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ABSTRACT

In this paper we consider model selection problem using
samples of small or moderate size where each model can
have unknown parameter without a fully specified likeli-
hood function. A semiparametric model selection criterion
is proposed where the penalty-based model complexity term
is used for the parameter with fully specified model struc-
ture and the kernel density estimation is used for the un-
known noise distribution. A linear regression problem with
various noise distributions is studied and the numerical re-
sults reveal that the semiparametric approach outperforms
the penalty-based criteria and cross validation.

1. INTRODUCTION

In this paper we consider model selection using samples of
a small or moderate size. When the likelihood function of
each model has an explicit analytical form, the model se-
lection problem is well studied and many approaches have
been proposed. The model selection criterion usually in-
troduces a penalty term to the best fitted likelihood func-
tion. Akaike information criterion (AIC) [1], Bayesian in-
formation criterion (BIC)[15], minimum description length
(MDL) [13] and other criteria choose different penalty terms
with various justifications based on certain distance mea-
sures between the selected model and the truth in the as-
ymptotic regime. However, their performance with finite
data records (and, in particular, short data records, which is
the case of our interest) is unclear and the model selection
performance is in general application dependent. Further-
more, when the likelihood function of each model is not
fully specified, it is difficult, if not impossible, to derive
a meaningful penalty based model selection criterion. In
such cases, nonparametric approaches have been proposed
among which the partition of data set into the training and
testing subsets is often needed. Data oriented model selec-
tion such as cross validation [17], bootstrap [6], boosting
[8], bagging [4] and their variants are applicable to models
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with likelihood functions unspecified. However, it has sev-
eral disadvantages: (a) unreliable model validation when the
data set is small, (b) self prone to overfitting if a large num-
ber of models is compared, (c) heavy computational bur-
den due to various resampling routines. In contrast, penalty
based approaches use the same data for training and valida-
tion but penalize models which are likely to overfit. Bayesian
model selection [11], structural risk minimization [19], and
PAC learning [10] fall largely into this category where the
major issue is to design appropriate penalty term for a gen-
eral model class.

When a model contains both unknown parameters with
fully specified likelihood function and parameters without
the likelihood function in a closed form, neither penalty
based approaches nor data oriented approaches may be ap-
propriate to the model selection problem. We propose a
semiparametric model selection criterion where a kernel based
approach is used to handle the nonparametric density esti-
mation and the penalty term using either BIC or MDL is ap-
plied to the parametric likelihood function. We use a regres-
sion example with a linear observation model but unknown
noise distribution to compare the model order selection ac-
curacy. The results indicate a performance improvement us-
ing the semiparametric model selection criterion compared
with cross validation and traditional penalty based criteria.

2. PARAMETRIC MODEL SELECTION

Consider a class of models Mjy, ..., Mk where model M;
assumes that the observation z is governed by a likelihood
function f;(z|6;), depending on the unknown parameter 6;
of dimension p; (j = 1,..., K). Given 2", a set of n in-
dependent observations, one needs to decide which model
(associated with a particular value of the unknown parame-
ter) characterizes the data best.

In a Bayesian setting, the prior distribution p(6;) of 6;
is assumed to be known. The parametric model associated
with 6; of dimension p; is given by the likelihood function
f;(2™]6,) and the likelihood function conditioned on model



M is obtained as follows
FE = [ 50000,

According to the maximum a posteriori (MAP) criterion [3],
we choose model M; if

i = argmax f, (=) P(M,;) ()
J

where P (M) is the prior probability of the model M; as-
sociated with ; of dimension p;. However, the unknown
parameter 6; is marginalized without using any observation.

In a non-Bayesian setting, one uses the data to estimate
6; for model M;. The model selection criterion is

i = argmax f; (z"|0AJ) 2)
J
where the maximum likelihood estimate of 6; is
éj = argmax 1i(z™6,)
i

However, it has a tendency of fitting data with the most com-
plicated model, which causes the overfitting problem. The
penalty-based model selection criteria is devised to control
the model complexity. It can be written in a general form as

i = argmin(—log f;(2"6;) + d;(z")), j=1,...K
J
3

where éj is the maximum likelihood estimate of 6; and the
penalty d;(z") represents the model complexity that varies
for different criteria. For example, the Akaike information
criterion (AIC) uses d;(z™) = p,;. Bayesian information
criterion (BIC) uses d;(z™) = p;logn/2. The minimum
description length (MDL) or stochastic information crite-
rion (SIC) includes not only the penalty on the dimension
of the unknown parameter but also the penalty associated
with the Fisher information of the parameter, which has the
asymptotic expansion given by [12, 13]
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where I(6;) is the Fisher information matrix of a single ob-
servation.

