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ABSTRACT

We consider the problem of instantaneous frequency estimation of
multicomponent frequency-modulated signals corrupted by addi-
tive heavy-tailed noise. For that, a new time-frequency distribu-
tion, named the robust modified B-distribution (R-MBD), is de-
veloped as a generalization of the robust minimax M-estimates
to handle such signals. We show that this representation outper-
forms the robust polynomial Wigner-Ville distribution (r-PWVD)
in term of high resolution for this class of non-stationary signals.
The proposed approach is compared to the higher-order ambiguity
function (HAF) algorithm, for the instantaneous frequency estima-
tion of a multicomponent signal. Computer simulations show the
superiority of the proposed algorithm over the HAF.

1. INTRODUCTION-PROBLEM STATEMENT

This paper is concerned with the analysis of multicomponent fre-
quency modulated (FM) signals, corrupted by additive heavy-tailed
noise. Multicomponent signal mean a signal whose time-frequency
representation presents multiple ridges in the time-frequency plane.

• Signal model: Analytically, the noisy signal considered in this
paper may be defined as,

x(t) = s(t) + z(t) =

MX
i=1

si(t) + z(t) (1)

where each componentsi(t), of the formsi(t) = ai(t) ejφi(t),
is assumed to have only one ridge, or one continuous curve, in the
time-frequency plane.ai(t) is the amplitude andφi(t) denotes the
phase of theith component of the signal. The probability density
function (pdf) of the randomimpulsivenoisez(t) is modeled as a
heavy-taileddistribution1. Examples of this kind of distributions
includeα-stable withα < 2 and generalized Gaussian laws.

• Symmetric α-stable process(SαS): SαS have proved to be
effective in modeling many real-life engineering problems such as
outliers and impulse signals [10]. The pdf ofSαS processes, de-
noted asfα, do not have closed form except for the casesα = 1
(Cauchy distribution),α = 1/2 (Levy distribution) andα = 2
(Gaussian distribution). TheSαS distribution is defined by means
of its characteristic functionψ(t) = exp{jµt − γ|t|α}, where
α (0 < α ≤ 2) is the characteristic exponent, controlling the
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1For complex-valued noise signal, we simply consider thatz(t) =
zr(t) + jzi(t) wherezr(t) andzi(t) represent two independent heavy-
tailed processes with a same pdf function.

heaviness of the pdf tail,γ(γ > 0) is the dispersion, which plays
an analogous role to the variance, andµ (µ ∈ IR) is the location
parameter, the symmetry axis of the pdf. Due to their heavy tails,
stable distributions do not have finite second or higher-order mo-
ments, except for the limiting case ofα = 2.

•Generalized Gaussian (GG) pdf: Another way to model impul-
sive noise processes is through the generalized Gaussian pdf given
by fα(x) = Aα exp (−b|x|α) where0 < α ≤ 2, Aα andb are
two real constant. Forα = 2 we have the Gaussian distribution
and forα = 1 we have the Laplacian distribution which is known
to be a good model for impulsive noise.

• Time-frequency analysis: Our primary interest, in this work,
is to estimate the instantaneous frequency (IF) of each FM signal
si(t) of (1), defined as

IFi(t)
a
=

1

2π

dφi(t)

dt
(2)

Time-frequency analysis techniques are used as they reveal the
multicomponent nature of such signals. Ideally, for a given FM
signal, the time-frequency distribution (TFD) is represented as a
row of delta functions around the signals instantaneous frequency.
This property makes the peak of the TFD a very powerful tool as an
IF estimator. However, quadratic TFD of multi-component signals
suffer from the presence of cross-terms, which can obscure the real
features of interest in the signal. The properties of a quadratic TFD
are completely determined by its kernel. This kernel should have
the shape of a two-dimensional (2-D) low-pass filter to attenuate
the cross-terms that exist away from the origin in the ambiguity
domain and preserve the auto-terms that concentrate around the
origin of this domain [3]. Considerable efforts have been made
to define TFD that reduce the effect of cross terms while improv-
ing the time-frequency resolution (e.g., [3, 1]). This led to the
so-called reduced interference distributions that include the modi-
fied B-distribution (MBD), and the signal-dependent optimal time-
frequency representation. In this work, we have used the MBD [3]
given by:

T (t, f) =

Z Z +∞

−∞
G

σ
MB(t

′
)[x(t− t

′
+

τ

2
)x
∗
(t− t

′− τ

2
)]e
−j2πfτ

dt
′
dτ

(3)

whereGσ
MB(t′) = kσ

cosh(t′)2σ , 0 ≤ σ ≤ 1 is a real parameter that
controls the tradeoff between component’s resolution and cross-
terms suppression andkσ = Γ(2σ)/(22σ−1)Γ2(σ) is the normal-
izing factor. The choice of the MBD, stems from the fact that
it presents a good performance in terms of resolution and cross-
terms suppression [3]. The effect of noise on the TFD is another
consideration that has direct influence on IF estimation. Study of



additive Gaussian noise influence on TFD-based IF estimation is
an important issue [1, 5, 3, 11]. However, in many practical ap-
plications, especially in communications, signals are disturbed by
impulsive noise due to the propagation environment or to large er-
rors in collecting and recording the data. These noise processes
are commonly modeled by heavy-tailed distribution [10]. Since
outliers or impulsive noise have an unusually great influence on
standard IF estimators, robust procedures attempt to modify those
schemes. Only a limited literature was dedicated to the analysis of
multi-component FM signals in impulsive noise. In [12], authors
propose a class of parametric robust methods to handle linear FM
signals. In the same paper [12] a TFD-based technique have been
proposed using a pre-processing stage to mitigate the impulsive
noise effect. The other alternative, which is the focus of this pa-
per, is to apply the M-estimation principle in order to design a
robust TFD with respect to impulsive noise. In [9] and [2], the
authors proposed the robust spectrogram and the robust polyno-
mial Wigner-Ville distribution (PWVD), respectively. However, it
is known that the spectrogram suffers from low resolution in time-
frequency domain, while the PWVD suffers from cross-terms for
multi-component signals. In this paper, we use the modified B-
distribution [3] and the M-estimation theory to design a new robust
TFD, which is referred to as therobust modified B-distribution (R-
MBD), for the analysis of multi-component FM signals in heavy-
tailed noise. We show that the proposed approach can solve prob-
lems that existing time-frequency distributions cannot.

2. MINIMAX ROBUST ESTIMATION

The robust minimax approach is an alternative to the conventional
maximum likelihood (ML) that overcomes the ML estimates sensi-
tivity and improves the efficiency in an environment with unknown
heavy-tailed distribution [7].

•M-Estimation : Consider the general signal in noise model given
in (1):

x(t) = s(t, θ) + z(t)

wherez(t) is i.i.d. noise and the signal,s(t), is parameterized by
θ = (θ1, · · · , θM )T , (.)T denoting transposition. The aim is to
estimateθ from N observationsx(t), t = 1, · · · , N . Given the
noise density,f(.), one obtains the ML solution as

θ̂ = arg min
θ

NX
t=1

ρ{x(t)− s(t, θ)} (4)

whereρ(x) = − log f(x). Alternatively, one can solve theM
coupled equations

NX
t=1

ψ{x(t)− s(t, θ)}∂s(t, θ)

∂θ
= 0 (5)

whereψ(x) = −f ′(x)/f(x) is the location score function of
f(x). It is clear that without a priori knowledge off(x) estima-
tion of θ cannot be optimal. Huber considered estimation in the
presence of outliers or impulsive noise and proposed the concept
of M-estimation [7]. In an M-estimation framework− log f(x) is
replaced with a similarly behaved function,ρ(x), chosen to confer
robustness on the estimator under deviations from a nominal den-
sity. Thus, a M-Estimate forθ can be obtained as a solution of the
optimization problem given in equation (4) or by solving theM

coupled equations

NX
t=1

ϕ{x(t)− s(t, θ)}∂s(t, θ)

∂θ
= 0 (6)

whereϕ(x) = ρ′(x). Whenf(x) is unknown one is unsure of
how closeϕ(x) is toψ(x).

