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ABSTRACT

Channel estimation for single-input single-output (SISO)
frequency-selective time-varying channels is considered us-
ing superimposed training. The time-varying channel is
assumed to be described by an orthogonal polynomial ba-
sis expansion model (OP-BEM). A periodic (non-random)
training sequence is arithmetically added (superimposed) at
a low power to the information sequence at the transmit-
ter before modulation and transmission. First we present
a novel approach to channel estimation using only the
first-order statistics of the data under a fixed power allo-
cation to training. We then present a performance anal-
ysis of this approach for time-varying random channels to
obtain a closed-form expression for the channel estimation
variance. Finally, we address the issue of superimposed
training power allocation. Illustrative computer simulation
examples are presented where a frequency-selective channel
is randomly generated with different Doppler spreads via
Jakes” model.

1. INTRODUCTION

Accurate knowledge of the channel state information (CSI)
of wireless communication systems is a prerequisite for most
physical layer approaches. In (conventional) training-based
approaches, training sequences (known to the receiver) are
time-multiplexed with the information sequence and trans-
mitted. This incurs a loss in spectral efficiency. At the
receiver, one estimates the channel via least-squares and
related approaches. For time-varying channels, one has to
send training signals frequently and periodically to keep up
with the changing channel. This wastes resources. An al-
ternative is to estimate the channel based solely on noisy
data exploiting statistical and other properties of the in-
formation sequences. This is the blind channel estimation
approach. In semi-blind approaches, there is a training se-
quence but one uses the non-training based data also to
improve the training-based results: it uses a combination
of training and blind cost functions. More recently a super-
imposed training based approach has been explored where
a training sequence is added (superimposed) at a low power
to the information sequence at the transmitter before mod-
ulation and transmission. There is no loss in information
rate. On the other hand, some useful power is wasted in
superimposed training which could have otherwise been al-
located to the information sequence.

Let {s(n)} denote a scalar sequence which is input to a
SISO time-varying channel with discrete-time impulse re-
sponse {h(n;l)} (channel response at time n to a unit in-
put at time n —[). Then the symbol-rate, channel output
is given by

2(n) =Y h(n;D)s(n —1). (1)
=0

The noisy measurements of x(n) are given by

y(n) = z(n) +v(n) (2)
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In a polynomial basis expansion representation [1] it is
assumed that (following a Taylor series expansion of the
doubly-selective channel around 7 over a fixed time inter-
val)

h(n; ) = h()(n —n)* (3)

where hy(l) (for k = 1,2,---, K + 1) are time-invariant.
Eqn. (3) is the polynomial basis expansion model (P-BEM).
In OP-BEM we modify (3) to

K

h(n; 1) =Y hg(1)g(n) (4)

q=0

where {¢4(n)} are an orthonormal set of basis functions
(discretized modified Legendre polynomials) over the time
interval of interest; see [6] for details. In a superimposed
training based approach one takes

s(n) = b(n) + c(n), ()

where {b(n)} is the information sequence and {c(n)} is a
training (pilot) sequence added (superimposed) at a low
power to the information sequence at the transmitter be-
fore modulation and transmission. Superimposed training-
based approaches have been discussed in [3], [4] and [5] for
SISO systems. Periodic superimposed training for channel
estimation via first-order statistics for SISO systems have
been discussed in [7],[9] and [11] (and reference therein) for
time-invariant channels, and in [8] for both time-invariant
and time-varying (CE-BEM (complex-exponential basis ex-
pansion model) based) channels.
Objectives and Contributions:

e First we present a novel approach to channel estimation
using only the first-order statistics of the data under a
fixed power allocation to training. Here {¢4(n)}’s are
known and we estimate the time-invariant parameters
hq(l)’s for different ¢’s and I’s. We extend the approach
of [2] for time-invariant channels to time-varying chan-
nels.

e We then present a performance analysis of the above
proposed approach for the specific case of time-varying
random channels to obtain a closed-form expression for
the channel estimation variance.

e Finally, we address the issue of superimposed training
power allocation. Using the developed channel estima-
tion variance expression, we cast the power allocation
problem as one of optimizing a signal-to-noise ratio
(SNR) for equalizer design.

