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ABSTRACT

We consider the problem of estimating the density f of inde-
pendent identically distributed couples { (X}, Y%)}r which
are the marks of an homogenous Poisson process, from sam-
ples {(X},,Y}/) }x deduced from {(X}, Yy)}« by a non-line-
ar relation coming from the so-called Type II Counter Prob-
lem. From a relation between the probability density func-
tions of the sequences, we propose an estimator of the pdf
of Y, since common plug-in estimates are suboptimal.

1. INTRODUCTION

We consider a problem occurring in nuclear science, which
will be referred in next sections as “ Type II Counter Prob-
lem ”. Suppose that we have a source of  photons, which
is typically a mixture of radionucleides in unknown pro-
portion. This source emits photons at random times which
may be assumed to be the points of an homogenous Pois-
son process. The photons energies have an unknown dis-
tribution, depending upon the type and the proportion of
the radionucleides present in the mixture. The photoelec-
tric effect taking place in the lead detector transforms each
photon in a pulse of current, which is measured. In this
work, since the shape of the pulses depends on many phys-
ical parameters (for example the shape of the detector, the
location where the photon-electron interaction takes place,
etc.) and is therefore very difficult to exploit, we are only
considering the pulse duration (the duration of the charge
collection), and the total pulse energy, which will be re-
spectively denoted by X and Y. Our approach is motivated
by the physical observation that lengths and energies of the
detected pulses are not independent.

The sequence of random variables {( Xy, Y% )}« is how-
ever not directly observable, because several photons can
impinge the detector during the charge collection of any
given photon and the only available data are on the dura-
tions and on the energy of the clusters of photons (denoted
respectively by X’ and Y’) and the inter-arrival of these
clusters. From this rudimentary information, it is desired
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to estimate the distribution, and more particularly the prob-
ability density function m of the photon energy Y. Figure
1 illustrates the problem encountered : assume that 7, is
the arrival time of the n-th photon, X, the length of its as-
sociated electrical pulse and Y, its energy. When the n-
th photon arrives, its energy is recorded, and thus we ob-
serve (X,,,Y;,). On the other hand, the n + 2-th photon
is detected during the n + 1-th busy period ; we observe
in that case neither (X,,41,Y54+1) nor (X,42,Y,2), but
(Tha2+Xnt2—Tnt1, Yor1+Yaio). We follow the termi-
nology used in physics and call this phenomenon a pile-up.
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Fig. 1. Illustration of Type II Counter Problem. (a) : input
signal with arrival times T}, lengths X and energies Y,
k=mn,...,n+2;(b): associated on-off observed process
St.

Early papers dealing specifically with Type II Counter
Problem, as [1] and [2] only consider the energy Y,, as the
n-th mark of the point 7;,, and obtain results concerning the
distribution of the {Y,'},,, but not the distribution of interest.
However this problem shares similarity with the inference
of the service time in M/G/oco queue from the duration of



the busy periods, and we can find in [3] a relation between
the cdfs of X and X’ used in [4] to derived an estimator
of the cdf of X for the study of biological signals. Remark
that in the M/G/oco and more generally in queuing systems
(see e.g. in [5]) we are dealing only with the burst duration
whereas in the photon problem, we are dealing with simul-
taneously with the duration and the energy. This relation
was extended in [6] recently and gives a relation between
the pdf of (X’,Y”) and the pdf of (X,Y’). This approach
yields to an estimate of the pdf of (X, Y") using the method-
ology described in [4].

The problem can be directly solved by plugging-in this
expression, but density estimators that arise from direct in-
version do not achieve optimal rates and can be subject to
numerical instability, since they involve a numerical dif-
ferentiation step. In this paper, we suggest an alternative
approach in which the Laplace transform of the joint dis-
tribution of the cluster duration / energy is expanded first,
along the lines drawn in [7] for the related problem of in-
ference of the service time distribution from busy periods in
the M/Goo problem.

2. NOTATIONS AND MAIN THEOREM

Let (N;);>0 be an homogenous Poisson process, with in-
tensity A and associated points {7}, },,>1. At each point
T, is associated a mark (X,,,Y;,) where X,, represents the
pulse duration and Y;, the energy of the n-th photon. Sup-
pose that {(X,,, Y,,) }n>1 is i.i.d., with common distribution
f and that {{(X,,, Y2.) }n>1, {Tm }m>1} are mutually inde-
pendent. As mentioned in Section 1, the marks of (N;);>0
are not directly observable.