• Theoretical performances: Let F be the distribution of the
noise andFn its empirical counterpart from a sample of sizen.
Then an estimate ofθ can be defined in terms of a functionalT
operating onFn, T (Fn), while the true parameters are obtained as
T (F ). Using the influence function concept, it is proved in [14]
that the asymptotic covariance of estimation errors ofθ has the
form

Cov {T (Fn), T (F )} =
E[ϕ2(x)]

E[ϕ′(x)]2

 
NX

n=1

ΛnΛT
n

!−1

(7)

whereϕ(x) = ρ′(x) andΛn is the gradient ofsn(θ). Then the
only degree of freedom at our disposal for minimizing the asymp-
totic covariance is through appropriate choice ofϕ(x). It is then
critical to chooseϕ(x) such that the asymptotic relative efficiency
(ARE) with respect to Fisher information

ARE(ϕ|ψ) =
E[ϕ′(x)]2

E[ϕ2(x)]E[ψ2(x)]
(8)

is maximized.

• Optimal loss function: Let the noise distributionf be known
incompletely; what is known is only that it belongs to a certain
classP . Applying to our M-estimator the Cramer-Rao inequality,
under certain regularity assumptions, gives

Cov {T (Fn), T (F )} ≥ A(Λn)I(f)−1 (9)

whereI(f) is the Fisher information andA(Λn) is a matrix de-
pending only onΛn. The worst distribution is naturally the one
for which the right-hand part in (9) is maximal, orI(f) is mini-
mal. In other words, the robust Huber’s minimax estimator over
P is defined as in the ML method by equation (4) with the loss
function

ρ∗(z) = − ln(f∗(z)) (10)

wheref∗(z) is selected inP such that the information on the para-
meter contained therein is minimal, i.e. a solution of the problem

f∗(z) = arg min
f∈P

I(f) (11)

whereI(f) =
R

(f ′(z))2/f(z))dz denotes the Fisher informa-
tion. We call the M-estimator robust if the loss functionρ is given
according to (11) and (10). This approach consist to consider the
worst case (amongP) corresponding to the pdf giving the mini-
mum Fisher information value. Solving the worst case would in-
sure robustness (good estimation performance) if the considered
signal pdf belongs toP . It is emphasized that the robustness prop-
erty of the estimator depends on how the classP is defined. Thus,
in order to obtain the robust minimax estimator, first, an appropri-
ate classP should be defined, and after that, the loss functionρ is
given by (10) and (11) [7].

• Lp-norm criterion : The analogue of variance for anα-stable
variable is the dispersion,γ . Therefore, in analogy to the mini-
mum mean squared error (MMSE) criterion we can define a similar



criterion, namely the minimum dispersion (MD) criterion which
aims at minimizing the dispersion of the estimation errors rather
than the variance [13]. Recall that thefractional lower order mo-
ments (FLOMs)of an alpha-stable random variable with zero lo-
cation parameter and dispersionγ are given by

E|X|p = C(p, α)γ
p
α for 0 < p < α (12)

whereC(p, α) = 2p+1 Γ( p+1
2 )Γ(−p

α
)

α
√

πΓ(−p
2 )

is a constant depending only

onp andα. This tells us that thepth order moment of anα-stable
random variable and its dispersion are related through only a con-
stant. Therefore, the MD criterion is equivalent to the leastLp-
norm estimation where0 < p < α and the estimates of a para-
meterθ can be obtained from equation (4) using theLp-norm loss
function

ρp(x) = |x|p where 1 ≤ p ≤ 2 (13)