Notation: Superscripts *, H, T and t denote the complex
conjugate, complex conjugate transpose, the transpose and
the Moore-Penrose pseudo-inverse operations, respectively.
0(7) is the Kronecker delta and I is the N x N identity ma-
trix. The symbol ® denotes the Kronecker product. tr(A)
denotes the trace of matrix A.



2. PROPOSED APPROACH

In this section the channel h(n;l) is assumed to be non-
random. In Secs. 3 and 4 we will assume it to be random.

2.1. Model Assumptions
The time-varying channel {h(n;l)} satisfies (4) where
the functions ¢q(n) are known. The information se-
quence {b(n)} is zero-mean, ii.d. with E{|b(n)|*} = of.
The measurement noise {v(n)} is possibly nonzero-mean
(E{v(n)} = m), white, uncorrelated with {b(n)}, with
E{[v(n+7) —m][v(n) —m]*} = ¢25(). The mean m may
be unknown. The superimposed training sequence c(n) =
¢(n + mP) Ym,n is a non-random periodic sequence with
period P, with average power o2 := P~ Z" o le( (). As-
sume that the superimposed training sequence is such that
C defined later in (12) has full column rank.

2.2. Channel Estimation
Define the “error” e(n) and cost function J, respectively,

ZZh c(n—=l)—m, J= Z|e

=0 ¢=0
(6)
Choose m and hq(l)’s (¢ = 0,1,---,K; 1 =0,1,---,L) to
minimize J. For optimization, we must have
oJ . oJ —0. (7)

-0 _
m = 1 5 m = 1
om* ha(®) = g0 ohg (1) ha () = hg(®)
Vq q,

The above equations lead to

sz )oq, (n Z%

Substitute (8) in (9), and we have

L

D> ha o (

=0 ¢=0

S A

where 0 < q1 < K,0<l; <L,

@, qu,1,11)

T
6 (¢,q1,0, 1) Z n)gg, (n)e(n—1)c" (n—h)

TZqul nll)] .

(11)

- [%Zsoqm)c(nz]

To rewrite (10) in a matrix expression, let

i ( ) 70 ) ¢(170707O) ¢(K7O7070)
( ) 70 ) ¢(17170,0) ¢(K717070)
5(0.K,0.0) 6(1,K,0,0 ¢ (K, K,0,0)
C:: ¢(Oa ) Vs ) ¢(1707071) ¢(K7O7O71)
6(0,K,0,1) ¢(1,K,0,1) ¢ (K, K,0,1)
| $(0,K,0,L) ¢(1,K,0,L) ¢ (K. K,0,L)
¢(07031a0) : ¢(Ka07170) ()ZS(K?O?LaO) T
¢(051717O) : ¢(K717170) ¢(K715L70)
#(0,K,1,0) ¢ (K, K,1,0) # (K, K, L,0)
¢(070’1’1) ¢(K’07 17 1) ¢(K707L’ 1)
6 (0,K,1,1) ¢ (K, K,1,1) ¢ (KK, L,1)
(0, K,1,L) ¢ (K, K,1,L) (K, K,L,L) |
12
which ( ig
a matrix of dimensions (K +1)(L+1) x (K+1)(L+1)
with its (K + 1)l +q1 + 1, (K + 1)1 4 g + 1)-th entry as
¢ (q,q1,1,01). Alsolet a (K +1)(L+1) x 1 column vector
[ e - E X e )
@i(n)c"(n) = 2,y i(n)c(n)
Pic(n)c"(n) = 7 3., Pk (n)c” (n)

