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ABSTRACT

A novel wideband beamformer is proposed with robustness
against array response errors. The proposed beamformer
differs from earlier techniques in that its robustness is di-
rectly related to the uncertainties in the array manifold while
avoiding the suboptimal subband decomposition approach.
The wideband robust beamforming problem is formulated
as a second-order cone programming (SOCP) convex opti-
mization problem which can be solved efficiently in poly-
nomial time using interior point methods. Simulation re-
sults show an improved performance of the proposed beam-
former compared to earlier wideband robust beamforming
techniques.

1. INTRODUCTION

One of the early algorithms for adaptive array processing of
wideband signals is the linearly constrained minimum vari-
ance (LCMV) algorithm [1]. The LCMV algorithm mini-
mizes the array output power subject to look direction con-
straints. These constraints preserve the signals arriving from
the desired look direction that appear in phase after the pre-
steering delay filters. However, in practical scenarios the
array performance can be severely degraded due to mis-
matches in the presumed array manifold. These mismatches
might result from look direction errors, array sensor loca-
tion errors, presteering delays quantization effects and/or
wavefront distortions, and their effect can be grouped into
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presteering mismatches. As a result, the desired signal com-
ponents can not be perfectly phase aligned by the presteer-
ing delays, and, thus, they are “interpreted” as interference
and erroneously suppressed.

Several attempts have been made to add robustness to
the wideband LCMV algorithm. An early work by Er and
Cantoni presented a set of sufficient directional derivative
constraints which can combat look direction errors [2]. More
recently, additional first-order necessary and sufficient pres-
teering delays (NS1-PS) derivative constraints were derived
in [3]. These constraints were shown to be able to maintain
array robustness despite the aforementioned array response
errors. Similarly, diagonal loading [4]-[5] can add robust-
ness to the LCMV algorithm. However, the amount of ro-
bustness provided in all these algorithms is set in an ad-hoc
way and is not related to the amount of uncertainty in the
array manifold.

Recently, several theoretically rigorous algorithms have
been proposed to add robustness to the narrowband mini-
mum variance (MV) beamformer so that it is matched to the
amount of uncertainty in the array manifold [6], [7]. Related
techniques for the wideband case have been presented in
[8], where a suboptimal subband processing based constant
power robust MV beamformer (CPRMVB) was presented.

In this paper, we propose a novel robust wideband beam-
former with robustness directly linked to the level of uncer-
tainty in the array manifold. It extends the work in [6] to
the wideband case and avoids the suboptimal subband de-
composition approach. Our beamformer maintains a high
gain response not only to the signals appearing in phase
after the presteering delays but also to all the signals with
an additional norm-bounded phase error vector. The phase
response of the array is controlled through additional lin-
ear phase constraints imposed on each of the finite impulse
response (FIR) filters of the array processor. The result-
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Fig. 1. Presteered broadband array processor.

ing problem is solved using the worst-case performance op-
timization approach and is shown to be convex. Simula-
tion results verify that the proposed beamformer has an im-
proved robustness against mismatches in array manifold as
compared to other beamforming techniques.

2. ROBUST WIDEBAND BEAMFORMER

Consider an M-sensor L-tap presteered broadband array
processor with w,,,; denoting the weight at the Ith tap of
the mth FIR filter as shown in Figure 1. The sensors are
uniformly spaced with an inter-element spacing less than or
equal to ¢/(2f,), where f, is the maximum frequency of
the desired signal and c is the wave propagation speed. The
received signal from the ¢th sensor is an input to a presteer-
ing delay T;, whose output is sampled with the sampling
frequency fs = 1/Ts where f; is selected greater than or
equal to 2f,,.

The M L x 1 stacked snapshot vector containing L de-
layed received data vectors is denoted by (n). The nth
sample of the beamformer output y(n) is given by

y(n) = w'a(n) (1

where w is the real valued ML x 1 stacked weight vec-
tor, i.e., War(1—1)4m = Wm,l, and ()T denotes the matrix
transpose.

The response of the array to a complex sinusoid with
frequency f and arrival angle € (where 6 is measured with
respect to the normal direction to the array aperture) is given
by

H(f,0) =w" (d(f) ® (T(f)a(f,9))) )

where ® denotes the Kronecker product,

d(f) = [1,e 2T e 2n/(L-DTIT (3

T(f) = diag{e ¥/ 73T} @

a’(f7 6) [eﬂ”fﬁ(‘))’ . ’ej277f7'1\4(0)]T (5)
z; sin(6@

) = # ©)

and z; is the ith sensor location.

