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ABSTRACT

The local stability of blind source separation (BSS) algo-
rithms has been mostly investigated in the vicinity of the
mixing system inverse, i.e. assuming not only separation
but also deconvolution of the sources. In the case of con-
volutive mixtures, other equilibrium points exist that do not
deconvolve the sources. In this paper, we examine the lo-
cal stability at such an equilibrium point for a second-order
BSS algorithm based on the source non-stationarity. Con-
sidering explicitly source silences (for example with speech
sources) greatly simplifies the obtained local stability con-
ditions and allows a comparison with the classical LMS
noise canceller. This analysis reveals a discrepancy between
causal and double-sided (acausal) mixing channels.

1. INTRODUCTION

Blind source separation (BSS) is an emerging technique
that tackles the problem of recovering several source sig-
nals from a set of observed mixtures. A famous example
is the so-called cocktail party problem. Consider the sce-
nario in which several speakers talk simultaneously and are
recorded by a microphone array. BSS is an appropriate tech-
nique to separate the individual speech flows, in particular
when no prior information on the microphone arrangement
or on the source position is available. BSS relies solely on
the assumption that the source signals are mutually inde-
pendent, which makes it unnecessary to model the source-
sensor propagation. Nevertheless, in many practical setups,
information on the relative source-microphone position is
available. Then, adaptive beamforming is another relevant
method.

These two approaches are closely related. As pointed
out by Araki et. al., there is an equivalence between BSS
and beamforming, since both achieve the separation by
spatially filtering the observed signals [1]. However, this
functional equivalence does not account for algorithmic dif-
ferences that are significant from a practical point of view.

The noise canceller (the adaptive component of a beam-
former) is typically driven by the Normalized Least-Mean
Square algorithm (NLMS), which minimizes a quadratic
power criterion. The global convergence of this algorithm is
well-known [10]. By contrast, the parameter update in BSS
algorithms usually involves non-linear terms. This makes
an analysis of the global convergence hardly tractable [8, 5].
In this paper, we will compare the local behavior of NLMS
and BSS in the vicinity of their equilibrium points, which is
described in particular by the local stability.

Stability conditions of the NLMS algorithm are very
simple. They depend only on the adaptation step-size. On
the other hand, the local stability of BSS algorithms has
been investigated in the vicinity of the inverse of the mix-
ing system. There, the sources are not only separated but
also deconvolved, possibly using a feedback filter architec-
ture [6, 11]. However, in many practical cases, only the
separation of the sources is desired (or achievable). There-
fore, we will study the stability around an equilibrium point
that separates but does not deconvolve the sources.

This paper is organized as follows: Section 2 defines
the mixture/separation model and the notations. In Sec-
tion 3, we specify which BSS algorithm is under consid-
eration. The stability analysis is carried out in Section 4.
The results are discussed in Section 6. Section 7 concludes.

2. MODEL AND NOTATIONS

A common framework for BSS and beamforming is eas-
ily obtained when we consider the problem of separating
the two-source two-sensor convolutive mixture de}lgicted in
Fig. 1 (left). The sources s(t) = (s1(t),s2(t))” propa-
gate over unknown multipath channels to the observations
x(t) = (z1(t), z2(t))". In general, the source-observation
relationship can be expressed in the z-domain as

X(2) = ( Hy (2) Z;zgzg )S(z) (1)

H21(Z)
where H;j(2) = 37 .7 hij(p)2~P. hyj is the impulse re-
sponse from source j to sensor . Let us assume that the
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Fig. 1. Left: the mixing channels — right: the separation
filters

direct channels H;;(z) are invertible. Then, the mixing can
be equivalently rewritten as

X(z) = H(2)S(2), 2

with H(z) = ( H;(Z) Hlj(z)), 3)

keeping in mind that Hi3(z) and Hy;(2) represent ratio
of acoustic transfer functions. The channels Hy2(z) and
Ho1(2) characterize the amount of cross-talk in the micro-
phones. The observation-output relationship is written in
the z-domain as

Y(z) = W()X(z) )