(13)
Further define
. R . . T
Hi=1[ ho(l) ha(l) hi(l) |
He=[ " H - HE]
as the estimator of hq(l)’s for ¢ = 0,1,---, K, and | =

0,1,---,L; define ‘H; and H as the corresponding vector of
true values. The matrix expression for (10) is

CH = >~ B (14)
which yields
= %c* Z B(n)y(n). (15)

The estimate of the time-varying channel h(n;l) is then
given by

h(n;1) = ha(1)gq(n). (16)
q=0



3. PERFORMANCE ANALYSIS FOR

TIME-SELECTIVE RAYLEIGH CHANNELS
Assume that the time-varying channel {h(n;l)} is zero-
mean, complex Gaussian with variance o2, and is mu-
tually independent for distinct I's: E{|h(n;1)]?} = o2,
E{h(ni;l1)h*(n2;l2)} = 0 for Iy # l2, Vni, no. That is,
different channel taps are indepenednt of each other and
are identically distributed zero-mean complex Gaussian.

We define

Z(n) == y(n)—E{y(n

)| H} = Zhnl

Then
E{%(n1)z" (n2) |H}—ZZh ni;l) b (n2;lz)
17=013=0
0'1?5 (n1 —no — 11 + 12) —+ 0'12,5 (n1 - ng) . (17)

Since h (n;1)’s are independent for different I’s,

En {E{Z(n1)Z" (n2) | H}}

=E {Zh(nl;l) n* (nz;z)} 028 (n1 — na) 4026 (n1 — na2)

1=0
= [(L—i— 1) o0} +Uﬂ 0 (n1—mn2). (18)
From (15) and (18), we have

By {cov {7:[,7:[ | H}}

1 ot
= =C

L+1)0%02 + 02 ) i =
[+ )T2 hl }CT [Zs(n)g (n)‘| ¢t (19)

n=1

It turns out that

= > BB (n)

Further define the normalized training sequence ¢(n) =

=Cand C=C".

0. 'c(n) with unit average power + ZP Lle(n ) =1 and
C = 0.%C. Then (19) becomes

[L—l—l)a o} +0’U]6T.

Ey {cov {7:(,7:[ | H}} = To? (20)
Let
®(n) :==[ wo(n) @1(n) ex(n) |,
\If(n) =141 ® <I>(n)
From orthonormality of {¢;(n), 1 < n < T},
Z v (n = I 41)(x41)- (21)

By the OP-BEM (4) and (16)

h(n;1) = ®(n)H; and h(n;l) = ®(n)H,.

(n —U)4v(n)—m.

D2 3 Bl e (Bl >*<n2>|H]}BH<n2>] e

The channel estimator variance/MSE (mean-square error)
is given by

ZXL:EH {B{lhen ~n@mof 17} }
=0

= tr {¥(n)Ey {cov {7%,7% | H}} o™ (n)}
_(L+1)o%0p + oo

By (21), the time-average of o7 (n) over length T is

W)}, (22)

—1 a 2 (L+1)o%0h + 00, 5

4. TRAINING POWER ALLOCATION

Here we follow the time-invariant results of [10]. Define the
training power overhead ( as

P 2
Pl o2
P 2\ T 52 2"
LT E{s(mP}y  of + o
For a fixed SNR or transmitted power budget, higher 8 im-
plies smaller effective SNR at the receiver due to decreased
power in the information sequence but higher channel es-

timation accuracy. Removing the estimated time-varying
mean from the received data, define

Zh nil)c(n—1)—

where 7 is given by (8). Assuming that m = m, we have

j(n) ~ > h(n;l)b(n—1)
=0

=iz (n)

B =

(24)

‘Cx

L
Z (n;1)

=0

(n; l)] bn—0)+cn—-0]+3n).

