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ABSTRACT

In this paper, the densities of non-central quadratic forms on
complex random matrices and their joint eigenvalue den-
sities are derived for applications to information theory.
These densities are represented by complex hypergeomet-
ric functions of matrix arguments, which can be expressed
in terms of complex zonal polynomials and invariant poly-
nomials. One of the special cases of studied quadratic forms
is complex non-central Wishart matrices. We also show
that the joint eigenvalue density of a complex non-central
Wishart matrix can be expressed by an easily computable
bounded density function. The derived densities are used
to evaluate the capacity of multiple-input multiple-output
(MIMO) Rician distributed channels.

1. INTRODUCTION

Letann x m (n > m) complex Gaussian (or normal) ran-
dom matrix X be distributed as X ~ CN (M, ¥1 ®3,) with
mean £{X} = M and covariance cov{X} = ¥; ® ,,
where ¥; € C*"*™ and ¥, € C™*™ are positive definite
Hermitian matrices. Here we read the symbol “~” as “is
distributed as”, CNN denotes the complex normal distribu-
tion and ® denotes the Kronecker product. The quadratic
form on X associated with the positive definite Hermitian
matrix A is defined by

S = XH AX.

Here, we study the distribution of S, denoted by
CQnm(A,X1,X2, M), and its application to information
theory. We also derive the joint eigenvalue densities of
S, which are represented by complex zonal polynomials
and invariant polynomials. Complex zonal polynomials are
symmetric polynomials in the eigenvalues of a Hermitian
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matrix, see [6], [11], and they enable us to represent the de-
rived densities as infinite series. Invariant polynomials have
two matrix arguments, which extend the single matrix argu-
ment of zonal polynomials, see [3].

The distributions of central quadratic forms (i.e., M =
0) on real and complex random matrices are studied in [5],
[10] (and references therein) and [4], [12], [13] (and ref-
erences therein), respectively. However, the general non-
central quadratic forms on complex random matrices, S, are
not studied in the literature. Special cases of non-central
quadratic forms are studied in [2] and [14].

This paper is organized as follows. Section 2 provides
the necessary tools for deriving the non-central distribution
theory. The complex non-central quadratic forms are stud-
ied in Section 3. The capacity of MIMO Rician channels
and the computational methods are given in Section 4. Fi-
nally, concluding remarks are given in Section 5.

2. ESSENTIAL RESULTS

First, we define the complex multivariate hypergeometric
coefficients [a],;, which frequently occur in integrals involv-
ing complex zonal polynomials. Let k = (k1,...,km) be
a partition of an integer k with &y > --- > k,,, > 0 and
k=k +- -+ k. Then

m

[als = [J(a =i+ D,

i=1

where (a), = a(a+1)---(a+ k — 1) and (a)o = 1.
The complex zonal polynomial of a Hermitian matrix X €
Cm>™ js defined in [6] as

CN(X) = X[n](l)X[n](X)a (1)

where x(,(1) is the dimension of the representation [«] of
the symmetric group on k& symbols given by

H;Zj(ki _kj _i+j)
H:L(kz +m =)l

Xix) (1) = K!



and x1, (X) is the character of the representation [«] of the
linear group given as a symmetric function of the eigenval-
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det [ ("))
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Note that both the real and complex zonal polynomials are
particular cases of Jack polynomials C(“)( X) for general
a, where a = 1 for complex and o = 2 for real zonal
polynomials, respectively. See [1] for details. In this paper
we consider only the complex case; therefore, for notational
simplicity we drop the superscript of Jack polynomials, as
we did in (1), i.e., C(X) := CLV (X).