3. SEMIPARAMETRIC MODEL SELECTION

3.1. Problem Formulation

In the above formulation, we assume that f;(2"|6;) has a
known parametric form. However, in certain applications, a
model may not have a fully specified likelihood function. In
those cases, one needs to use data oriented model selection

such as cross validation, bootstrap, boosting, and bagging
to choose the best model in order to generalize well for un-
seen data. Error bounds can also be obtained for the worst
case distribution using those data oriented techniques. An
important issue is that certain prior knowledge of 6; is ig-
nored by those techniques especially when the parametric
form of partial likelihood function is available which can
not be inferred from the data.

In statistical modeling, f;(z"|6;) is nothing but a para-
metric model to characterize the given data z™. In order to
find the best model for a given data set, either a paramet-
ric or a nonparametric method can be used. In particular,
given the samples of a small sample size, we know that the
“best” model to characterize the data is its empirical dis-
tribution with 6 bandwidth in the sense that it will always
be supported by the data through hypothesis testing. For
model selection, each model characterizes the data with a
certain fitting error. To measure the difference carried by
these errors is another recourse to take rather than to mea-
sure the difference by assuming a parametric model. Since
the empirical distribution with § bandwidth has no general-
ization capability for offset data, it is reasonable to assume
that each observation carries its probability mass around its
vicinity with a suitable bandwidth such that the data set can
be meaningfully generalized. This motivates us to use the
kernel density estimate to represent a small sample set in-
stead of specifying a parametric model.

We assume that 6;=[67; 67;]7 where f;(2"[6o;) has a
known parametric form if 61 ; is known. The parameter 0 ;
does not have the likelihood function or distribution in a
closed form. Note that both 6p; and 6;; need to be esti-
mated from data as opposed to the marginalization using
only the prior in the Bayesian approach. For example, 0,;
can be the estimation error with unknown distribution and
[ (2"|60;) is fully specified for a known observation model.
We call the model semiparametric to highlight the partial
knowledge of the likelihood function. By applying the ker-
nel density estimation to estimate f;(z"|6y;) and using the
penalty terms in the penalty-based parametric model selec-
tion criteria, the proposed semiparametric model selection
criterion chooses model ¢ if

i = argmin(—log f; (=" |00;) + d; (=")), j=1,... K
5)

where ; is the maximum likelihood estimate of j assum-
ing f; is known. Under the Gaussian assumption, we use
the least square estimate to efficiently compute éoj. fj()
is the distribution of §;; obtained using the kernel density
estimate to be explained next. The model complexity term
d;(2™) can be either BIC or MDL penalty. Alternatively,
one can use data oriented approach to validate only the ker-
nel density estimate f;(-).



3.2. KERNEL DENSITY ESTIMATION

We mainly adopt the results in [7] on kernel density estima-
tion which has been extensively studied for decades. Given
adatasetof {X;},7 =1,..., N, assuming each datum point
carries the probability mass 1/N around its vicinity by a
kernel function K (-), which is usually a nonnegative, sym-
metric, unimodal, smooth function. Then, the kernel density
estimate is given by

fulw) = %Z%K <Xih_$> ©)
i=1

where [ K(t)dt = 1, K(t) > 0,V ¢, and h is a band-
width parameter representing the window size.

The remaining two main tasks are to select the kernel
function K (-) and the bandwidth h. Commonly used kernel
functions include the Gaussian kernel

K(u) = (V2m) " exp(—u?/2) (7

and the symmetric Beta family

1

W) = goaiar 1)

(1 —u?)I(jul <1)  (®)
The choices v = 0,1, 2 and 3 correspond to the uniform,
the Epanechnikov, the biweight, and the triweight kernel
functions, respectively. Note that different kernel functions
have different support. Thus, even with the same band-
width, different kernels use different amounts of informa-
tion provided by the local data points around each obser-
vation. However, it is well-known both empirically and
theoretically that the choice of kernel functions is not very
important to the kernel density estimator. As long as they
are symmetrical and unimodal, the resulting kernel density
estimator performs nearly the same when the bandwidth h
is optimally chosen in terms of minimizing the mean inte-
grated square error (MISE) defined by

MISE = E /_ h {pn(z) — p(z)}2dx )

where p(z) is a density and p is its estimator with the band-
width h. The details can be found in [7]. Marron and Nolan
also introduced the concept of canonical kernels to relate the
equivalent amount of smoothing using two different kernels:
Kernel K5 using bandwidth hy performs nearly the same as
kernel K using the bandwidth

_ oK)
a(K2)

hy ha (10)

where o(K) = p(K) ™52 || K|I3°, p(K) = [, @? K (w)da

is the variance of K and ||K||, = [*_K(z)?dx is the Lo-
norm.