=:w(n)

(25)
When using h(n;l) for equalization/detection, effective
noise (as a first-order approximation) is w(n) whose vari-
ance contains channel estimation error variance as a compo-
nent, which in turn will depend on 3, and effective signal is
Zs(n). An “optimum” value of the 8 for the superimposed
training method may be obtained by maximizing the SNR
in (25) w.r.t. 8, where this SNR is defined as

SNR. (8) = 02,/0%, (26)

under the constraint of a fixed transmitted power, leading
to the constraint of 4+ o2 = Pr. In (25), the signal power
is given by

o2(n) = B {Jos ()*} = ofiEH {E{|h(n; DI’ H}}
=0

>3 [EH {E{]h(n;l)—h(n;l)fm}}

1=0



+E{|h(n; 1) }]
=0p [op(n) + (L +1) 0] (27)

and the noise power is given by

ou(n) = E {Jw(n)*}

+UU+JCZZE{ (n;lh) — h(n;1h)]

11=012=0

[h (ns12) = B (n; b)]*} En—1)c (n—1l).  (28)

Eq. (28) can be further simplified as

= O'b(fh

L+1 0202—1—03
o2 0) = oo n) + o 4 LEF DT E

tr {C" [ (n)d" (n)@(n)En)]},
where
Em):=[ &n) &n-1) én—1L0) | ®Iks1.

Taking the time average of the signal and noise powers, we
have

P+ (L+1)07% (29)

[(LJr 1)o%o} + O’U]

[(L+ 1o UE—{—UU]
T2

tr {C'D}  (30)

and its (K + 1)l +qu+ 1, (K + 1)1+ g+ 1)-th entry is
S @a(n)es, (M) (n— 1) (n—L).

define the time average version of (26) as

Furthermore, we

SNRa (3) = [iz;. (31)

Ow

With 3 as in (24), using the constraint o7 4+ 02 = Pr, we
have 02 = BPr and o7 = (1 — 8)Pr. Thus, incorporating
these constraint-carrying variables in (31) via (30), (29) and
(23), we have (after some manipulations) an unconstrained

cost
182 + faB + fs

SNRa (8) = 916% + 928 + g3

(32)

where _
h=(L+1)0? (‘chlr - T2) ,
2401
_ 2 5t 2 avtrC
fo=—(L+1)o” (2" = T7) — 5
_ 2ty Ct
fzs=(L+1)c*tCl + ﬂ’
Pr

g =(L+1)0> (‘créT —tr {éTD}) ,

Atp — Cf 2
g2 = —(L+ 1)c’tr {ZCTT —(fTD} + " {C ¢ }JFT

Pr/o? ’
gs = fs.
We seek the optimum value of 3 by taking the derivative
d[SNRq (8)]
ag
_ (fr92— fog1) B* + 2 (f195 — f3g1) B+ fogs — fago _ 0
(9182 + 928 + g3)* ’
the root of which lying in [0, 1] is
1
opt = ———— (—f193 + fag1 — 33
Bopt Figs— faon (—figs + fagr — Va) (33)

where
a:=—f1f2929s — 2f1f39195 — f2[39192 + f39193

+f1fs95 + figs + figi.

4.1. Some Approximations
Since h (n;1)’s are mutually independent for different I’s, the

calculation can be further simplified if we suppose h (n;1)’s
are also approximately uncorrelated for distinct I’s, i.e.,

E{ [hns12) = b )] [h(nste) = h(ns)] "} ~ 0, b A L.