By analogy with queueing theory, a maximal restriction
of the signal to a segment where it is positive (resp. 0) is
referred to as a busy (resp. idle) period. It is assumed that
the only available data are the durations of the busy and idle
periods and the total energy collected on a busy period. We
denote by {7} },,>1 the starting point of each busy period,
by X! the duration of the n-th busy period and by Y its
energy. We denote by P the probability measure associ-
ated to the observed samples {(X},Y/)}1<k<n. We also

naturally define the length of the n-th idle period Z,, as

z, < T} ., — (T}, +X,,) . By the lack of memory property
of the exponential law, the idle periods have the same dis-
tribution (exponential with parameter \) as the inter-arrival
time law. Denote, at last, by m the marginal probability
density function following the second dimension associated

to f, that is for all nonnegative y :

m(y) < /f(fmy) dz .

Our objective is therefore to estimate m, given a sample
of density P. The following result is stated in [6], and its

demonstration is discussed in [8] :

Theorem 2.1 We have for all complex couple (s,p) in the
set {(21,22) € C%; Re(z1) > 0, Re(z2) > 0} :
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/ e (sHNT [exp <)\/ e Pek(r,€) ds) - 1] dr
0 0

_ ALP(s,p) 1
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where
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LP(s,p) = / /R e P(dnd:)
+ XKy

Consequently, we have from Theorem 2.1 a relation be-
tween a functional of P, which can be easily estimated from
the data, and a functional of the density of interest f. Given
this relation, we detail in the next section the methodology
used to derive an estimator of m.

3. METHODOLOGY

As mentioned in the introduction, we focus in this contribu-
tion on the probability density function of m rather than on
the joint density f. Let ¢ > 0 and 7" > 0 be arbitrary con-
stants. Let y — K (y) be a kernel function and denote by
D v Bp(v) J75 K(y)e ¥dy its Fourier trans-
form. Let h be a bandwidth parameter. Define the function
a:Ry x{z€C;Re(z) >0} — Cby:

a(z,p) & exp <)\ /oo e Pk(x,¢) ds) . )]
0

We have by differentiating (1) with respect to x :
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According to (2), we have
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Taking the limits * — oo and h — 0 in (3) leads to the
following explicit inversion formula :

(z, i) :
D i (hv)eYdy

m(y) =
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On the other hand, a can be expressed with respect to P
using Theorem 2.1. Since P is a probability measure, for
any (s,p) € C x C, |[LP(s,p)| < 1, with equality if and
only if s = p = 0. Therefore, for any s such that Re(s) > 0,
|LP(s,p)] < land|A/(s+ A)| < 1. We therefore have for
all (s,p) € {z € C,Re(z) >0} xC:

1 ALP(s,p)
s+ X—ALP(s,p) _s+)\z( s+ A ) - ©)

For convenience, we denote by ¥ the complex-valued func-
tion defined for all (w,p) in R x {z € C; Re(z) > 0}
as

U(w, p) def ACP(c+ iw,p)
P} = (c+iw+ N (c+iw+ A —ALP(c+iw,p))
(6)
Using (5), (6) and Theorem 2.1, we get for all (T, p) in R x
{z € C; Re(z) >0} :

e(c+)\)T 00 .
a(T,p) =1+ 5 / U(w,p)e“Tdw. (7)

We now use (4) and (7) to construct an estimator of m.
We need first to estimate the rate of the underlying Poisson
process intensity. It is well-known that the idle periods are
independent and identically distributed according to an ex-
ponential with intensity A. A natural estimate of \ therefore
is the sample average of the idle periods,

-1
< 1 <
n= ( > Zk> : ®)
"=
The Laplace transform £ P can be estimated given a sample

{(Xllw Yk/)hgign as follows :

E]B,L(c+1w iv) Ze (c+iw) X}, —ivY) ©)

We now need to estimate the partial derivative g“. Since

the function T' — a(T),iv) is defined as an inverse Fourier
transform of an integrable function, it is tempting to esti-
mate its derivative by multiplying the integrand by a factor
iw in the Fourier domain prior to inversion. This approach
however is not directly applicable, because multiplying the
integrand by w in (7) leads to a non absolutely convergent
integral. As observed by [7] in a related problem, it is pos-
sible to get rid of this difficulty by finding an explicit ex-
pression of the singular part of this function, which can be
computed and estimated. More precisely, we have from (5) :