W(:) = (W;(z) Wli(z)), )

where Wi5(z) and Wia(2) are finite-impulse-response fil-
ters (FIR). The separation matrix W (z) must inverse H(z)
in the sense that the off-diagonal terms of the global system
W (z)H(z) vanish, whereas the diagonal terms are non-
zero. Under the constraint that diag W (z) = I (I denotes
the NV x N identity matrix, the operator diag A sets the off-
diagonal elements of A to zero), this is achieved uniquely
for

W(z) = ( ) ~Hi(z) ) (©)

With this mixture-separation model, beamforming and BSS
tackle the same identification problem. (In practice, adap-
tive beamforming performs a noise cancellation task, i.e.
the optimal filters depend on the source signals.)

At the equilibrium (6), the source-output transfer func-
tion 1s

Weq(Z) =1- H12(Z)H21(Z). (7)

Since Weq(2) is not a unit response, the source are not de-
convolved at the equilibrium point. For later reference, we
denote its time domain counterpart by weq = 60— hig*xhay.

In the next sections, we will consider causal (resp.
double-sided) mixing channels and separation filters

hij,w;; with support S, = [0, L — 1] (resp. Sq = [-L +
1, L — 1]). The case of double-sided filters is presented us-
ing positive and negative filters taps w;;(k), —L+1 < k <
L — 1. We define the truncation operator on the z-tranform
C(z), denoted by [C'(2)]s, as

[C()ls = ek)=" . ®)

keS

S refers to the filter support: S = S, in the causal case,
S = S, for double-sided filters.

Concerning the sources, we consider blockwise station-
ary white source signals with powers aii and a%yi, where
1 = 1,...,1 denotes the time block index. We will pay
particular attention to the case where these sources have pe-
riods of silence:

A(io, jo) with ig # jo and 07, = 0, = 0.

Let us define the output vector in the time domain
y(t) = (y1(t),y2(t))" and the output correlation matrix at
the i-th data block Rgf}),(k) =E{y#®)yT(t — k)}. In prac-
tice, Rg,’)),(k:) is estimated by averaging y (t)y” (t — k) over
the i-th data block. This estimation is denoted by Rg};(k)
The sequence R&;(k), k € Z has the z-transform

() (2) =Y R (k)" )
keZ

Similarly, we denote by Rgf,)((k) (resp. @g};(z)) the input-
output cross-correlation in the time domain (resp. z-
domain).

The adaptation of the filters W (z) is performed itera-
tively according to

W,i11(2) = Wy (2) — pAW,(2). (10)

In the following, we will consider batch algorithms, which
means that AW, (z) is computed using the whole available
data set.

3. SECOND-ORDER STATISTICS ALGORITHMS

Applied separately for each source, the beamforming ap-
proach consists of two adaptive interference cancellers,
i.e. two decoupled identification problems, as illustrated
in Fig. 2 (top). For example, the cancellation of s5(¢) in
y1(t) requires the identification of hqo. This approach ap-
plies best when no contribution of the desired source s (%)
is present at the sensor xo(t): wio must be adapted only
if hoy * s1(t) is weak compared to so(t). Otherwise, this
leads to the well-known power inversion effect associated
with least-square methods [10]. In speech applications, the
adaptation occurs if the desired speaker is silent. The adap-
tation of two interference cancellers minimizes the output



Fig. 2. Top: separation with two decoupled interference
cancellers (11) — bottom: separation with BSS (13)

powers when the one or the other source is silent. With the
NLMS algorithm, the parameter update can be written as:

AW, (2)

i=1

The normalization is given by

g -1
O [ R&(0) 0
NLMS — 0 éngxl (0) '

The silence detection is represented by the 2 x 2 matrix
Detect that contains only zeros, except the (p,p) ele-
ment which is 1if o2 ; = 0, i.e. if 5,,(t) = 0. This models a
perfect silence detection.

BSS techniques are robust in the sense that even if sq ()
has significant power, they are able to cancel the interferer
$2(t) in the output y; (¢). The separation filters wi2 and wa;
Jjointly minimize Jg, a dependence measure that is built on
an assumed source probability distribution, as depicted in
Fig. 2 (bottom). Fundamentally, BSS techniques require no
adaptation control.