Then (28) becomes

+JEZE{|ﬁ(n;z) fh(n;l)|2}6* (n—em—1). (34)
=0

In addition, if |&(n)|*= constant ¥n (e.g., &n) =
can be further simplified as

+1), (34)

oo (n) ~ crf1 (n) (Jf + af) + oL

Then
24 (L+1)0°

—2 2 [= —2 —~2 2 2 2
Ozs = Op l:a-}f. :|7 Uw:Jh (Ub +Uc)+gv7

and the unconstrained cost is

Oos _ f18+ foB+ fs
o 918+ 9
where f1, f2 and f3 are as in (32), and

SNRy (8) = (35)

o UgTQ
g1 = Pr

—(L+1)o°tC",

agtrC_T
o

Setting the first derivative of SNR4 (3) to be zero to get the
optimum 3, we have

! ’ o ’
5Opt_zz{1+\/1+fw . (36)

=(L+1)o’teC" +




3-tap Jakes’ channel, OPBEM modeling: T=400, TIR=1.0.
T T T T
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Figure 1. Normalized channel estimation variance/MSE

(in dB) vs Doppler spread fg Hz for OP-BEM representation.
Dashed line: theoretical (analytical) expression; solid line: sim-
ulation result. Record length = 400 bits. Results based on 100
Monte Carlo runs. (Polynomial orders refer to the value of K in
OP-BEM.)

5. SIMULATION EXAMPLES

We simulate a 3-tap (L = 2) channel with each tap follow-
ing a Jakes’ model (see [13]) with a specified Doppler spread
fa. Note that Jakes’ model doesn’t necessarily follow (4),
i.e., there are model approximation errors. We consider a
system with carrier frequency of 2GHz, data rate of 40kB
(kB=kilo-Bauds), therefore, Ts = 25 x 107° sec., and a
varying Doppler spread fq in the range 0 to 200Hz (cor-
responding to a maximum mobile velocity in the range 0
to 108km/hr). We set E{\h(n;l)|2} =o> =1/(L+1).
We take all sequences (information and training) to be
binary. For superimposed training, we take a periodic
(scaled) binary m-sequence of period P = 7 (it ({¢(n)})
is a scaled m-sequence {1,—1,—1,1,1,1,—1}) with the
training-to-information sequence power ratio (TIR) of 1.0
where TIR= ¢2/0?. Fig. 1 shows the normalized chan-
nel mean-square error (NCMSE) in channel estimation as
results of our proposed approach, defined as

T Y Y R (i) = B (ns0)
E{|h(n; )}

obtained via simulations by averaging over 100 Monte Carlo
runs (different channel in each run) and via (time-averaged)
analytical expression (23). An excellent agreement is seen
at lower Doppler spreads whereas model approximation er-
rors become significant at higher Doppler spreads.

In Fig. 2 and Fig. 3, a Viterbi detector is applied based on
the estimated channel to detect the information sequence,
and its performance is studied with the estimated channel
responses. Fig. 2 shows the performance for different re-
ceived SNR’s with a fixed Doppler spread of 20Hz. The
optimum value of 3 increases with increasing SNR.

Fig. 3 compares the performance of the Viterbi detector
with different Doppler spreads fq. The results of Fig. 3
show the efficacy of the proposed approach in dealing with
different time-varying channels. For Doppler spreads lower

‘2
NCMSE =

Viterbi detector: fd = 20Hz, K=5, 500 Monte—Carlo runs.
10° : :
-6~ SNR=10dB
B SNR=15dB
—A-SNR=20dB
- SNR=30dB

5
T

Bit Error Rate
5\

i
S
s
T
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Figure 2. Bit error rate of Viterbi detector vs 8 with K =5,
f4 = 20Hz, T = 400.

than 160Hz, the BER does not change much implying that
the channel estimation based on OP-BEM works well.

In Fig. 4 we compare the optimum values of § for a given
received signal SNR for three different values of the Doppler
spread and for three cases: that maximizing theoretical
SNR4(8) (32) (labeled “theoretical” in Fig. 4), that maxi-
mizing the approximate theoretical SNR4(3) (35) (labeled
“approximate theoretical” in Fig. 4), and that maximizing
the BER based on the Viterbi detector (labeled “Viterbi
det.” in Fig. 4). It is seen that all the curves have the same
trend, i.e., optimum [ increases as SNR increases. The
approximate theoretical expression provides good solutions
for 3 for practical applications.