U(w,iv) = A (w,iv) + Ag(w, iv) (10)

where we have defined

. def AEP(C+IW,1V)
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and ALP( iw, iv)
.\ def c+lw, 1 .
A = —— 2V .
2(w,1v) c+iw+ A (w,1v)
Therefore, using (7) and (10), we obtain :
a(T,iv) =1+ a1(T,iv) + ao(T,iv) (11)
where
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Moreover we have :
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and we have using (4) and (11) :
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Estimators a., (T, iv) (respectively ( 2 (T, 11/)) ) of a (re-

spectively 5 dag 2 (T,iv)) can be obtained by plug-in directly
estimators (8) and (9) in (7) (respectively (12)). Moreover,
we can estimate g—%(T, iv) using (13) :

da Xn - N ! _iuy!
<87_1‘ (T lI/)) = ? Z II'{X;CST}G)\"Xk Y,

k=1

From (4) and and (14), we finally deduce the following es-
timator for the marginal energy density function,

() = ——
MT hon = —=
TohmiY 27\,
oo (%(T, ly))n + (%(T7 Ul))n@ h ivy d
/,w (T, 1v) K (hw)e™ dv
(15)

In practice, this inversion can be realized using a fast Fourier
transform (see for instance [9] and [10] for implementation
details).



4. RESULTS

In this section we present results on generated densities,
and discuss on the optimal choice of the parameters used
to compute our estimator. Samples were drawn following
the density

f(@,y) = Nag 3(x) x (0.6N100,6(y) + 0.4N130.9(v)) ,

where /\/’a,b denotes the gaussian distribution of mean a and
standard deviation b truncated to R, and piled-up to illus-
trate Type II Counter Problem for A = 0.04 ; Figure 2 shows
the ideal density and a kernel estimate of the marginal of the
piled-up distribution P.

0,005

Fig. 2. Example of bimodal density (dashed curve) and
piled-up observations (solid curve).

Figure 3 illustrates the differences between the ideal density
and our estimator. Our approach seems valid, since the esti-
mator 1 p r, is close to m. Remark that the second mode
is well recognized, though it has the same magnitude as the
piled-up density.

n ISE
1000 | 4.760103
5000 | 1.08910°3
10000 | 3.85210~%

20000 | 2.04210~%

Table 1. Integrated Square Error for an increasing number
of samples.

Table 1 shows the Integrated Squared Error (ISE) for several
values of the number of samples n. These numerical results

Fig. 3. Behaviour of the estimator 7727 j, », (solid curve) and
comparison with f (dashed curve).

indicates that the fluctuations in the tail of the estimator are
statistical errors and decay as n — oo. Figure 4 allows us to
compare the behavior of the estimate introduced in this pa-
per and the estimate described in [6], all parameters being
chosen equal for both estimators ; it shows that our estima-
tor is less sensitive to numerical instability, which validates
our approach.

Fig. 4. Behaviour of the estimator with double differentia-
tion introduced in [6] (solid curve) and comparison with f
(dashed curve).

We now focus on the choice of the parameters ¢ and T ;
we chose T" up to max;<, X/, and due to relations (7) and
(12), ¢ can be chosen as close as needed from O ; Table 2
shows the ISE for several values of ¢, T' being chosen equal
to 64, and several values of T', ¢ being chosen equal to 0.1.
The number of samples is fixed to 10%. It appears that the
parameter c has little influence, provided it is not chosen



c ISE T ISE
1 22321072 20 5.4171073
0.1 3.85210~4 40 1.90510~4
0.01 4.00210~1 60 3.836 1074
0.001 | 4.348107% 80 5.10010~%
0.0001 | 3.85210~% 100 2.2291072
0.00001 | 4.42610~% || max;<, X] | 2.2311072

Table 2. Integrated Square Error for different values of ¢
and 7.

to big to avoid numerical problems. This is not surprising,
since the Bromwich integral used to compute the inverse
Laplace transform does not theorically depend on the choice
of ¢ (see e.g. [11]). The choice of the parameter 7' seems
more crucial however : choosing 7' too small means that
we introduce a bias when integrating from 0 to 7" in (15),
and Table 2 indicates that 7" cannot be chosen as large as
possible, implying the existence of an optimal sequence 75,
depending on ), ¢ and the number of samples n.

5. CONCLUSION AND PERSPECTIVES

In this paper we presented a deconvolution problem with a
nonlinear relation between both densities. We exhibit an es-
timator of the density of interest based on Fourier inversion
that can be easily computed. Primary results showed inter-
esting adequation on generated densities, which seems to
validate our approach. A problem associated to this should
be to find a good estimate of the density f in the case of real-
world data and to consider the case when the input Poisson
process is not homogenous anymore. These questions, as
the theoritical study of the rates of convergence of our esti-
mator, should be investigated in future papers.
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