Let us consider the second-order BSS algorithm that
is proposed in [2]. Assuming blockwise stationary white
Gaussian sources, the output mutual information is given
by [4]

1
Juss = » _ logdet diag R{) (0) — log det R{) (0).
i=1

12)

Therefore, Js is a measure of the output independence. In
fact, Jiss can be seen as the measure of diagonality for the

matrices Rg,g),(()) Minimizing Jss results in the simultane-
ous diagonalization of these correlation matrices.
To give the learning rule AW, (z) for BSS, we

need to define the normalization matrix with Nggs =

_ ZI: Detect "N{; ;g [off (€((:))] . (1D

(diag R )( 0))~!.  The minimization of J.s is per-
formed with the natural gradient under the constraint that
diag W ,,(2) = I, using

I
AW, (2) = Y NG [off &’gf}),(z)}s ,

=1

where off A = A — diag A.

(13)

4. LOCAL STABILITY ANALYSIS IN THE MEAN
Let us define the mean error

Vin(2) = E{off (W (2) + H(z))}

at the n-th iteration. According to (13), the evolution
of the mean error is expressed in the time domain with
Vijn(k), k€S as

{ oz (K) = vz (k) — p i LR, (k) /B2 ()},
Vot (k) = varn(k) — n 1) Ry, (k) /E{y3(t)}.

For an analysis in the mean, all estimated quantities in (13)
are replaced by their true values. The output correlations are
quadratic functions of v12 ,,, v21,,,. Therefore, (15) is a non-
linear recursion. We linearize (15) in the vicinity of V(z) =
0 and the step-size is assumed to be sufficiently small to
ensure that permutation of the sources does not occur. The
linearization of, e.g., R?E,Zl)yQ (k) = Ei{y1(t)y=2(t — k)} for
v; close to zero and decorrelated white source signals is
given by!

(14)

R(i) —

Y1 yz

Ull E U21

veS

+og7i Z weq (v)v12(k +v) + O(v12,v21)
vES

where O(v12,v91) contains the quadratic dependencies in
(v12, v21). Combining (15) and (16), we can write the first-
order evolution of v12(k) as

Avia(k) Z ZU21 v)weq(k +v)
HweqHQ i—1 \wes
,l Z’u}eq ’[}12(k} +’U>> 5 (17)
11 vES

where |[wegll3 = 3, w?, (k). The source signals act upon
the BSS algorithm through the two following variables:

1 2
1

2
@zZZ?i,and@’:Za

p)
i i1 92,

I'The iteration index n is omitted for notational convenience.

15)



© and ©’ quantify the relative nonstationarity of the
sources. It can be shown that the (©, ©’)-space is spanned
by I = 2 and

2 2 2 2\ _ 2 2 2 2
(0171301,%02,1,02,2) = (1a01,2a02,1,1)v vC71,2a02,1 > 0.

All possible runs of the algorithm with respect to the source
distribution are covered with two time blocks. Without loss
of generality, we set I = 2,07 ; = 03, = 1 in the follow-
ing.

With locally silent sources, the NLMS algorithm con-
verges to Vi, (z) = 0. In this case, i.e. when 0§, = 05 | =
0, we have

R (k) = Ej{a?(t)}vi;(k) ford,j = 1,2,i # j. (18)

YiZy

The evolution of the error (vq2, vo1) for the NLMS adapta-
tion (11) can be written as

Vijn+1 (k) = vijn (k) (1 — p), (19)

which means that all error terms converge to zero with the
same speed controlled by 1 — p. Therefore, the NLMS al-
gorithm is stable in the mean for 0 < p < 2, independently
of the mixing channels.

