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ABSTRACT

Most algorithms for direction-of-arrival (DOA) estimation require
the noise covariance matrix to be known or to possess a known
structure. In many cases the noise covariance is in fact estimated
from separate measurements. This paper addresses the combined
effects of finite sample sizes both in the estimated noise covariance
matrix and in the data with signals present. It is assumed that a
batch of signal-free samples is available in addition to the signal-
containing samples. No assumption is made on the structure of the
noise covariance.

In this work the asymptotical covariance of weighted subspace
fitting (WSF) is derived for the case when the data are whitened us-
ing an estimated noise covariance. The obtained expression sug-
gests an optimal weighting that improves performance compared
to the standard choice. In addition, a new method based on covari-
ance matching is proposed. The proposed method is by construc-
tion asymptotically efficient.

Monte Carlo simulations show promising small sample per-
formance for the two new methods and confirm the asymptotical
results. The CRB for the data model is included in the numerical
evaluations and it is found to coincide with the WSF asymptotical
covariance derived.

1. INTRODUCTION

The problem of estimating parameters of narrowband signals im-
pinging on an array of sensors is important in a wide range of
applications. Examples include radar, sonar, seismic exploration,
microwave- and radio communications and biomedicine. Consider
the signal model

x(t) = A(θ)s(t) + n(t), (1)

where, at time t, x(t) is the m−vector of sensor outputs, s(t) is
the d−vector of impinging signals and n(t) is an m− vector of
noise. The m × d-matrix A(θ) is composed of the steering vec-
tors of the array, parameterized by the nθ-vector θ. The direction-
of-arrival (DOA) estimation problem is that of estimating θ from
the sequence {x(t)}N−1

t=0 . In this work, the vectors s(t) and n(t)
are assumed to be circularly symmetric complex Gaussian vectors
with covariance matrices P and Q, respectively. A number of es-
timation techniques have been proposed for this data model in the
literature [1, 2, 3, 4]. Most algorithms are based on the assumption
that the noise is spatially white and uniform, i.e., Q = σ2Im. If
this assumption cannot be made there are two main approaches:

The first one is to parameterize the covariance matrix Q and
then perform a joint estimation of θ and the noise parameters [5, 6,
7, 8]. Alternatively, some structure can be imposed on the signals
[9]. Another possibility is to assume and exploit certain struc-
tures in the noise covariance matrix, see e.g. [10] and [11]. While
the above approaches have the distinct advantage of not requiring
prior knowledge of the elements of Q, they do require prior knowl-
edge of either the structure of the noise covariance or the signals.
Fundamental identifiability issues pose a limit on how general the
imposed structure can be.

The second standard approach is to estimate Q using a sep-
arate batch of signal-free samples and then use the so-obtained
estimate to whiten the noise part of the signals x(t). While this
approach is frequently suggested or implicitly assumed in the lit-
erature, there are few results published on the effects on the quality
of the DOA estimates due to errors in the whitening. An exception
to this is given in [12], where the effect of small deterministic de-
viations from the uniform spatially white noise assumption is ana-
lyzed for some common algorithms. In [13] and [14] the effect on
subspace estimation algorithms of stochastic perturbations of the
noise covariance and array manifold are investigated. The deriva-
tions in those two papers do however not assume that the noise
covariance errors stem from an imperfectly estimated whitening
matrix. Thus, they are not directly applicable to the problem at
hand. Also, unlike the present work, [13] and [14] do not treat fi-
nite sample effects in the same framework as perturbations in the
noise covariance matrix.

In this work a statistical approach is taken to assess the impact
of estimation errors in the whitening matrix and to devise algo-
rithms with improved performance. It is assumed that M samples
{n(t − M)}M−1

t=0 drawn from the same distribution as n(t) are
available in addition to the data {x(t)}N−1

t=0 .
In Section 3, the asymptotical covariance of the Weighted Sub-

space Fitting (WSF) [4] estimate based on whitened data is de-
rived. Moreover, an optimal weighting is introduced that improves
performance compared to the standard weighting at no additional
computational cost. With the new weighting, the asymptotical
covariance for the WSF estimate coincides with the Cramér-Rao
bound (CRB) for the data model. The expression for the asymp-
totical covariance allows for a useful and simple comparison to
the standard (assuming known noise covariance) WSF asymptoti-
cal covariance derived in e.g. [15].

In Section 4, an asymptotically optimal algorithm based on
covariance matching is derived for the estimation problem at hand.
This new algorithm does not explicitly rely on pre-whitening of



the data. The paper is concluded with some numerical results in
Section 5.

In the following, X† denotes the Moore-Penrose pseudo in-
verse of the matrix X. The projection matrices ΠX = XX† and
Π⊥

X = I − ΠX will be used frequently. The vector vec{X} is
obtained by stacking the columns of X. The Kronecker product
is denoted by ⊗ and the direct (Schur) product by � (see e.g.
[16]). The superscript ·∗ denotes conjugate transpose and ·T de-
notes transpose. The statement X1 ≥ X2 implies that X1 − X2

is positive semi definite (p.s.d.) and X1 > X2 implies that the
difference is positive definite (p.d.).