6. CONCLUSIONS

We presented a novel approach to channel estimation us-
ing only the first-order statistics of the data under a fixed
power allocation to training. We extended the approach of
[2] for time-invariant channels to time-varying channels. By
using OP-BEM, our approach can be efficiently applied to
a wide range of time-varying channels. We then presented
a performance analysis of the above proposed approach for
the specific case of time-varying random channels to obtain
a closed-form expression for the channel estimation vari-
ance. Next, we addressed the issue of superimposed training
power allocation. Using the developed channel estimation
variance expression, we cast the power allocation problem
as one of optimizing a signal-to-noise (SNR) for equalizer
design. Simulation examples were presented in support of
the proposed approaches and analysis.

Although the details were provided for OP-BEM, our re-
sults apply to any orthonormal basis functions, such as CE-
BEM.
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Viterbi detector: SNR = 20dB, K=5, 500 Monte—Carlo runs.
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Figure 3. Bit error rate of Viterbi detector vs 3 with K = 5,
SNR= 20dB, T' = 400.

8. APPENDIX: OP-BEM REPRESENTATION

We first consider the polynomial model of [1]. Let T denote
the symbol interval. For ¢t € [to,to + T7Ts], expand the
continuous-time baseband channel impulse response h(¢; 7)
in ¢ about a midpoint ¢t = T + to as

htr) =3 ol () (WTFJ) +Ri(tr)  (37)

@ 0.7

—e—theoretical
—a— approximate theoretical
.- % - Viterbi det. (fu 80Hz)

- A-.Viterbi det. (fd:120 Hz)
. Viterbi det. (fd=160 Hz)

0'25 16 1‘5 25 25 30
SNR (dB)

Figure 4. Optimum 3 vs SNR with K = 5, T' = 400.
()
T! [ d'n(t;7)

dt?

where the coefficients o’ (7) are defined as

a?(T) = (38)

i
v ] t=nTs+to
and Rx (t; 7) is the remainder of the Taylor series, given by

(t —ATs — to) T [d® T h(t; ) -
(K +1)! P (39)

for some s’ lying between ¢ and 7T + to. If z(t) is sampled
once every Ts sec. (symbol rate), then for t = nTs + to €
[to,to + TTs), the sampled signal 2(n) := x(t)|t=nT,+t, has
the representation given by (1) with h(n;!) specified by (3)
and m := [Z]. The above representation is valid over a
duration of T'Ts seconds (T samples).

The set of functions {1,¢,t% ---,t%} used in (37) are
linearly independent over [—1,1], but not necessarily or-
thogonal. The equation (37) (with Rx (¢;7) neglected) can
be re-expressed in terms of orthogonal (hence orthonor-
mal) polynomials obtained via the Gram-Schmidt proce-
dure. Over the interval [—1, 1], one gets the Legendre poly-
nomials [12]. By appropriate scaling and translation of
the (original) Legendre polynomials, we can obtain mod-
ified Legendre polynomials which are orthonormal over
the interval [to,to + T7Ts]. Sampling these polynomials
at the symbol interval, one gets the orthogonal polyno-
mial model (OP-BEM) used in this paper. Let px () de-
note the orthonormal Legendre polynomial of degree (or-
der) k over the interval [—1,1]. To extend [—1,1] to
[to, to + T'Ts], we set t = (TTs/2)t + to + (TTs/2), leading
to t = [2/(TTs)](t — to) — 1 and modified Legendre poly-
nomials py, (t) = pr((2/(TTs))[t — to] — 1) orthonormal over
the interval gto,to + TTs). Sample py,(t)’s at t = nTs + to,

Ri(t;7) :=

(n =0,1,---) to obtain the discretized modified Legendre
polynomials
2n
ou(n) = pr(5 — 1), (40)

Using the basis functions of (40), we rewrite (3) as

K
h(n;l) = > hq(l)q(n). (41)