4.1. Double-sided systems

Similarly to (17), we can linearize vo1 41 (k) in (15). For
S = &, the linearized system can be written in matrix form
as:

Vaptl = (I4L_2 — u12D) Vi, (20)
||weq||2
o - (W),
weq(0) weq (2L — 2)
H = : 2)
Wweq(—2L + 2) weq(0)
Vi = (Vigs Vo) (23)
Vijn = Wigm(—L+1),..vga(L+1)T. (24

The function f(A) returns the M x N matrix A with
columns preserved and rows flipped in the up/down direc-
tion: f(A)m,n = A(M7m+1),n7 m = 1,...,M. If
© = ©’ = 1, which corresponds to stationary sources, D
is singular and the algorithm is unstable. Another remark
about (20) is that D is no correlation matrix (it is not pos-
itive definite). The positiveness of its eigenvalues, which
is required for local stability, is not guaranteed. Although
H has a Toeplitz structure, D is only banded by block.
Therefore, the Fourier tools cannot be applied to evaluate
the eigenvalues of D. Moreover, D does not present a fa-
vorable form (e.g., triangular) that would provide a closed
formula of its eigenvalues.

However, the particular case of locally silent sources
opens a possibility for further study. Let us set a%)Q =
0571 = o2 and study the limit 02 — 0. A key observation is

that

lim © = lim ©' = +o0,

02—0 02—0
and subsequently the diagonal submatrices of D become
dominant. The local stability relates to the direction given
by the update, not to the norm. Therefore, we can choose an
arbitrarily small step-size p. In order to balance the normal-
ization, we set the step-size t0 1 = pg||weq||?c?. Then,
the limit lim,2_,o uD exists and we can neglect the off-
diagonal submatrices of D. The eigenvalues of D are those
of H, since det(I4;,_o — AD) = detQ(IgL_l — AH) for any
A. Therefore, a necessary and sufficient local stability con-
dition for locally silent sources is that the eigenvalues A}
of H satisfy

Vi R{A} > 0 where R{z} is the real part z € C. (25)

This is not very enlightening. Let us reformulate the con-
dition (25) with the Discrete Fourier Transform (DFT).
Let H, be the square circulant matrix defined with its
first column ¢; = (weq(0), ..., weq(—2L + 2), weq(2L —
2),...,weq(1))". Tts (2L — 1) x (2L — 1) upper left block
is H. H. is diagonalized by the (4L — 3) x (4L — 3) Fourier
matrix F: H, = FAF#, where A is diagonal and contains
the values of the DFT of ¢;. We denote the M x N zero
matrix by 057« n (0p7 if M = N) and define

| DY

M — ( OcL-1)x(2L—2) ) 7
O@r—2)x(2L-1)

O@r—2)x(2-2)

Q- ( 11 O(4n—3)x (aL-3) ) .
04r—3)x(4L—3) 1I

Then (20) becomes

Vi2,n+1

0L —2)x1 H. 0473
= | Is;,_ 6 —

Vol n+t1 SL=6 " HO\ 0, 4 H,

O0i2r-2)x1 e

Vi1

As we constructed D from D, we construct F and A by
doubling the sizes of F and A. Then, we have

Vo1 = QIgr_¢ — noFAF?)T,
Vi1 = QF(Isp_¢ — moA)FIQv,
Fil¥,.1 = (Q— polo)Fiv,

with Fg = QF and Ag = QA. The local stability of
the rotated error vector v/, = F4¥, is governed by the



DFT of c;. We denote the DFT of ¢, for the frequency bins
k=0,...,4L — 4 by

2L—-2 )
Z weq(n)€2mkn/(4L—3)_ 7)
n=—2L42

WEq [k] =

A sufficient local stability condition for double-sided filters
with periods of silence is that for all k£ € {0,...,4L — 4},
R{Weq[k]} > 0. Since weq = 6 — hia * ho1, we have
Weq[k‘} =1- ng[k]Hgl[k], where ng[k‘} and Hgl[k‘}
are defined similarly to (27). Therefore, the real part of
Weq(k] is positive if | Hi9[k|Ho1 k]| is strictly smaller than
one. This condition is satisfied if

> |hij(n)| < Lford,j=1,2i # j. (28)
neSy

4.2. Causal systems

Linearizing (15) for causal systems gives a similar form to
(20)

1 B A
Vit1 = | Lop — Mm ( A OB > vy (29)
Dausal
with
A = z z ,
Vn = (V{Zn’ Vgl,n)>

where Vi = (0ijn(0),...,05n(L +1))". Like in the
double-sided case, D551 is not positive definite in gen-
eral. The local stability is not guaranteed.

