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ABSTRACT

Most of the existing algorithms for blind source separation

(BSS) assume that the number of sources is known and

constant for all samples. Real situations, however, often

have difficult non-stationarity such that each source signal

abruptly switches to appear or disappear and hence the num-

ber of sources varies with time. In this article, we propose

a noisy independent component analysis (ICA) algorithm

that assumes unknown and varying number of sources. We

employ Bayesian variable selection in combination with the

hidden Markov model to automatically select and switch the

set of sources which are temporally active in a certain pe-

riod. We formulate our algorithm based on the Bayesian in-

ference using the variational Bayes method. A simulation

study using artificial data showed that our approach suc-

cessfully recovered source signals even when the number

of sources varied with time.

1. INTRODUCTION

Blind source separation (BSS) is the problem of recovering

unknown source signals when only their linear mixtures are

observed, without having knowledge about the mixing pro-

cess. The problem has many potential applications, such as

signal processing of speech, image or biomedical signals. A

popular approach to address BSS is the independent compo-

nent analysis (ICA) which utilizes statistical independence

of source signals to recover the sources and mixing coeffi-

cients.

Most of the existing algorithms for BSS/ICA assume

that the number of sources is known and constant for all

samples. In practice, however, this assumption does not

necessarily hold. The number of sources is rarely known a

priori, and real situations often have difficult non-stationarity

such that each source signal abruptly switches to appear or

disappear and hence the number of sources varies with time.

Recently some literatures have addressed the problem with

unknown (but fixed) number of sources [1, 2, 3, 4], while the

cases with unknown and varying number of sources were

not explicitly addressed so far. In this study, particularly fo-

cussing on the latter source switching situations in BSS, we

propose an ICA method that assumes unknown and varying

number of sources.

We employ the main idea of Bayesian variable selec-

tion [5, 6, 7, 8] combined with the hidden Markov model

(HMM) [9] to select a set of sources which are temporally

active in a certain period. In the context of variable selection

in regression problems, independent variables necessary for

explaining observations can be selected from many poten-

tial variables. A practical scheme to do this is the Bayesian

variable selection. The basic idea is to introduce a hierar-

chical prior to the regression coefficient for each variable,

which makes the coefficient zero and then vanished when

it is irrelevant. Conventionally, however, this approach is

not regarded as suitable for the case where necessary vari-

ables may switch with time. In this article, we extend the

idea with utilizing HMM in order to introduce temporal

structure into the prior, and the prior is applied to latent

sources instead of mixing vectors (i.e., regression coeffi-

cients). Hence, our approach provides a “dynamic” variable

selection scheme, which is different from the conventional

“static” one.

Although most ICA algorithms consider noise-free sit-

uations, we focus on noisy cases for its practical signifi-

cance. Several noisy ICA algorithms have already been

proposed, which were mainly based on the maximum likeli-



hood (ML) with assuming parametric models for source dis-

tribution [10, 11, 12, 13, 14, 15], whereas some semipara-

metric methods which have no assumption for the form of

source distribution were also proposed [16, 17]. Some au-

thors have recently developed Bayesian approaches to noisy

ICA [2, 18, 19] as natural extensions of ML-based ones, us-

ing the variational Bayes (VB) [20] method. For ML- and

VB-ICA, a common way to model source distribution is to

use a mixture of Gaussian (MoG) distribution [10, 13, 15].

In this article, we employ a special variation of MoG, a

scale mixture of Gaussian [21, 22], to represent the super-

Gaussian nature of source signals, and propose a Bayesian

noisy ICA algorithm using the VB method, with introduc-

ing a dynamic variable selection mechanism.

2. PROPOSED APPROACH

2.1. Linear mixture with isotropic Gaussian noise

The situation is assumed as follows. d observations at time

step t, xj,t (j = 1, . . . , d), are generated as a linear mixture

of n independent source signals, si,t (i = 1, . . . , n), plus

Gaussian noise. The probabilistic generative model for the

observation vector xt = (x1,t, x2,t, . . . , xd,t)′ is given by

xt = Ast + νt, (1)

where st = (s1,t, s2,t, . . . , sn,t)′ is the source vector. d×n

matrix A is the mixing matrix, and each component of the

d-dimensional vector νt is independently and identically

distributed as Gaussian with the mean zero and the variance

τ−1. Conditional density of xt is then

p(xt | st,A, τ) = Nd(xt | Ast, τ
−1Id), (2)

where Nd(· | µ,Σ) denotes a d-dimensional normal distri-

bution with a mean µ and a covariance matrix Σ.