Equivalently, we could define it from equation (6) through the non-

linear functionϕp(x) = sign(x)p|x|p−1, wheresign(x)
a
= x/|x|,

as a tool of the robust estimation which appears originally as a
heuristic idea supported latter by theoretical and experimental stud-
ies. In particular, forp = 1, L1-norm criterion referred to as
“modulus function” in [2, 9] was used to define the robust peri-
odogram and robust PWV distributions. It should be emphasized
that the leastLp-norm estimates are not only optimal in a MD
sense forα-stable data, but also optimal in the ML sense for the
family of generalized Gaussian distribution. Indeed, for ML es-
timator, the noise pdf is assumed to be known and forLp-norm
criterion,p chosen as the same value of the indexα in the gener-
alized Gaussian pdf. In addition, applying equations (10) and (11)
over the class of generalized Gaussian pdf, we can easily show that
the leastLp-norm estimate is optimal also in the robust minimax
sense if we choosep as the smallest value in the considered set of
α values. In addition, the numerical evaluations of the score func-
tions ofα-stable laws, for diferent values of1 ≤ α < 2 show that
these functions are all odd and bounded. Since it can be shown
that these score functions behave similarly to all the nonlinearity
functionsϕp which are also odd and bounded, we propose them as
a natural choice of the nonlinearityϕ.

3. ROBUST TIME-FREQUENCY BASED IF ESTIMATION

•Combining M-estimation and time-frequency analysis: It is
well known that the conventional TFD are quite sensitive with re-
spect to non-Gaussian noise. In particular, in presence of impul-
sive noise they produce poor estimation results. In order to get
a good estimation performance in this context, we use the robust
statistics theory to define a new robust quadratic time-frequency
distribution. Let consider the noisy signal (1) in discrete-time
x(kT ) = s(kT ) + z(kT ) whereT is a sampling period. A stan-
dard time-frequancy distribution, at a point(kT, f), is shown to
be a solution of the optimization problem [9]

B̂ = arg min
B
J (kT, f,B) (14)

where

J (kT, f,B) =

N/2X

n=−N/2

w(nT )ρ[e(k, f, n)], (15)

e(k, f, n) = Gx(kT, nT )e−j2πfnT − B

wherew(nT ) is a window function,Gx(kT, nT ) being the kernel
of the considered quadratic time-frequency distribution of the FM
signalx(kT ) andB is an estimate of the expectation of the sam-
ple average of the quantityG(kT, nT )e−j2πfnT . If we choose
the loss functionρ(e) = |e|2, we can show by solving forB the
expression

dJ (kT, f,B)

dB∗ = 0

that the optimal solution corresponds to the standard TFD

Bs
x(kT, f) =

N/2X

n=−N/2

w(nT )PN/2

n=−N/2 w(nT )
Gx(kT, nT )e−jπfnT

(16)
Thus, for a weighted window, the standard TFD can be treated as
an estimate of the mean, calculated over a set of complex-valued
observationsG = {Gx(kT, nT )e−jπfnT ; n ∈ [−N/2, N/2]}. It
has been shown that the optimal loss functionρ derived in the min-
imax Huber’s estimation theory (see section 2) could be applied to
the design of a new class of robust time-frequency distributions,
inheriting properties of strong resistance to impulsive noise. In
particular, some robust TFDs have been derived by using the ab-
solute error loss functionρ(e) = |e| in (15) [9]. In this work, we
propose to choose the loss functionρ in the criterion (15) as the
Lp-norm criterionρ(e) = |e|p with 1 ≤ p ≤ 2. The parameterp
control the exponential loss function degree. In theα-stable noise
case, we choosep < α, then we must choosep ∈ [1; α[. The
optimal choice of this criterion is well detailed in section 2.