For locally silent sources, the extraction of the eigen-
values of D ,,qq1 is possible. Letting o tend to zero as
in the previous section, we neglect the off-diagonal blocks
in Dgausal: Then, Deaysa1 becomes an upper-triangular
matrix. This reveals that, in the vicinity of the equilib-
rium v;; = 0, v;;(k) depends at the first order only on
v;5(1),1 > k. The eigenvalues of D ;441 are the diagonal
terms weq(0) = 1 — h12(0)ho1(0). Then, the local stability
condition is

h12(0)ha1(0) < 1. (30)

This is similar to the asymptotic stability conditions derived
in [6, 7].

Double-sided system

SIR improvement [dB]

200 400 600 800 1000 1200 1400
n

Fig. 3. SIR improvement for a stable (¢« = 0.33) and an
unstable (v = 0.34) double-sided system.

5. NUMERICAL EXPERIMENTS

To illustrate the effect of the local stability on the global
convergence, we carry out a numerical experiment. For
this, the signal statistics are not estimated on finite length
signals but computed exactly using known source statis-
tics and mixing channels. The local stability is a property
that concerns the vicinity of the separation point —H(2):
if an algorithm is unstable, it will not be able to reach that
point. However it may still provide signal-to-interference
ratio (SIR) improvement to a certain extent. We consider
the following double-sided mixing:

Hy(2) = B () =az+ 5+az"'. (D
The source variance profile is

(O—%,l» U%,Qv 05,17 05,2) = (17 .5,.5, 1)‘

For ao = 0.33, the eigenvalues of the matrix D in (20) have
positive real-parts, whereas it is not the case for o = 0.34.
As we can see in Fig. 3, this does not lead to divergence but
rather to an early saturation.

6. DISCUSSION

It is difficult to draw any conclusion on the separation
performance of BSS from local stability conditions. In
practice, the separation performance is mainly affected by
the global convergence. Nevertheless, the influence of the
causality on experimental results has been pointed out [3, 9].
It is important to keep in mind the physical interpretation
of the stability conditions (28) and (30). Condition (30) is
satisfied if one of the mixing filter is strictly causal, i.e. if
h12(0)he1(0) = 0. This is the case when the sources are
placed apart from the microphones median plane, as de-
picted in Fig. 4 (left). A scenario involving acausal mixing
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Fig. 4. Left: The sources are apart from the microphones
median plan and causal separation filters are sufficient. —
Right: The sources are in the same half-plane and acausal
separation filters are necessary.

channels is depicted in Fig. 4 (right). In this situation, con-
dition (28) sets an upper bound on the amount of crosstalk
and is clearly more conservative than (30). Therefore, one
can expect BSS to be less robust when acausal separation
filters are involved [3]. Note that H12(z) and Ha (2) repre-
sent ratio of acoustic transfer functions. Therefore, acausal
separation filters may also be useful in the scenario depicted
in Fig. 4 (left), depending on H;;(z),: =1, 2.

It is often proposed to apply BSS algorithms in the fre-
quency domain, particularly in the context of acoustical
mixtures. Thereby, the mixing (2) is processed at each fre-
quency z = ¢ independently. Such a formulation of the
mixing system hides its causality. Nevertheless, the perfor-
mance of frequency-domain BSS algorithm is also affected
by the causality of the mixing/separation system [9].

7. CONCLUSION

We examined the local stability of a second-order BSS
algorithm. Because of the existence of periods of si-
lence, e.g. with speech sources, BSS is compared to a
set of two interference cancellers. Taking these silences
explicitly into account also simplifies the local stabil-
ity analysis and shows a discrepancy between causal
and double-sided mixing channels. In addition to the
well-known permutation ambiguity, double-sided systems
suffer from more restrictive local stability conditions than
causal ones. These differences causal/double-sided do
not exist for the NLMS adaptation of the interference
cancellers, whose stability depends solely on the step-
size (for a perfect activity detection). This analysis is
restricted to white sources and its value is rather illus-
trative. If H;; # 1, the sensors receive colored signals.
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