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ABSTRACT

In this paper, a new technique called the Spectral
Symmetry Iterative (SSI) frequency estimation algorithm is
disclosed. This algorithm can be used for estimating the
frequency and phase of a wide class of signals that are
bandpass in nature. This technique can precisely determine
the centre frequency of this class of signal in noiseless
condition and can vyield frequency error variance
performance that is comparable to the Cramer Rao lower
bound (CRLB) on frequency estimation error of a single
complex exponential in the additive white Gaussian noise
(AWGN).

Keywords — Discrete Fourier transform, bandpass signal,
OFDM, UltraWide Band, frequency estimation, data aided
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1. INTRODUCTION

Frequency estimation of complex exponentials has long
been a problem in the area of signal processing. In [1],
Reisenfeld presented a DFT-based frequency estimation
algorithm that can determine the frequency of a complex
exponential signal very accurately. The estimation
algorithm in [1] exploits the even symmetrical nature of the
magnitude spectra of a complex exponential to iteratively
search for its frequency, ‘f;’. In this paper, a new algorithm
for estimating the frequency and phase of a complex
bandpass signal is presented. This algorithm, called the
spectral symmetry iterative (SSI) frequency estimation
algorithm, is based on the same concept presented in [1]
where the spectral symmetry of the resulting magnitude
spectra of a manipulated bandpass signal is exploited to
estimated its centre frequency, f, .

The SSI frequency estimation algorithm is based on
calculating DFT coefficients hence it is very
computationally  efficient. The performance and
computational complexity of this algorithm enable real
time digital signal processing implementation of a large
number of applications requiring centre frequency
determination. This particular frequency estimation

algorithm can be applied to a number of wireless
communication systems such as OFDM and UltraWide Band
(UWB) and defence applications such as radar and sonar
tracking.

The rest of the paper is organised as follows, section 2 will
introduce the SSI frequency estimation algorithm, section 3
will provide simulated results of the algorithm and this will
be followed by the conclusion.

2. THE SPECTRAL SYMMETRY ITERATIVE (SSI)
FREQUENCY ESTIMATION ALGORITHM

Consider a general bandpass signal s[n] which is represented
by:
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where d, is the corresponding k" discrete Fourier

coefficients of the signal s[n], which in general can be
d, =a, exp(j6,) and 6,

corresponds to the magnitude and phase of the k" discrete
Fourier coefficients respectively. k& is the index of the
discrete spectral distribution and has a range from 0 to N —1
where N corresponds to the number of sample points. f, is

expressed as where a,

the frequency corresponding to the k" discrete Fourier
coefficients of the signal s[n]. k, is the value of k that

corresponds to carrier frequency, f., of the signal s[n] .0, 1s

the phase of the said carrier frequency.

Now the baseband representation of the signal s[n] , denoted

as x[n], can be expressed as:
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A new signal, denoted as z[n], is formed by multiplying
s[n] in (1) and the complex conjugate of x[n] in (2)

which can be mathematically expressed as:
2[n] =y xs[n]x"[n]
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where y can be any real value constant.

Denote the difference between any two 6,'s as
0,,=6,-0,= —(9[, -0, ) =-0,,, then multiplying any
two of the said d,'s yields:

dd ,=a,agexp(j6,,)=(d,d",) )
Now, denote the difference between any two k’s as
kyy =k, —ky=—(k, =k, )=k, Q)

First, consider the case where f, is an integer multiple of
1/T , where T is the signal observation period. &, will then
be of an integer value. Taking the magnitude of the DFT of
z[n] in (3) and substituting the definition in (4) and (5)
yields:
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where (k) is the Kronecker delta function which is

defined as,

5(k)— 1 for k=0
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and Z[k] is the k" DFT coefficients of {z[n]}
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It can be seen the magnitude of the Z[k] in (6) is even
symmetric about the frequency correspond to DFT bin £.. In
this example, k. was chosen to be an integer value for
illustrative purpose only. In general, k. can be of an integer or
non-integer value and the described even symmetric property
of the magnitude of the discrete spectral distribution |Z[k]| in
(6) the will hold whether £, is of an integer or a non-integer
value.

The recursive algorithm presented in [1] employs a
discriminate that works on a contraction principle in
minimizing the difference in the magnitude of two modified
DFT coefficients which are plus and minus half a DFT bin
away from the estimated frequency. It relies on the fact that
the magnitude spectra of a complex exponential is even
symmetrical about its frequency hence the difference in the
magnitude of the two modified DFT coefficients will
eventually reduced to zero in the noiseless case with the
increasing number of recursions of the algorithm.

