an over extra time and places
5. COMMENTS memory but the cost is the best result quality.

The MEV approach developed in this paper
shows a serious improvement against the AIC,
MDL , @B, RTP four other methods. On the

other hand, the recently developed RTP method
depends on a threshold under which we can
suppose that singular values are or not null, this
makes it some what subjective. Moreover the
three objective informational criteria AIC, MDL,
and ¢g are based on the estimation of model

parameters and the prediction error variance.
Before selecting the model order, the criteria
have to be computed for several order and select
one which minimizes the criteria hence this
makes them time consuming. The use of the
three row ratio, column ratio, and layers ratio

6. CONCLUSION

In this paper, we have addressed the model order
selection problem of 3-D causal and shift
invariant AR model with quarter-space region of
support. A new minimum eigenvalue method is
derived from the minimum description length
criterion. Comparing minimum eigenvalue
method with the rank test recently proposed
method and with the standard informational
AIC, MDL, and ¢g4 criteria, the result shows

well improvement
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