The probability distributions of random matrices are of-
ten derived in terms of hypergeometric functions of matrix
arguments. In the sequel, we need to use the following com-
plex hypergeometric function of two Hermitian matrix argu-
ments,

Xix) (X) =

oF{ (X, Y) = ZZ e @

where X € C™*™,Y € C**" (n > m) and ), denotes
summation over all partitions « of k. The complex hyper-
geometric function of a Hermitian matrix argument is given

o e 1 Cu(X)
We have
2
[Hin<j(ki —k;j —i+j)}
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where gamma function is define by T'(n fo " le~t dt.
The complex multivariate gamma functlon is define by

CTp(a) = x™m=1)/2 H T(a—k+1), Re(a) >m—1.

k=1

Next, we describe a class of homogeneous polynomials
C3"(X,Y) of degrees k and ¢ in the elements of the m xm
Hermitian matrices X and Y, respectively, see [3]. These
polynomials are invariant under the simultaneous transfor-
mations

X - EHEXE, Y - EHYE, EcU(m),

where U (m) denotes the group of unitary m x m matrices,
ie.,
Um)={EeC™™;E"E=1,}.

Moreover, these polynomials satisfy the relationship

/ C.(AE¥ XE)C,(BE"YE)(dE)
U(m)

=2

PER.T
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(4)

where Cy;, C7, and C, are zonal polynomials indexed by the
ordered partitions &, 7, and ¢ of the nonnegative integers
k, t, and f = k + t, respectively, into not more than m
parts. If we let GI(m, C) denote the general linear group of
m X m nonsingular complex matrices, then ¢ € x.7 denotes
the irreducible representation of Gl(m,C) indexed by 2¢
that occurs in the decomposition of the Kronecker product
2k® 27 of the irreducible representations indexed by 2« and
2, see [3].

3. NON-CENTRAL QUADRATIC FORMS

In this section, the densities of non-central quadratic forms
on complex random matrices are studied and their joint
eigenvalue densities are derived. These densities are used
in information theory, hypothesis testing, principal compo-
nent analysis, canonical correlation analysis, multiple dis-
criminant analysis, etc. The next theorem gives the density
of non-central quadratic forms on complex random matrices
S = XH AX. This theorem is one of the key contributions
of this paper.

Theorem 1 Let X beann xm (n > m) complex Gaussian
random matrix distributed as X ~ CN (M, ¥;®3,), where
¥, € C"" and Xy, € C™*™ are positive definite Hermi-
tian matrices and M € C™*™. Then the density function of
S = XH AX is given by

etr (-2, 'MHAX ' M)
CTpn (n)(det 1 A)™ (det o)™
xoF{™ (B, —X5'S)oFi (n; CCHYS),  (5)

f(8) =
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where etr(-) = exp(tr(:)), A € C**™ is a positive def-
inite Hermitian matrix, B = A=Y/2%7'A"Y/2 and C =
Yy MHERTI A2,

The distribution of the matrix S is denoted by
CQpm(A,%1,%, M).  From this generalized density
we can easily derive other well-known densities. If A = I,
Y, =1,and ¥, = ¥, then S = XX is said to have
a complex non-central Wishart distribution, denoted by
CW n(n, X, Q), with density

etr(—Q)(det S)"—™

( 3 -
CT . (n)(det X)m etr(=X7'S)o Fi(n; QE19),

(6)
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where Q = S-'M#H M. The eigenvalue densities of com-
plex non-central quadratic forms cannot be solved in terms
of hypergeometric functions or zonal polynomials. Here we
derive these densities using invariant polynomials, which
are proposed by Davis [3]. These invariant polynomials
have two matrix arguments, which extend the signal matrix
argument of zonal polynomials. The next theorem gives the
joint eigenvalue density of non-central quadratic forms on
complex random matrices S = X AX. This theorem is
another key contribution of this paper.

Theorem 2 Consider the m xm positive definite Hermitian
matrix S = X#AX ~ CQ,, ,,(A,X1, %2, M), where A €
C™>*™ is a positive definite Hermitian matrix. Then the joint

density of the eigenvalues, A\; > Ay > --- > A, > 0,0f S
is

(A) = 7M=L ety (-%5 1MH21 'M) ﬁ
I = T, (n)CT s (m) (det 21 A)™ (det 52)™
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where A = diag(A1, ..., Am), C;’T is an invariant polyno-
mial, indexed by the ordered partitions «, 7 and ¢ of the
nonnegative integers k, ¢, and f = k + ¢, respectively,
into not more than m parts, B = A~1/2%1A-1/2 and
C =, MES 1A-1/2,