The presteering delays are selected so that the desired
signal arriving from the presumed look direction 6 appears
coherently at the output of the M delays, that is,

T(f)a(f,00) =1m @)
and the array response towards the desired signal becomes
H(f,00) = w" (d(f) ® 1n) = w"Cod(f)  (®)

where Cy = I, ® 13, € RMLXL I isthe L x L identity
matrix, and 1,; is the M X 1 vector containing all ones.

The LCMV beamformer obtains the weight vector by
solving the following problem

min wT Rppw  st.  Cgw = hyg 9)
where Rz, = E{x(n)xT(n)} is the data covariance ma-
trix, and hg specifies the frequency response of the beam-
former towards the look direction. For all-pass response and
in the case of odd number of taps, hg is selected as ey,_,
where e; is a vector of appropriate dimension containing all
zeros except for 1 in the ¢th position, and L. is the central
tap index, i.e., L. = (L +1)/2.

In the presence of mismatches in the array manifold, the
desired signal components can not be perfectly aligned by
the presteering delays. Assume that the incoherency in the
desired signal components appearing after the presteering
delay filters can be represented by a norm-bounded vector
A(f) € A.(f), that is, the desired signal component with
frequency f arriving from the direction 6 appears after the
presteering delays as

T(f)a(f,0,) = > 1y + A(f), A(f) € A(f) (10)

where ¢ is a common time delay at each of the M sensors
and the mismatch set A (f) is defined as

A(f) ={A(f) e AN <e(H}  AD

where || - ||; is the vector ¢-norm.

To prevent cancellation of the desired signal compo-
nents, we impose a high gain constraint over the whole fre-
quency band of the desired signal, ie., Vf € [f, f.] and
for all the received signal vectors with norm-bounded phase
errors. This constraint can be written as

|H(f195)‘21 VA(f)EAE(f)afe[flafu] (12)



The optimal weight vector of the robust broadband be-
amformer can be obtained by minimizing the array output
power w! R ,w subject to the above infinite set of con-
straints. Each constraint is imposed at a certain frequency f
and corresponds to the worst-case mismatch over A, (f) at
this frequency. Thus, we can write (12) as

A(fr)réi.ills(f) |H(f705)| > 1 Vf € [flvfu]' (13)

In the presence of phase errors with the form in (10), the
array response towards the desired signal is given by

H(f,05) = > w" Cod(f) + w' Q(HA(f) (14

where Q(f) € CMEXM = d(f) @ I;. Using the triangle
inequality we can write

[H(f,05)] = |w" Cod(f)| = [w" Q(NHA(f)].  (15)

Maximizing the second term in the right hand side of (15)
over the mismatch set A, (f) yields

T _ T
A [w” QUN)A(S)] = e(NQ (fwllo. (16)

Combining (15) and (16), the minimum value of |H (f, §)|
over the mismatch set at the frequency f is given by

min |H(f,0,)| = [w" Cod(f)|-e(HIQT (f)w] oo-

A(HeA(f) an

Thus, the robust beamforming problem can be written as

min  w? Rypw
w

st [w! Cod(f)| = e(HIQT (Hwlw = 1
vf € [fu. ful (18)

Note that [w” Cod(f)| and Q™ (f)w can be expressed as

lw Cod(f)] = Wi(f) +...+Wu(f)l  (19)
QT (NHrw = Wilf),... wWu(H)" 0

where W,,,(f) is the frequency response of the mth FIR
filter of the array processor.

The gain constraint in (12) can prevent the cancellation
of the desired signal components, yet it does not guarantee a
distortionless response because the phase response of the ar-
ray towards the desired signal is completely unconstrained.
To alleviate this problem, we impose a type 1 linear phase
constraint on each of the M FIR filters (L must be odd)
[9]. Although this constraint does not guarantee an over-
all linear phase response towards all the received signals,
the overall response has nearly linear phase for the desired
signal components with norm-bounded phase errors. In ad-
dition, the imposed linear phase constraints can be shown to
be equivalent to NS1-PS derivative constraints in the case of

an all-pass response. Therefore, they add more robustness
to the beamformer.

Under the linear phase constraint, we can write the fre-
quency response of the mth FIR filter as

Wilf) = e—Jo(f) (wm,Lc +
L
25 W cos(27rf(l<:—Lc)Ts)) 21)
k=L.+1
where ¢(f) = 27 f(L. — 1)T%.