2.2. Markov-switching sources

We introduce binary variables zi,t ∈ {0, 1} (i = 1, . . . , n)
to indicate the existence of the i-th source at time step t;

zi,t equals one if the i-th source signal si,t exists (is active)

at that time, while zero if the source signal does not exist

(is inactive). Using this hidden indicator variables, the prior

distribution of si,t is defined as a two-component mixture

model as in the usual setting of Bayesian variable selec-

tion [7]. In this article, we model the source distribution as

a scale mixture of two Gaussian distributions, conditional

on zi,t = 1. The conditional density is given as follows, by

introducing the corresponding latent variable yi,t ∈ {0, 1}
for the two Gaussian components:

p(si,t |yi,t, zi,t = 1)

= N(si,t | 0, φ2
1)

yi,tN(si,t | 0, φ2
0)

1−yi,t , (3a)

p(yi,t) = ρyi,t(1 − ρ)1−yi,t , (3b)

where ρ is the mixing rate for the two Gaussian components,

and φ2
0 and φ2

1 are their variances. Although these are fixed

in this study, they can also be adjusted from data [13]. A

scale MoG allows us to obtain an analytical solution of the

posterior distribution for super-Gaussian source signals. We

note that other kinds of source distribution can be employed,

such as Laplace [14], Student-t [3], or more general mixture

of Gaussian distribution [10, 13], possibly under some ap-

proximation. When zi,t = 0, in contrast, each source distri-

bution is modeled as a Dirac’s delta distribution:

p(si,t | zi,t = 0) = δ(si,t), (4)

where δ(·) is the Dirac’s delta function. This setting allows

our model to remove unnecessary sources effectively. The

conditional density of the source vector st is then given by

p(st | yt,zt) = Nn(st | 0n,V t(yt,zt)), (5)

where V t(yt,zt) is a diagonal covariance matrix whose i-

th diagonal element is σ2
i,t(yi,t, zi,t) = zi,tφ

2
i,t(yi,t) where

φ2
i,t(yi,t) = yi,tφ

2
1 + (1 − yi,t)φ2

0.

If the indicator variable zt is an i.i.d random vector hav-

ing no time-dependency, the mixture source model is equiv-

alent to those used in sparse coding methods [23, 24]. On

the other hand, if the indicator has the same value at any

time, z1 = z2 = · · · = zT , this case is equivalent to that

of Bayesian variable selection in its usual sense. In this arti-

cle, to incorporate time-structure into the source model, we

model the indicator variable zt as a Markov process, which

is, for simplicity, assumed to be independent of the other



sources:

p(zi,1) =

⎧
⎨

⎩

1 − πi if zi,1 = 0

πi if zi,1 = 1
, (6a)

p(zi,t | zi,t−1) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1 − r1i if (zi,t, zi,t−1) = (0, 0)

r1i if (zi,t, zi,t−1) = (1, 0)

r0i if (zi,t, zi,t−1) = (0, 1)

1 − r0i if (zi,t, zi,t−1) = (1, 1)

(6b)

where πi is the probability for initial existence of the i-th

source, and r1i, r0i ∈ [0, 1] are probabilities that the i-th

source switches to active and inactive, respectively. The

source model is thus formulated as an HMM. Although the

time-structure of the source model is the key of our dynamic

variable selection mechanism, our model includes the one

without any dynamics as its special case, because the special

setting: r0i+r1i = 1 for any i implies that p(zi,t = 1) = r1i

and p(zi,t = 0) = r0i for every time step.