From this generalized joint eigenvalue density we can easily
derive the joint eigenvalue density of non-central Wishart
matrix. If A = I,, ¥; = I, and Xy = 3, then the joint
eigenvalue density of the complex non-central Wishart ma-
trix S = XX ~ CW,,(n, %, Q) is given by

,ﬂ_m(mfl)

etr
A TT O = )
CT (1) CT detE H H E=N)

k<l
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Moreover, if A = I,, ¥, = I, and Xy = I,,, then the
joint eigenvalue density of the complex non-central Wishart
matrix S = XX ~ CW,,(n, I,, Q) is given by

g(A) =

Am(m 1) otr (—Q) m

CT m)CT () etr(—A) k];ll Ap—m

g(A) =

X H(/\k - )\1)20F1(m)("; Q,A), (7)
k<l

where Q@ = M M. The joint eigenvalue density formula
given in Theorem 2 is difficult to compute. This difficulty
motivates us to consider the approximate density formula,
or specifically, finding an upper bound on the density, which

is studied next. The following lemma is required in the se-
quel [14].

Lemmal Let X beann x m (n > m) complex matrix of
rank m. Then the following inequality holds:

oFi(n; X X) < oFo (XTX/n), )
with equality as n — oc.

The joint eigenvalue density of a complex non-central
Wishart matrix can be expressed by a bounded density func-
tion, which is given by the following theorem.

Theorem 3 Let S ~ CW . (n, X, Q) withn > m. Then S
is an m x m positive definite Hermitian matrix. The joint
density of the eigenvalues, Ay > --- > \,, > 0, of S satis-
fies the inequality

m(m 1) etr m
A
9(h) CT (1) CTom detE H
x [Tw = M2 F™(=,4), (9
k<l

where A = diag(\i,..., ), the diagonal elements
of ¥, 4¢,...,9,,, are the eigenvalues of the matrix
(T l-Qx1/n),and Q@ =X 1 MHM.
Proof. From [[6], p. 488, equation (93)] we have
N =T T e =2 [ H(EART)aE
g()—mn(k_l) Un{( )(dE).
k<l (m)
(10)
The result follows by substituting (6) into (10) and noting
that

/ etr (~X'EAEY) oFy (n; QX 'EAEY) (dE)
U(m)
< /etr(—
U(m)
< / otr (— (2~
U(m)

< oFy™(~¥, A). (11)

S'EAEY) oFy (QE'EAE" /n) (dE)

' —Qx~'/n) EAEY) (dE)

The first inequality follows from Lemma 1 and the last
inequality follows from [[6], p. 488, equation (92)]. O

4. MIMO RICIAN CHANNEL CAPACITY

Let us denote the number of inputs (or transmitters) and
the number of outputs (or receivers) of the MIMO wireless
communication system by n; and n,., respectively, and as-
sume that the channel coefficients are distributed as com-
plex Gaussian and correlated at both the transmitter and the



receiver ends. Then the MIMO Rician flat fading channel
can be represented by an n,. x n; complex random matrix
H~CNM, X, ®3%,;), where ¥, and ¥, are positive def-
inite Hermitian matrices which represent the channel corre-
lation at the receiver and transmitter ends. This means the
covariance matrix of the columns and rows of H are denoted
by ¥, (same for all columns) and X; (same for all rows),
respectively. If ¥, = I, (or o2I,,) and &; = 021, (or
I,,,), then the channel is called an uncorrelated Rician dis-
tributed channel, and otherwise it is called a spatially corre-
lated Rician distributed channel. The Rician channel model
is used when there is a strong direct signal path (line-of-
sight) between the transmitter and receiver. Hence, the com-
plex channel coefficients are modeled by non-zero mean. In
[7], [8] and [9], the authors studied the capacity of the un-
correlated MIMO Rician channel.