From (6), one can see the magnitude spectra of the DFT of
z[n] is even symmetrical about & = k., hence it is possible to
apply the frequency estimator in [1] to estimate f; in s[n]. For
general bandpass signal, evaluating the modified DFT
coefficients at plus and minus half a DFT bin away as stated
in [1] from the estimated frequency does not necessary
guarantee optimal performance, hence the distance from the
initial frequency estimate should be adjusted according to the
spectral shape of the bandpass signal.

Summarizing the frequency estimation algorithm presented in

[1]:

1) Perform a coarse frequency estimate such as the one
described in Rife and Boorstyn [2], in which a N point
complex DFT is performed on {z[n]}(])v_1 as defined in (3)

and a peak search is done on the magnitudes of the DFT
output coefficients, to obtain the initial frequency

estimate, f,.  This

on =k, F./N, where k

s

magnitude DFT output coefficient.

estimate is  obtained by,

is the index of the maximum

max

2) Calculate the modified DFT coefficients «, and g,
defined by,
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where @ is the optimal DFT bin distance to evaluate the
modified coefficients.

3) Calculate the discriminate ¢, defined as,
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4) Calculate the new adjusted frequency with the formula,

f‘mH: Am+gm' (11)

5) Perform steps 2 — 4 recursively form =0, 1, 2, 3.....

3. SIMULATION RESULTS

Figures 1, 2 and 3 illustrates an example of recovering a
suppressed carrier from an UWB signal. Figure 1 shows a
typical Gaussian monocycle pulse of an UWB signal in an
AWGN channel with SNR equal to 0dB. For the purpose of
the illustration, only the real component of the signal is
shown and there are 24 samples point in each observation
period. Figure 2 shows the same UWB signal as in figure 1
corrupted by carrier frequency offset equal to 1.5/ and
phase offset equal to #/5. Figure 3 shows the recovered
UWRB signal from figure 2 using the frequency estimate
obtained after 20 iterations of the proposed SSI frequency
estimation algorithm and the phase estimate obtained using
the following ML phase estimator [3]:
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where f is the frequency estimate from the SSI frequency

m

estimation algorithm.

The modified DFT coefficients were calculated at plus and
minus 1 DFT bin from the previous frequency estimate. It
is evident there is very difference between the recovered
UWRB signal in figure 3 compared to the original signal in
figure 1 which proves the SSI frequency estimation
algorithm was able to estimate the frequency offset very
accurately.
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Fig. 2. Frequency and phase offset corrupted version of the signal in figure 1.
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Fig. 3.The recovered signal.

Figure 4 and 5 shows the simulated results of the frequency
and phase error variance performance as a function of SNR
for the proposed SSI frequency estimation algorithm
compared and the ML phase estimator as described in (12) to
the respective error variance CRLBs for a single complex
exponential. The number of samples points used for each



simulation trial equals to 24, the frequency offset is
generated in each trial from an uniform distribution with a
range of —f5/2 to f5/2 and the phase offset is generated in
each trial from an uniform distribution with a range of 0 to
27 . The results shown were averaged across 5000 trials at
each SNR.
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Fig. 4. The frequency error variance performance of the SSI frequency
estimation algorithm as a function of SNR.
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Fig. 5. The phase error variance performance of the ML phase estimator as
described in (12) as a function of SNR.

4. CONCLUSION

In this paper, it was shown that if the baseband
representation of the transmitted signal was known such as in
the case of transmitting training signals, it is possible to
acquire the frequency offset exist in the received signal using
the proposed SSI frequency estimation algorithm. It was
shown via the illustration that the SSI frequency estimation
algorithm is effective in estimating the frequency offset in the
received signal even at very low SNR.

REFERENCES

[17 S. Reisenfeld and E. Aboutanios, “A new algorithm for the
estimation of the frequency of a complex exponential in additive
Gaussian noise,” IEEE Communication Letters, Vol 7, Issue 11, pp
529-551, November, 2003.

[2] D.C. Rife, “Single tone parameter estimation from discrete-time
observations,” IEEE Trans. Inform. Theory, 1T-20, No. 5, pp 591-
598, September, 1974.

[3] S.M. Kay, Fundamentals of Statistical Signal Processing
Estimation Theory, Upper Saddle River, New Jersey: Prentice Hall,
1993.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