2.3. Variational Bayes inference

A Bayesian inference for the model described above is per-

formed by the variational Bayes (VB) method [20]. Let

ξ = {st,yt,zt|t = 1, . . . , T} denote the set of latent vari-

ables, θ = {A, τ} the set of observation model parame-

ters, and ω = {πi, r1i, r0i | i = 1, . . . , n} the set of dy-

namics model parameters. The VB method solves a func-

tional optimization problem to obtain the probability distri-

bution q(ξ,θ,ω) that well approximates the true posterior

p(ξ,θ,ω|X), where X = (x1,x2, . . . ,xT ). We introduce

the factorization assumption: q(ξ,θ,ω) ≈ q(ξ)q(θ)q(ω)
to allow the solution to have closed forms with respect to

q(ξ), q(θ) and q(ω). For the parameters θ, we use a conju-

gate prior:

p0(A,τ)=Nd×n

(
A|M0, τ

−1Id,G
−1
0

)
Ga(τ |κ0,λ0), (7)

where Nd×n (· | ·, ·, ·) denotes a matrix normal distribution

(Appendix A), and Ga(· | ·, ·) is a Gamma distribution. For

ω, we also use the following conjugate prior:

p0(πi) = Be(πi | uπi
, wπi

), (8a)

p0(r0i) = Be(r0i | ur0i
, wr0i

), (8b)

p0(r1i) = Be(r1i | ur1i
, wr1i

), (8c)

for i = 1, . . . , n, where Be(· | ·, ·) is the Beta distribution.

According to the VB method, the approximate posterior

for st, conditional on yt and zt, is derived as

q(st | yt,zt) =
ψ (xt, st) p(st | yt,zt)∫
dstψ (xt, st) p(st | yt,zt)

(9a)

= Nn(st | µt(yt,zt), V̂ t(yt,zt)), (9b)

V̂ t(yt,zt) =
(〈

τA′A
〉

+ V t(yt,zt)−1
)−1

, (9c)

µt(yt,zt) = V̂ t(yt,zt) 〈τA〉′ xt, (9d)

where ψ (xt, st) ≡ exp (〈log p(xt | st,A, τ)〉A,τ ). The

expectations 〈τA〉 and 〈τA′A〉 are given by Eq. (13) be-

low. Let l(xt,yt,zt) denote the denominator in Eq. (9a).

The marginal likelihood for zt is given as

e(xt,zt) =
∑

yt

l (xt,yt,zt) p(yt), (10)

which is the summation over 2n possible values of the n-

dimensional binary vector yt. Using the marginal likeli-

hood, the approximate joint posterior of zt for all t is

q(z1,z2, . . . ,zT )

=
1

Cξ
e(x1,z1)ψπ(z1)

T∏

t=2

e(xt,zt)ψr(zt,zt−1), (11)

where ψπ(z1) ≡ exp(〈log p(z1 | π)〉π) and ψr (zt,zt−1) ≡
exp(〈log p(zt | zt−1)〉r0,r1). Cξ is the normalization term.

Because Eq. (11) is a simple HMM whose transition and ob-

servation processes are given by ψr(zt,zt−1) and e(xt,zt),
respectively, the marginal distributions, q(z1), . . . , q(zT ),
are exactly calculated by the standard Forward-Backward

algorithm [9]. The pairwise posteriors q(zt,zt−1) can also

be exactly calculated for updating the approximate poste-

rior for πi, r1i, r0i which are given as Beta distributions.

The detail of Bayesian learning of HMM can be found in

[25]. Taking expectations with respect to the posteriors, the

following statistics are calculated:

Rss = 〈SS′〉 + G0, (12a)

Rxs = X〈S〉′ + M0G0, (12b)

Rxx = XX ′ + M0G0M
′
0, (12c)

Rx|s = Rxx − RxsR
−1
ss R′

xs, (12d)

where S = (s1, s2, . . . , sT ). Then the approximate poste-

rior for A and τ is given as

q(A, τ)=Nd×n(A | M̂ , τ−1Id, Ĝ
−1

)Ga(τ | κ̂, λ̂), (13)
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Fig. 1. Test time-series of four observation signals.

where

M̂ = RxsR
−1
ss ; Ĝ = Rss, (14a)

κ̂ = κ0 +
d(n + T )

2
; λ̂ = λ0 +

1
2
tr

[
Rx|s

]
. (14b)

The VB inference is performed by calculating the ex-

pectations with respect to ξ, θ and ω alternately, with sup-

plementary calculation of the marginal posterior distribu-

tions of z1, . . . ,zT by the Forward-Backward procedure at

each iteration. After convergence, all unknown variables

are conveniently estimated as their expected values under

the LMS (least mean square) loss criterion, while other esti-

mators, such as the MAP (maximum a posteriori) estimator,

can also be employed.