•Robust time-frequency distribution: In this work, we use the
MBD to handle multi-component non-stationary FM signals given
by model (1). However, similarly to the standard spectrogram,
WVD and PWVD, the standard MB-distribution is not an adequate
analysis tool in presence of heavy-tailed noise. To mitigate this
problem, we use the MB-distribution kernel given in Equation (3)
and theLp norm loss function in the design of the proposed ro-
bust MBD to analyze FM signals affected by impulsive noise. In
this case, we find the optimal solution, labelled the robust modified
B-distribution (R-MBD), to be the solution of

∂

∂B∗

8
<
:

N/2X

n=−N/2

w(nT )|Gx(kT, nT )e−jπfnT − B|p
9
=
; = 0

⇐⇒
N/2X

n=−N/2
w(nT )(Gx(kT, nT )e

−jπfnT −B)|Gx(kT, nT )e
−jπfnT −B|p−2 = 0

⇐⇒

Br
x(kT, f) =

N/2X

n=−N/2

d(k, f, n)

D0(kT, f)
Gx(kT, nT )e−jπfnT , (17)

d(k, f, n) = w(nT )|Gx(kT, nT )e−jπfnT − Br
x(kT, f)|p−2,

D0(kT, f) =

N/2X

n=−N/2

d(k, f, n)

Since, the quantityBr
x(kT, f) appears on the right as well as

on the left hand side of equation (17), an iterative procedure is nec-
essary in order to obtain the R-MBD. The robust-MBD algorithm
can be summarized as follows:
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Robust-MBD algorithm

Step 1.Evaluate the standard MBD using equation (16)
Step 2. For initialization purposes, set the iteration indexi = 0
and

Br
x
0(kT, f) = Bs

x(kT, f)

Step 3.Sweep. Seti = i + 1 and do

• Computed(k, f, n) and D0(kT, f) using equations (3)
and (3) respectively.

• Compute the robust MBD, for iterationi,Br
x

i(kT, f) using
Equation (17).

Step 4. If the relative absolute difference between two iterations
is smaller than a fixed thresholdε, i.e.

|Br
x

i(kT, f)− Br
x

i−1(kT, f)|/|Br
x

i(kT, f)| ≤ ε

then stop the algorithm. Otherwise go to Step 3.

It was shown in [8] that the above iterative algorithm will con-
verge to a single (global) minimum under a good choice of the
initial value. In our case, the choice ofBr

x
0(kT, f) = Bs

x(kT, f)
satisfies the necessary condition of the convergence.

•Component Separation & IF Estimation: In [1], an algorithm
that separates the signal components and estimate their respective
IF laws from the signal TFD in the Gaussian noise case, has been
presented. In this work, we apply this algorithm, using the pro-
posed robust MB-distribution of the noisy signal, to estimate the
IF of each componentsi(t) of the multi-component signal given
by model (1).

4. PERFORMANCE EVALUATION & COMPARISON

•Experiment 1: Clear TFD representation

To check the validity and effectiveness of the proposed algorithm,
we consider the time-frequency representation of a three-component
FM signal corrupted by an impulsive noise modeled as a general-
ized Gaussian distribution withα = 1.5 . The standard MBD,
displayed in Fig. 2. yields a poor representation; while, the R-
MBD (computed usingp = 1) displayed in Fig. 1. reveals clearly
the features of the noisy signal. The superiority of the R-MBD
over the standard MBD is obvious.
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Fig. 1. The Robust-MBD of the multi-component signal test.
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Fig. 2. The standard MBD of the multi-component signal test.

•Experiment 2: Sensitivity to the noise power

Here, we assess the statistical performance of the R-MBD based IF
estimator of multicomponent FM signals. For that let us consider a
two linear FM components signal embedded in additive impulsive
α-stable noisez(t) modeled as x(t) = s1(t)+s2(t)+z(t) where
s1(t) = exp{j2π(a1t + b1t

2)} and s2(t) = exp{j2π(a2t +
b2t

2)}. The noisez(t) is chosen with zero location parameter,
characteristic exponentα = 1 and dispersionγ. The signals IF
coefficients are given bya1 = 0.2, b1 = 0.1 ∗ 10−3, a2 =
0.45 and b2 = −1.5 ∗ 10−3. To validate the proposed method
and to compare it with some existing methods, we implement the
following procedure:

1. Compute the TFD of the noisy signalx(t) using r-PWVD
[2] and the proposed R-MBD. For that, we chooseσ =
0.01 for the MBD kernel andp = α/3 for the fractional
Lp-norm loss function to design the R-MBD. In the exper-
iments, we fix the signal length equal toN = 501 and the
window length, used in the r-PWVD implementation, equal
to 101 samples.

