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ABSTRACT

The Kullback information criterionK 1C) is a recently de-
veloped tool for statistical model selectioR./C' serves as

an asymptotically unbiased estimator of the Kullback sym-
metric divergence, known as J-divergence. A corrected ver-
sion for K IC denoted byK ICs have been also proposed
to correct the bias of{IC. This version tends to overfit

when the sample size increases.In this paper we propose a

alternative toK1C¢, the KICy criterion which is unbi-
ased estimator of the Kullback's symmetric divergence. It
provides better model choice thdh/C for moderate to
large sample size.

1. INTRODUCTION

In statistical modelling, one of the main objectives is to se-
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the sample sizei,, K1C becomes strongly negatively bi-
ased estimate of the Kullback’s symmetric divergence and
leads to the choice of over parameterized models. A bias
corrected version of{IC, denotedK IC- has been pro-
posed recently for linear regression and univariate autore-
gressive models [7]. However, the simulation studies in-
dicates that'/C tends to overfit when the sample size
increases. The aim of this paper is to propose an alternative
b KICq, the KICy; criterion which is unbiased estimator
of the Kullback's symmetric divergence. It provides bet-
ter model choice thai IC for moderate to large sample
size. The remainder of this paper is organized as follows. In
section 2, we briefly reviewk /C and its corrected version
KICq. Section 3, is devoted to a development of the new
proposed criterionICy;. Simulation examples of com-
paraison are given in section 4 and a conclusion is given in
section 5.

lect a suitable model from a candidate class to character-

ize the underlying data. Model selection criteria provide
a useful tool in this regard. A selection criterion assesses
whether a fitted model offers an optimal balance between
goodness-of-fit and parsimony.The first model selection cri-
terion to gain widespread acceptance was the Akaike infor-
mation criterion AIC) [1]. Many other criteria have been
subsequently introduced and studied such as Bayesian In
formation Criterion BIC) [2] and the Minimum Descrip-

2. REVIEW OF KIC AND KIC¢

Suppose a collection of datg, = (yi,---,y,)" has
been generated according to an unknown parametric model
p(y|6o). We try to find a parametric model which pro-

tion Length (M DL) [3]. AIC serves as an estimator of Vides a suitable approximation foi(y[6y). Let My =
Kullbacks directed divergence between the generating or{ 2(y|0x)|fx € ©x } denote ak-dimensional parametric
true model (i.e., the model which presumably gave rise to family and let 6, denote the vector of parameters es-
the data) and a fitted candidate model. The corredt&d, timate obtained by maximizing the likelihood function
denoted byAIC¢, is an adjusted version ol IC origi- p(yn|0r) over ©. For simplicity, we will assume: =
nally proposed for linear regression towards a bias reduc-1,2, ..., kyax, SO the collectionM;s consists of nested
tion. [4]. Hurvich and Tsai justified its application to non- families, i.e,©; C ©2 C --- C Oy, of dimension 1
linear regression models and investigated its small samplethrough(kmaz) [1]. To determine which candidate model
superiority overAIC [5]. Another possible criterion is the  best approximates the generating unknown medge|d,),
Kullback Information CriterionK IC [6] based onthe Kull-  we need a measure which provides a suitable reflection of
back's symmetric divergence khown also .Aslivergence  the disparity betweep(y|6y) and an approximating model
as a measure of model dissimilarity. As fddC, when p(y|0x). The Kullbacks symmetric divergence is one of
the number of candidate modglincreases compared to such measure. Kullbacks symmetric divergence between



two parametric densities(y|0y) anth(y|6s) is defined as scribed in equation(6), we have

200 (00,01) = 21,(00,0%) + 21, (0, 60) (1) dn(05,0;) = Eo, { —2Inp(yl0;) }
2
= Ep {—2Inp(y|0r)} — Eg, {—2Inp(y|6o)} = nln2r+nho?+nl )
+Eg, {—2Inp(y[bo)} 9
1
—Eg, {—2Inp(y|0k)} +—5 (i - B)TXTX (B — B))
= dn(bo,01) — dn(60,00) + dn (0, 00) J
—dn (O, Or) Using the exact Kullback’s symmetric divergence as defined
in equation(1) and ignoring constant terms, we get
where I,,(6;, 6,) is the directed Kullback divergence and
Ey, {.} represents the expectation with respect to the den- KIC =~ n(ln(6?) — In(o?)) + 2(k+1)n @)
sity p(y|0;). Sinced,, (6o, 0,) does not depend of,, any 0 n—k—2
ranking of the candidate models according2tf, (6, 01) il n Lo
would be identical to ranking them according&@, (6o, 6,) [l n—k
defined by

wheres? = yT (I, — (X (X7 X)~' X)y/nis the maximum
K, (00,0k) = dn(00,01) + dn (01, 00) — dn (01, 0:) (2) likelihood estimate of2 We can define a general family of
KIC¢ by using the penalty function in equation(4)
In [6] Cavanaugh proposed the Kullback Information Cri-

terion KIC as a bias correction te-2Inp(y|d) using KICc(6%) ~ n(ln(o?) —In(o?)) + 2(k+1)n
the Kullbacks symmetric divergence variant as defined in n—k-—2
equation(2) and given by tnn [ -2 + " 9)
n—k n—k
KIC = —2Inp(y|0x) +3(k + 1) (3)  The optimal value occurs whdn(o2) = In(c2). In prac-

tice In(o?) is not known. A good unbiased estimator of

Motivated by the fact thaf/C is only asymptotically un-
" y ! y asymprotica’y u o2) have been proposed in [8] defined by

biased, the authors in [7] proposed a bias corrected versionln(

KICc givenb
cd y nln52:nln62+nlnL (10)
2(k +1) nokel
~ n n
KICc = —2np(y|f) + ~——— +nln (n—k) Substituting this estimate in equation 9 and ignoring the
n constant termw In(o3), results in the new criterion denoted
4
+— 4 byKICy
KIO i . , oy 2(k+1)n n
c is found to provide a better model order choice than  KICy; ~ nln(6;) + ——— +nln
KIC for small sample linear regression and univariate au- n—k—2 n—k
toregressive model selection. " iam " (11)
n—=k n—k—1
3. DERIVATION OF KICy SinceKICy = KICC +nln # KICy has a gre.ater.
penalty for overfitting, especially as the sample size in-