The optimal bandwidth is selected by minimizing the
MISE (9). When p(x) is a Gaussian density with standard
deviation o, the optimal bandwidth is

hopt.v = (8v/7/3)/Pa(K)oN~1/? (11)
After replacing o with the sample covariance and calcu-
lating the constant a(K') numerically, the optimal window
width is

h =1.06sn"/°, (12)

where 52 = —L- 3™ (X, — X)? is the sample variance
and X = -5 | X

The above bandwidth selection criterion is only a sim-
ple rule of thumb and it often works well when the data
are nearly Gaussian distributed. It may lead to oversmooth-
ing when the underlying distribution is asymmetric or mul-
timodal. In those cases, one has to tune the bandwidth with
more sophisticated criteria such as plug-in bandwidth selec-
tors [7].

4. APPLICATION TO LINEAR REGRESSION

We consider the following linear regression problem with
model M; being specified by

where z is the observation of an n x 1 vector; H; is a known
n X p; vector; 0; is an unknown p; X 1 vector; v; is the noise
vector, the element of which is assumed to be independent,
identically distributed with an unknown distribution. We
want to find the best order p; among different linear models.
When the noise is Gaussian, the penalty based model selec-
tion criteria can be directly applied [5]. In this problem, we
need to estimate f;(z|6;) in order to apply the penalty based
criteria.

Since f;(z|0;) = fv,(z—H;6;), we only need to esti-
mate the density of v; which is associated with model M;.
Specifically, for model M;, v, is an n x 1 vector, the value
of fi(z(k)|6;) = fv,(vi(k)), where z(k) is the kth element
of z and v;(k) is the kth element of v;. The kernel density
estimate of f; has the form

fi(z(R)[0:) = fu.(vi(k))
_ nlhjz_:lK<Vi(k);Vi(J)> (14)

where K (x) is a kernel function; h is the window width.
Since 6; is unknown, we have to use an estimated value éi in
the kernel density estimation. Here, we use the least squares
estimate of 6, i.e,



We use the Guassian kernel and the following band-
width estimator proposed by Silverman ([16], pp. 45-47) to
control possible over-smoothing

h=0.96/n"1/° (15)

where & = min(s, R/1.34), s is the sample standard de-
viation as in (12) and R is the interquartile range of the
data. The constant 1.34 is derived from the fact that for a
Gaussian distribution N (z; u,02), P{|z — p| < 1.340} =
0.5. The semiparametric model selection criterion is given
by
min(—log fi(z(0;) + d(z)), i=1,..,K (16)
We consider two penalty based criteria, namely, BIC
and SIC, due to their popular usage in linear regression.
When the noise is Gaussian, the BIC and SIC model se-
lection criteria are [2]

pi+1

BIC(p;) = %log R; + logn
—n;, — 2 . 1 1
SIC(p;) = % log R; + pz;— logn + 7 log |HTH,|

2
where R; = Hz — H,0; ‘ . We compare the penalty based
model selection criteria using BIC and SIC throughout the
simulations with the proposed semiparametric criterion. A
Gaussian kernel is used in the density estimation.

The signal is a polynomial (correct order=3)

s(t) = 0.4t +0.1t%t=0,1,..,n — 1

and the observation y(t) is generated by the signal with
additive noise, either Gaussian or non-Gaussian. The ex-
ample has been used in [9] to evaluate the penalty based
model selection criteria in terms of the probability of choos-
ing the correct model order. Denote by BIC and SIC the
penalty based model selection criteria assuming the noise
is Gaussian. Denote by K-BIC and K-SIC the kernel based
semiparametric model selection criteria. We also employ
the leave-one-out cross validation method to select the cor-
rect model, which is denoted by CV. Leave-one-out cross
validation runs IV separate times which is the same as the
data size. The linear regression models are trained on all
data except for one point and a prediction is made using that
point. The average error is computed and used to evaluate
the model selection accuracy. We compare the probability
of choosing the correct model order via 1000 Mont Carlo
runs.

We consider the following three cases with different noise
distributions. In Case 1, we investigate the difference among
the performance of the penalty-based methods, the semi-
parametric methods and cross-validation method for Gaussian
noise. In Cases 2 and 3, the performance differences for
non-Gaussian noises are examined.