The complex signal received at the jth output can be
written as

yi =Y hijzi +vj, (12)
i=1

where h;; is the complex channel coefficient between input
i and output j, z; is the complex signal at the 4th input and
v; is complex Gaussian noise with unit variance. The signal
vector received at the output can be written as

'3 hi1 hn,1 T (%1

Yn, hln,- hnt Ny Tn, Un

id

i.e., in vector notation,
y=Hzx+wv, (13)

where y,v € C*, H € C*™, z € C" and v ~
CN(0,1I,,). 1t should be noted that the noise v is indepen-
dent of the input signal 2 and channel matrix H. The total
input power is constrained to p,
E{zTzy <p or tr&{zzf} < p.

We assume that the realization of H is known to the re-
ceiver, or equivalently, the channel output consists of the
pair (y, H). Note that the transmitter does not know the
channel and its statistics (i.e., M, ¥, and %;) and the in-
put power is distributed equally over all transmitting anten-
nas, which is a natural thing to do in this case. Moreover,
if we assume a block-fading model and coding over many
independent fading intervals, then the Shannon or ergodic
capacity of the random MIMO channel is given in [15] by

C = &u {logdet (Int + nﬁHHH)}
¢

Es {log det (Int + nﬁs> } , (14)
¢

where S = HHH and expectation is evaluated using the
density of the non-central quadratic forms on complex ran-
dom matrices. The capacity can also be computed using the
joint eigenvalue density g(A), i.e.,

C =6 {log <ﬁ [1+n%)\k]>}. (15)
k=1

Next, a numerical capacity evaluation of a Rician n,. x 2
channel matrix with correlated at the transmitter end is
given. Thus, we have a two-input (n; = 2) n,.-output com-
munication system operating over a Rician fading environ-
ment. Let ny = 2 and ¥ = diag(«1,2). Then we have

1
(P2 — 1) (A1 = A2)
[exp {—(¥1A1 + P2X2)} — exp {— (1 A2 + Y2 A1)}]-

The following theorem gives an upper bound for the corre-
lated Rician channel capacity for an n,. x 2 channel matrix.

OF(](2) (_lI;: A) =

Theorem 4 Consider a two-input Rician channel, i.e., H ~
CN(M,I,, ®%;),withn, > 2. If the input power is con-
strained by p, then the capacity C satisfies the inequality
(det X¢) ™ etr(—Q)

(Y2 — 1)

w;nr+1 /OO p o A
1 1 r Ty P11 _
[ oy |, og[ +4 )\1] AT —lemUida gy

C<

ek /Oo p Ne—1_ oA
1 r i 2A1 _
T Jo log [ + 5 )\1] A" e d\
Py " * p ne—2 —t1 A1
m o log [1 + 5 Al] )\1 e d)\l +
P * p Ne—2  —tha A1
m o log [1 + EAle )\1 e dAl , (16)
where \; is an unordered eigenvalue of S = HH,

(11,92) are the eigenvalues of (£;' — Q¥; " /n,) and
Q=%;"MHM.

Figure 1 shows capacity in nats® versus SNR for n, = 2
and 4 and n; = 2, where the solid lines represent the up-
per bounds given in (16), and the dashed lines represent the
simulation results. It can be seen that the derived capac-
ity upper bound is quite tight with the simulation results for
the entire range of SNRs, and this illustrates the accuracy
of the bound. Note that here we assumed a correlated Ri-
cian channel H ~ CN (M, I,,, ® ¥;), where the covariance
matrix and the mean matrix are

C[1 097 ., [025+025 025+025i
Zt_[o.g 1 ]’M—[

LIf we use log, in equation (16), then the capacity is measured in nats.
If we uselog,, then the capacity is measured in bits. Thus, onenat isequal
to 1/ log, (2) bits/sec/Hz (e = 2.718...).

0.25+0.25¢ 0.2540.25¢ |’



12

Capacity (in nats)

I I
0 5 10 15 20 25
Signal-to—noise ratio (in dB)

Fig. 1. Capacity versus SNR for n; = 2 and n,, = 2 and
4; i.e., His an n, x 2 Rician fading channel matrix. The
solid lines represent the upper bounds given in (16), and the
dashed lines represent the simulation results.

respectively. The Rician K-factor is define as the ratio of
deterministic power to scattered power. This choice gives
the K —factor= 0.125/1.