Defining the vector g(f) € RE<*! and the matrices
C,, € RMLXL gnd B € RE*Le g5

ag(f) &1, cos(2nfTs),...,cos(2mf(L. — 1)TS)]T (22)
Ch.tI,®e,, m=1,....M (23)
0 0O 0 1 0 O 0
0 O 1 0 1 0 0
BT £ | L4
0 1 0 0 1 0
1 0 0 0 0 1

we can rewrite (21) as
Win(f) = e7*Dw’ C,, Bg(f). (25)

Also, using the fact that Zi\il C,; = Cy, we can write

M
D Wn(f) =e?DwCoBg(f) (26

m=1

where w?' C,, Bg(f) and w? CyBg(f) are real.
Therefore, the robust beamforming problem in (18) with
the additional linear phase constraints can be written as

min  w’ Rypw
w,v

St Wi Lo—i = W, L.+ vm ez}l ez
—v<w'CLBg(f)<v  VmeZM fe[fi, fu]
(W CoBg(f)| - e(flv>1 Vf € [fi, fu] 27)

where Z f denotes the ring of integers from ¢ to j.

The problem is still nonconvex due to the absolute value
operator in the last constraint. However, we can see that
if {w, v} is an optimal solution to the above optimization
problem, then {—w, v} is also an optimal solution. Also,
examining the constraint | Z%Zl Wi (f)] > 14+¢e(f)vand
from the continuity of the Fourier transform, it is clear that
for a feasible weight vector w, e/*() SSM_ W), (f) can
either be positive or negative over the entire frequency band
[f1, fu] and can not change sign at any frequency. From
these two remarks, it follows that imposing a nonnegativ-
ity constraint on the real valued phase-rotated sum of the



Fourier transforms of the M FIR filters does not lead to any
loss of optimality and yields the same global optimum so-
lution of the nonconvex problem. Therefore, we can replace
|wT CyBg(f)|in the last constraint of (27) by w’ CoBg(f),
and rewrite the constraint as w? CoBg(f) —(f)v > 1.
The resulting problem is a convex optimization problem.
The infinite set of spectral constraints imposed over the
frequency interval [f;, f,,] can be represented in a finite man-
ner using the standard discretization approach [10]. There-
fore, the robust beamforming problem can be written as
min w? Ryzw
w,v
St Wm, L.—1 = Wm, L.+l VYm € Z{w;l € le’“71
w'C,,Bg(f))<v—-6 VYmeZM.iczN
w'C,,Bg(f;)) > —v+6 Yme ZM;iec z)¥
w'CoBg(fi)) —e(fi)v=1+6  Vie Z (28)

where {f;}X, is a uniformly spaced grid selected over the
band [f;, fu], and N and § are chosen as follows. For a
fixed IV, one must choose § small enough such that the over-
constraining of the problem at the frequencies f; does not
result in significant performance loss. At the same time,
one must also choose § large enough to satisfy the spectral
constraints for all frequency components not included in the
selected grid.

Next, we will convert the quadratic objective function
into a linear one. Let

R,.=U"U (29)

be the Cholesky factorization of R,,. Thus, we can write
the objective function as

w! Ryppw = |[Uw||?. (30)

Obviously, minimizing |Uw || is equivalent to minimiz-
ing wT Ry,w. Hence, introducing a scalar nonnegative
auxiliary variable ¢, and imposing the additional constraint
|[Uw| < t, we can convert (28) into the following SOCP
problem:

st [Uw|| <t

Wm,Lo—l = Wm,L.+1 vme zM; 1 e Zke1

w'C,,Byg(f;)<v—-0 VYmeZMiczV

w'C,,Bg(f;)) > —v+6 Yme zZM;ic z}

wl CyBg(f;) —e(fv>1+6  ViezZN 31
which can be solved efficiently using interior point methods
[11]. The number of design variables is M L+2, and the first
constraint is an (M L + 1)-dimensional second-order cone

constraint followed by M (L.—1) linear equality constraints
and (2M + 1)N linear inequality constraints.
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Fig. 2. Output SINR versus sensor location error.
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Fig. 3. Frequency response of the proposed robust beam-
former.

The number of iterations required to solve an SOCP
problem using interior point methods is bounded by the squ-
are root of the number of constraints [12]. The compu-
tational complexity associated with each iteration is of
O(n*Y", ¢;), where n is the number of optimization vari-
ables and ¢; is the dimension of the ¢th constraint [12].
Therefore, the worst-case computational load of (31) will
be of O(M?3-5L2¢*®) where ( = max{N, L}. This compu-
tational complexity is comparable to the complexity of the
classical LCMYV algorithm which requires O(M 3 L3) oper-
ations to compute the inverse of the data covariance matrix

[1].