Case 1. Additive Gaussian noise is N (w;0,02). (a) o
increases from 0.1 to 20 and sample size is 30. (b) 0 = 8
and sample size increases from 20 to 35.
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Fig. 1. Case 1

From Fig. 1(a) we can see that the penalty-based criteria
perform better in the large SNR regime. This is not a sur-
prise since the penalty terms are obtained assuming additive
Gaussian noise. When the SNR decreases, the performance
of the two approaches becomes similar. K-SIC performs
even slightly better than SIC. SIC is better than BIC when
the SNR is large, however, BIC is more robust as the SNR
decreases. With 30 observations, the probability of choos-
ing the correct model order by BIC, K-SIC and K-BIC can
not further be improved as the SNR increases. As we can
see from Fig. 1(b), BIC always performs better than K-BIC.
When the sample size is larger than 25, SIC performs better
than K-SIC. However, as sample size becomes smaller than
23, SIC has the worst performance. In all cases, CV has the
worst performance among these methods.

Case 2. Additive non-Gaussian noise v = w? - o, w ~
N(w;0,1). (a) o increases from 0.1 to 20 and sample size
is 30. (b) o = 8 and sample size increases from 20 to 35.

As we can see from Fig. 2(a), the semiparametric ap-
proach has a larger region indicating better performance,
and thus is more robust than penalty-based method when the
SNR decreases, although the penalty-based parametric ap-
proach performs slightly better than semiparametric method
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Fig. 2. Case 2

when the SNR increases. From Fig. 2(b), we can see that K-
SIC and K-BIC have much better performance than SIC and
BIC when sample size is smaller than 25. As sample size
increases (as well as increasing SNR), these methods per-
form similarly, although SIC performs slightly better than
K-SIC. Note that both approaches can choose the correct
model order when sample size is large enough since the dis-
tance from the misspecified model to the truth has a mini-
mum when the model order is 3. Again, CV is much worse
than the others.

Case 3. Additive non-Gaussian noise v ~ (0.3w; +
0.7ws). (a) w1 ~ N(w;m,5?), wy ~ N(w;—m,5%) and
m increases from 1 to 20. (b) w; ~ N(w;10,52), wy ~
N (w; —10,5%) and sample size increases from 20 to 30.

As is clear from Fig. 3(a), the semiparametric approach
has a larger region indicating better performance, and thus is
more robust than penalty-based method as m increases. The
penalty-based approach performs slightly better than semi-
parametric method when m is small. Moreover, the per-
formance of the parametric method deteriorate very quickly
with the increase of m. On the contrary, the semiparamet-
ric method remains good model selection accuracy. From
Fig. 3(b), we can see that K-SIC and K-BIC have much bet-
ter performance than SIC and BIC when the sample size
is smaller than 25. When the sample size increases, these
methods perform similarly and both approaches can choose
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Fig. 3. Case 3

the correct model order when the sample size is large enough.
Again, CV is much worse than the others in both cases.

From the above simulation results, we can see that the
semiparametric method outperforms the penalty-based method
in the non-Gaussian noise cases but does not suffer too much
even when the noise is Gaussian distributed. Even though
the parametric method performs slightly better than the semi-
parametric method in some non-Gaussian situations, the lat-
ter performs more robust against heavy tail and multimodal
noise distributions. For small sample size, SIC penalty has
a better performance than BIC especially when the SNR is
moderately large. The results are in line with the conclu-
sion made in [5]. Cross validation as a powerful data ori-
ented method, unfortunately, has inferior performance to the
other methods. This concurs on the claim made by Rivals
and Personnaz in [14], which says that the cross-validation
has very poor performances for the selection of linear mod-
els as compared to the classic statistical tests. We have also
examined the bandwidth of (12), and it does not work as
well as the bandwidth of (15).

5. CONCLUSION

In the context of model selection, the parametric method
needs to make a strong assumption that all models should
have known analytical form of their likelihood functions.



The nonparametric method, in another extreme, does not as-
sume any form of the likelihood function and one can only
infer the distribution of the data with certain smoothness
constraints. For models with a parametric likelihood func-
tion but unknown noise distribution, we have developed a
semiparametric method for model selection that combines
the strength of both the penalty-based method and the non-
parametric kernel density estimation. In a model order se-
lection problem for linear regression with an unknown noise
distribution, the penalty-based kernel density estimation is
quite robust in choosing the correct model order with either
Gaussian or non-Gaussian noises. The proposed method
performs close to that of the penalty-based method under
Gaussian noise cases and much better under non-Gaussian
noise cases as the SNR or sample size decreases. Although
the semiparametric method does not always outperform the
parametric method when the noise is non-Gaussian, the for-
mer performs more robust than the latter. This provides an-
other course to take for model selection problem when the
sample is of small or moderate size, which is most often
preferable to the parametric and nonparametric model se-
lection methods. In particular, the K-SIC criterion yields
the best performance in most cases.
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