5. CONCLUSION

In this paper, we derived the densities of non-central
quadratic forms on complex random matrices and their joint
eigenvalue densities. These densities play an important
role in information theory, numerical analysis and statis-
tical hypothesis testing. One of the special cases of stud-
ied quadratic forms is complex non-central Wishart matri-
ces. We show that the joint eigenvalue density of a complex
non-central Wishart matrix can be expressed by an easily
computable bounded density function. Using these densi-
ties, formulas for the so-called ergodic channel capacity (the
most important information-theoretic measure) for MIMO
Rician channel are derived. Specifically, exact and easily
computable tight upper bound formulas for the ergodic ca-
pacity is given for both spatially correlated and uncorrelated
MIMO Rician channels. Numerical results are also given,
which show how the channel correlation degrades the ca-
pacity of the communication system.

6. REFERENCES

[1] T. Baker and P. Forrester, “The Calogero-Sutherland
model and generalized classical polynomials,” Com-
mun. Math. Phys., Vol. 188, pp. 175-216, 1997.

[2] W. J. Conradie and C. G. Troskie, “The exact
non-central distribution of a multivariate complex

quadratic form of complex normal variates,” South
African Statist. J., Vol. 18, pp. 123-134, 1984,

[3] A. W. Davis, “Invariant polynomials with two matrix
arguments extending the zonal polynomials: Appli-
cations to multivariate distribution theory,” Ann. Inst.
Statist. Math., Vol. 31, pp. 465-485, 1979.

[4] H. Gao and P. J. Smith, “A determinant representation
for the distribution of quadratic forms in complex nor-
mal vectors,” Journal of Multivariate Analysis, Vol.
73, No. 2, pp. 155-165, 2000.

[5] A. Gupta and D. Nagar, Matrix Variate Distributions,
Chapman & Hall, New York, 2000.

[6] A. T. James, “Distributions of matrix variate and la-
tent roots derived from normal samples,” Ann. Math.
Statist., Vol. 35, pp. 475-501, 1964.

[7] S. Jayaweera and H. Poor, “On the capacity of multi-
antenna systems in the presence of Rician fading,” in
Proc. IEEE Veh. Tech. Conf., Vancouver, pp. 1963—
1967, Sep. 2002.

[8] S.Jayaweeraand H. Poor, “MIMO capacity results for
Rician fading channels,” in Proc. IEEE Globecom, San
Francisco, pp. 1806-1810, 2003.

[9] M. Kang and M. -S. Alouini, “On the capacity of
MIMO Rician channel,” in Proc. 40th Annual Allerton
Conference on Communication, Control, and Comput-
ing, Monticello, Oct. 2002.

[10] C. G. Khatri, “On certain distribution problems based
on positive definite quadratic functions in normal vec-
tors,” Ann. Math. Statist., Vol. 37, pp. 468-479, 1966.

[11] R. J. Muirhead, Aspects of Multivariate Statistical
Theory, Wiley, New York, 1982.

[12] T. Ratnarajah and R. Vaillancourt, “Quadratic forms
on complex random matrices and multiple-antenna
systems,” IEEE Trans. on Information Theory, appear
in Aug. 2005.

[13] T. Ratnarajah, R. Vaillancourt and M. Alvo, “Eigen-
values and condition numbers of complex random ma-
trices,” SIAM Journal on Matrix Analysis and Applica-
tions, Vol. 26, No. 2, pp. 441-456, Jan. 2005.

[14] T. Ratnarajah, R. Vaillancourtand M. Alvo, “Complex
random matrices and Rician channel capacity”, Prob-
lems of Information Transmission, Vol. 41, No. 1, pp.
1-22, Jan. 2005.

[15] I. E. Telatar, “Capacity of multi-antenna Gaussian
channels”, Eur. Trans. Telecom, Vol. 10, pp. 585-595,
1999.