Suppose that the linear regression generating model for the ' €ases:

data and thé*" candidate model are respectively given by
4. SIMULATION RESULTS

y=XpBo+eo, o~ N(0,05L,) (5) . .
4.1. Linear regression

y = X8k + e, er ~ N(0,071L,) (6) We consider three simulations sets, based on three differ-
ent sample sizen( = 25, n = 50 andn = 100) generated
using the linear regression model as described in equation
5 with parameterg? = 1 and, = (1,1,1,1)7. Ten
candidate models were stored ¥, ann x 10 matrix of

o independent identically normal random variables. The can-
Or = {52 ok ] Considering the candidate model as de- didate models include the columns Xfin a sequentially

Here, y is ann x 1 observation vectorgy and ¢, are
n x 1 noise vectorsf, and gy arek x 1 parameter vec-
tors, andX is ann x k design matrix of full column
rank. The vector of parameters for the candidate model is



nested fashion; that is, columns 1itdefine the design ma-
trix for the candidate model with dimensién The first four
columns ofX define the true model. For purpose of com-
parison, we have included the consistent critetfC' =
nln62+(k+1)In(n), theAIC = nln62+2(k+1) and the
correctedd/Cc = nln 6?2 + % Table 1 gives a com-
parison of KICy to KICo, KIC, AIC, AICs andBIC
using 1000 runs of Monte Carlo simulatioR.I Cy; exhibits
the best frequency of selection of the true orkgrfor low
sample following slightly the consistent criterid/ C for
large sample size.

4.2. Autoregressive model

The problem of regression and autoregressive model selec
tion are closely related. Indeed of the proposed solutions
can be applied to both problems. A univariate autoregres-
sive process of ordér, AR(k), can be represented as

Yt = P1Ys—1 + PoYe—2 + -+ PrYr—k + &4 (12)

wheree; are i.i.d.~ N(0,02). Given a set of observations
Yn = (y1,92,...,yn)T, our objective is to determine the
appropriate ordek: that fits well the data;,,. Equation 12
can be expressed in a linear form

y=X¢+z

Where¢ = (¢1, (bz, ey ¢n)T, zZ = (51762, .
X is then x k design matrix

(13)

,en)T and

Yo Y-1 Yi—k
U1 Yo Yo—k

X = . . .
Yn—1 Yn—2 Yn—k

Based on the equivalence between equation 13 and lineal
model, we can justify the use of or criterida/Cy for the
class of AR models. As in the previous example, three sam-
ple size sets are used & 25, n = 50 andn = 100) with

o2 = 1. AMonte Carlo simulation that consist of 1000 data
set realizations of size were generated from the following
second order AR model

Yy = 0.99y; 1 — 0.8ys—2 + €4, t=1,...,n.

For each data set, Levinson-Durbin method was used to fit
candidate AR models of order 1 to 10. Other selection crite-
ria are used in the simulation for comparaison purpose.The
frequency of order selected by the various criteria is given in
table 2. Here agaik /Cy shows a good performance com-
pared toK IC¢ in small sample followed slightly bys7C

for large sample with low tendency of overfitting compared
to the other criteria. The tendency of the criteria to under-

5. CONCLUSION

In this paper, we have derived and investigated the model
selection criterion K ICy;, based on Kullback's symmet-
ric divergence, fro model selection in univariate AR mod-
els and linear regression model. Our results of simulations
show thatK ICy outperforms the<IC and the corrected
KIC version for small and large sample size and it outper-
form the consistent criterioBC' except when the sample
size is large with the lower tendency of overfitting compared
to KIC andKIC¢.
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estimate the correct dimension decreases as the sample size

increases and is equal to zero.



[ Set| n [ Order| AIC | AIC. | BIC | KIC | KIC. | KIC, |

1 25 <ky | 6 11 11 10 19 40
1 25 =ko | 548 853 785 763 913 926
1 25 > ko | 446 136 204 227 68 34
2 50 <ky | 0O 0 0 0 0 0

2 50 | =ko | 647 858 924 858 912 961
2 50 > ko | 353 192 76 142 88 39
3 100 | <ko | O 0 0 0 0 0

3 100 | = ko | 701 762 962 852 883 949
3 100 | > ko | 299 238 38 148 117 o1

Table 1. Frequency of the model order selected by each criterion for 1000 realizations

[Set[ n | Order|[ AIC [ AIC. | BIC [ KIC | KIC, | KIC, |

1 25 <ko |12 18 36 29 45 56
1 25 =ko | 858 923 921 921 936 938
1 25 > ko | 130 59 43 50 19 6

2 50 <ko | O 0 0 0 0 0

2 50 | =ko | 799 872 963 919 944 978
2 50 > ko | 201 128 37 81 o6 22
3 100 | <ko | O 0 0 0 0 0

3 100 | = ko | 746 786 966 891 912 958
3 100 | > ky | 254 214 34 109 88 42

Table 2. Frequency of the model order selected by each criterion for 1000 realizations