3. RESULTS

Figure 1 shows the test time-series we used. The number

of observation signals was d = 4 and the time-series length

was T = 300. The time-series were synthesized according

to the generative model given by Eq. (1) with three artificial

source signals which are shown in the left column of Figure

2 (with one always-inactive source at the bottom). The bar

graph at the top of each panel shows the source existence,

where the brightness indicates the value from zero to one as

depicted in the right side of the figure. The number of active

source signals was varied with time: two, one and three for

each 100 time steps. The source signals for active periods

were artificially generated from the scale mixture of Gaus-

sian, Eq.(3), with φ0 = 0.5, φ1 = 2.5, and ρ = 0.25. The

Hinton diagram [26] of the true mixing matrix is shown in

the left panel of Figure 3. The noise inverse variance was

set at τ = 26.2 (average SNR ≈ 25 (dB)). The VB steps

were iterated 400 times. Prior hyperparameters were set at:

M0 = 0,G0 = 0.05In, v0 = 1, w0 = 1 × 10−3, u· =
w· = 0.5. The mean parameter of trial distribution for mix-

ing matrix, M , was initialized by JADE [27]. The other

parameters of trial distributions were randomly chosen.

Figure 2 (right) shows estimated sources and the exis-

tence by our approach, which were obtained as LMS esti-

mates. The bar graphs shows the estimate (possibly analog)

of existence indicator. Our approach recovered the three

source signals and their existence almost correctly, so that

the estimated number of sources varies with time like in the

reality. The mixing matrix was also well estimated as shown

in the right panel of Figure 3, where the right three columns

correspond to the true ones. The fourth column was auto-

matically pruned in the learning process, because the fourth

source was estimated as consistently inactive so that no in-

formation was offered to learn the fourth column vector and

then the prior estimate was filled in. It should be noted that

the order and signs of estimated sources and mixing matrix

in these figures were manually adjusted to clarify the corre-

spondence to the true ones.
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Fig. 2. True (left column) and estimated (right column)

source signals and their existence.

4. DISCUSSION

We proposed a novel method to address the source switch-

ing situations in BSS, in which the number of sources is



Fig. 3. Hinton diagrams [26] of the true (left) and estimated

(right) mixing matrices.

not only unknown but also varying with time. A dynamical

model was introduced as the source model to achieve au-

tomatic selection of active sources, which was based on the

combination of the hierarchical prior which has been used in

Bayesian variable selection and the HMM. We formulated a

generative model including the dynamic source model and

noisy linear mixing, and derived the Bayesian inference al-

gorithm using the VB method. A simulation study using

artificial data showed that our approach successfully recov-

ered source signals in a non-stationary situation such that

each source occasionally switched to appear or disappear

and then the true (unknown) number of sources varied with

time.

In this article, we showed that our approach had a po-

tential to overcome the source switching problem in BSS

at least in principle. The quantitative performance of our

method and its comparison to alternative methods are cur-

rently under investigation. In our formulation, however, the

computational cost is too high to directly apply to problems

with many potential sources. Actually, the cost grows in

an exponential order of the number of potential sources,

n; then, it is intractable when n is large. The reason was

twofold. One reason is to use a MoG as an active source

model so that the posterior for all sources becomes an n-

dimensional MoG with an intractable number of compo-

nents if n is large. This may be solved in part by using

the factorization of trial distribution of the sources as intro-

duced in [13]. Another reason, which is more crucial, is the

load to calculate exactly the forward/backward probabilities

for the whole 2n states of zt. In the Bayesian variable se-

lection literatures [5, 6, 7, 8], such a problem was overcome

using the Markov Chain Monte Carlo (MCMC) technique,

while the time dependency assumed in our model refuses a

direct application of it. A potential way to address this is-

sue is the use of sequential Monte Carlo [28]. We are now

seeking on this way to achieve a computationally efficient

formulation of our algorithm.

A. APPENDIX

A matrix normal distribution is defined as

Nd×n (A | M ,V ,K)

= (2π)−
dn
2 |K|− d

2 |V |−n
2

× exp
(

−1
2
tr

[
(A − M)′ V −1 (A − M) K−1

]
)

,

where A ∈ �d×n, M ∈ �d×n, K ∈ �n×n, and V ∈
�d×d. M denotes the mean of A; K and V are two co-

variance matrices of A [29].
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