3. SIMULATIONS

We consider a linear microphone array with M = 10 and
L = 9. The sensors are assumed to be equispaced with
spacing ¢/ fs, where f; = 8000. The array is presteered
to the direction §y = —30° and the presteering delays are
quantized to 256 levels. The desired signal is a broadband
signal arriving from the direction 6, = —34° with signal-
to-noise ratio (SNR) equal to 10 dB and constant power
spectral density over the frequency band 8004000 Hz. A
wideband interference signal is received from the direction
61 = 20° with constant spectral density over the frequency
band of interest and interference-to-signal ratio (ISR) equal
to 20 dB. A uniformly-spaced frequency grid with N = 11
is selected to discretize the spectral constraints and a value
of § = 1072 is chosen. The robustness set A, (f) is fixed
throughout all simulations and is formed by considering a
2° look direction error, 3.75% sensor displacements rela-
tive to the array inter-element spacing, and steering delays
quantization effects. A sample size of N, = 4096 samples
is used for the calculation of the sample correlation matri-
ces for different beamformers. For the CPRMVB, 256 sub-
bands are considered and the samples are divided into 16
batches. The correlation matrix of each subband is formed
using the available 16 samples for that subband. The de-
sired signal is chosen as a chirp signal s(k) = cos(27 f1kTs
+7Bk*T?) with chirp rate 3 = (f, — f1)/(NsTs), whereas
the interference signal is generated as the sum of sinusoidal
harmonics with random phases and equal powers occupy-
ing the band between f; and f,. The simulation results are
averaged over 100 independent runs.

We investigate the effect of sensor location errors. The
actual sensor locations are selected such that they corre-
spond to the maximum deformation in the linear array. We
compare the performance of our robust beamformer with
that of the classical LCMV beamformer and different ro-
bust beamformers with robustness provided through diago-
nal loading, directional derivative constraints, NS1-PS deriva-
tive constraints, and subband-based CPRMVB of [8].

Figure 2 shows the average output signal-to-interferen-
ce-plus-noise ratio (SINR) for different relative sensor dis-
placements from which we can clearly see improvements
achieved by the proposed beamformer with respect to all
other beamformers tested.

Figure 3 illustrates the frequency response of our beam-
former for the case of 3.75% of relative sensor displace-
ment. The magnitude and phase responses are plotted at the
presumed look direction and the actual desired signal direc-
tion. It is clear that our beamformer maintains a distortion-
less response and linear phase towards the desired signal
in spite of the mismatches. Figure 3 also shows the mag-
nitude response at the interference direction where we can
see that the interference signal is suppressed at all frequen-
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LCMV beamformer with diagonal loading (10 dB)
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Fig. 4. Power response versus arrival angle.

cies. Figure 4 shows the power response of various beam-
formers versus the arrival angle where we notice that our
beamformer yields a high gain towards the desired signal
while also suppressing the interference and maintaining a
relatively low sidelobe level compared to other beamform-
ers.

Next, we investigate the performance of our beamformer
for different values of the desired signal SNR. The sensor
displacements are 7.5% of the sensor spacing, and ISR =
0 dB. Figure 5 shows the output SINR for different beam-
formers versus the desired signal SNR. From this figure, we
can see that our beamformer has a substantially improved
performance as compared to the beamforming algorithms
tested. These performance improvements are especially sig-
nificant at high SNRs.

For the same scenario, we evaluate the normalized mean
square error (NMSE) as well. Figure 6 shows the NMSE
versus the desired signal SNR for different beamformers.
We can observe that our robust beamformer provides dra-
matic improvements of the NMSE as compared to the other
beamformers tested.

4. CONCLUSIONS

In this paper, a novel robust wideband adaptive beamformer
has been presented. In contrast to earlier approaches, it pro-
vides an amount of robustness directly linked to the amount
of uncertainty in the array manifold and aviods subopti-
mal subband decomposition. The proposed beamformer is
demonstrated to prevent the cancellation of the desired sig-
nal through gain constraints imposed on all the received sig-
nal components within a certain predefined mismatch set.
Linear phase constraints are also imposed to decrease phase
distortions of the desired signal. The problem is formulated



35

—— Optimum beamformer

—x— LCMV beamformer with diagonal loading (10 dB)

30} - First + second order directional derivative constraints i

—O— NS1-PS derivative constraints
% CPRMVB

-O- Proposed robust beamformer

Output SINR (dB)

-10 -5 0 5 10 15 20 25

Fig. 5. Output SINR versus desired signal SNR.

as a convex optimization problem which can be solved effi-
ciently with polynomial complexity using well-established
interior point methods. Simulation results validate a sub-
stantially improved performance of the proposed beamfor-
mer as compared to several popular robust wideband beam-
formers.
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