2. Put the computed TFD matrix through the component sep-
aration algorithm [1] in order to extract the two respective
components. The peaks of the extracted components (in the
time-frequency domain) are, then, used to estimate the IFs
of the chirps [1].

3. Put the same noisy signal through the HAF algorithm to
estimate the four chirp parametersa1, b1, a2 andb2.

4. For the HAF algorithm, use a simple polynomial fit to ob-
tain estimates ofIF1(t) from (a1, b1) and estimates ofIF2(t)
from (a2, b2).

The estimation performance is measured by the normalized
MSE defined by

NMSE =
1

Nr

NrX
r=1

‖θ̂r − θ‖2
‖θ‖2

whereθ is the considered parameter,θ̂r is the estimate ofθ at the
rth experiment andNr is the number of Monte-Carlo runs cho-
sen here equal to 500. In Fig. 3., we display the NMSE of the IF
estimate versus the inverse noise dispersion1/γ in dB for HAF, r-
PWVD and R-MBD. The accuracy and superiority of the R-MBD
over both algorithms r-PWVD [2] and HAF [11] is evident.
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Fig. 3. NMSE of IF estimates, corresponding to the HAF, r-PWVD
and the R-MBD for a noisy two-component chirp signal versus the
inverse dispersion noise in dB.

•Experiment 3: Sensitivity to α

To check the sensitivity to deviations in the value ofα from our
model, we have computed the information loss due to the replace-
ment of the score functionψα = −f ′α/fα in the estimating equa-
tions by the Cauchy score function proposed in [6], i.e.,φc =
2x/(1 + x2) and byLp norm nonlinearity with differentp values.
We measure the information loss by the asymptotic relative effi-
ciency (ARE) defined in equation (8). The Fisher information has
been evaluated using the well known (e.g. [6]) good approxima-
tion I(fα) ≈ α/2. Using the formula (12), we easily obtain the
ARE of the nonlinearitiesϕp as

ARE(ϕp|ψα) = I(fα)−1γ
−2
α (p− 1)2

C(p− 2, α)

C(2(p− 1), α)

On the other hand, we evaluated numerically the ARE of the Cauchy
score function using the following expression,

ARE(φc|ψα) = I(fα)−1E[φ2
c(x)] ≈ 2

α

Z
φ2

c(x)fα(x)dx

This expression has been easily obtained from (8) using the score
function propertyE[φ2

c ] = E[φ′c]. Fig. 4 shows a numerical eval-
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Fig. 4. Information loss in differentα’s with dispersionγ = 1.

uation of the information loss ARE when the noise isα-stable dis-
tributed with differentα’s and with dispersionγ = 1. For ”good”

p values, the information loss is relatively small for anyα. In other
words, the use of theLp-norm lost function is robust to deviation
in the characteristic exponentα in our model. We can see also that
for small deviations from Gaussianity (1.8 ≤ α ≤ 2), the perfor-
mance loss is small for any reasonable choice ofp (1.4 ≤ p ≤ 2).
However, for anyp, there is a level where the noise is more im-
pulsive, and the information loss increases asα decreases. The
Lp norm estimator is superior to the Cauchy estimator over some
goodp values, its efficiency being up to 15% higher.

5. CONCLUSION

In this paper, we proposed a new approach to analyze multicompo-
nent non-stationary FM signals corrupted by additive heavy-tailed
noise. The fractionalLp-norm (1 ≤ p ≤ 2) loss function has
been used in the M-estimation framework to design a new robust
TFD referred to as R-MBD. Computer simulations confirm the ef-
fectiveness of the proposed algorithm and that the best results in
terms of estimation accuracy are obtained by the R-MBD based
algorithm which is, on the other hand, the most expensive one fol-
lowed by the r-PWVD based method.
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