2. DATA MODEL AND CRAMÉR-RAO BOUND

The estimation problem treated is that of estimating θ from the
data

{n(−M), . . . ,n(−1),x(0), . . . ,x(N − 1)},
with

E [n(t)n∗(t) ] = Q,

E [x(t)x∗(t) ] = A(θ)PA∗(θ) + Q = R, (2)

Both n(t) and x(t) are complex Gaussian circularly symmetric
random vectors. The functional form of the matrix

A(θ) =
[
a([θ]1:l), . . . , a([θ](d−1)l+1:nθ

)
]

(3)

depends, among other things, on the array geometry and sensor
characteristics. The vector [θ](i−1)l+1:li is the subvector of θ con-
taining the parameters associated with source i. If not otherwise
stated, the results of this work hold when the steering vectors,
a(θ), are parameterized by multiple parameters per source (l > 1).
The steering vectors are assumed to be sufficiently smooth func-
tions of θ (see [4] for details). This assumption is necessary for
the asymptotical analysis that will follow. The array must also be
unambiguous, which means that a(θ1) and a(θ2) are linearly in-
dependent for any θ1 �= θ2. It is assumed that Q is a p.d. matrix.

Furthermore, identifiability requires that (m+d′)
2

> d, where d′ is
the rank of the signal correlation matrix, P (see [17] for details).

The stochastic CRB for the case of uniform white noise (Q =
σ2I) was derived in [18, 15]. It was generalized to unknown col-
ored noise fields in [19]. The CRB that will be presented in this
section is conceptually quite different due to the extra observed
signal-free samples in the data model. It should be noted that the
bound derived here is for an estimator with no knowledge of the
rank d′ of P, see [20] for more details about this assumption. By
defining the sample correlation matrices

R̂1 =
1

M

−1∑
k=−M

n(k)n∗(k)

and

R̂2 =
1

N

N−1∑
k=0

x(k)x∗(k), (4)

and by using the statistical independence of the observations, the
negative log-likelihood function can be written (neglecting con-
stant terms)

l(η) = M log |Q| + Mtr{Q−1R̂1} + N log |R|
+ Ntr{R−1R̂2}, (5)

where

η = [θT , φT , ξT ]T . (6)

The d2-vector φ and the m2-vector ξ contain the real parameters
required to parameterize the hermitian matrices P and Q, respec-
tively. In the parameterization, the fact that the matrices are p.d. or
p.s.d. is not exploited. This will not affect the final result (see e.g.
[20] or [19]). The so-called Bang’s formula (see e.g. [15]) gives
the Fischer information matrix

[I(η)]ij = E

[
δ2l(η)

δ[η]iδ[η]j

]
=Mtr{Q−1QiQ

−1Qj}

+ Ntr{R−1RiR
−1Rj}, (7)

where Xj denotes the element-wise derivative of the matrix X
w.r.t. [η]j . The bound for the signal parameters (those in θ),
CRBθ , is the upper left nθ × nθ submatrix of the inverse of the
Fisher information matrix.

3. WHITENED WEIGHTED SUBSPACE FITTING

The asymptotical (in a sense made clear later on) covariance of the
WSF estimate of θ when whitened data are used will be derived in
this section. The estimate is given by

θ̂W = argmin
θ

VW (θ),

VW (θ) = tr{Π⊥
ẐAÊsWÊ∗

s},
ẐR̂2Ẑ = ÊsΛ̂sÊ

∗
s + ÊnΛ̂nÊ∗

n,

ẐẐ = R̂−1
1 . (8)

The matrix Λ̂s is diagonal and the diagonal elements are the d′

largest eigenvalues of the whitened array covariance matrix, ẐR̂2Ẑ.
The columns of Ês are the corresponding orthogonal eigenvectors.
In the same way the matrix Λ̂n contains the remaining eigenvalues
and the columns of Ên are the corresponding eigenvectors. The
weighting matrix W is an arbitrary hermitian p.d. matrix. This
whitened version of WSF seems to be the standard approach in the
literature for the problem at hand. The following theorem can be
shown.

Theorem 1 Let θ0 be the true parameter values in the data model
of Section 2. Then the quantity

√
N(θ̂W − θ0) has a limiting (as

N → ∞ and N
M

→ α, α constant) zero-mean gaussian distribu-
tion

√
N(θ̂W − θ0) ∼ AsN(0,C(W)),

C(W) = H−1GH−1, (9)

where

[H]ij =2Re tr{A∗
jZΠ̄

⊥
ZAiĀ

†EsWE∗
sĀ

†∗},
[G]ij =2Re tr{Π̄⊥

ZAiĀ
†EsW(Λs − I)−2

× (Λs + αI)WE∗
sĀ

†∗A∗
jZ}. (10)



For brevity of presentation, the definitions

ZZ = Q−1,

Ā = ZA,

Π̄ = ΠĀ,

α =
N

M
,

R̄ = ZRZ and

R̄ = EsΛsE
∗
s + EnE∗

n (11)

are used in the above theorem and in the following. The last equal-
ity is an eigen-decomposition of the whitened covariance matrix
R̄. The diagonal matrix Λs contains the d′ largest eigenvalues,
and the corresponding eigenvectors are the columns of Es. The
columns of En are the remaining eigenvectors. The proof of the
theorem can be found in [21].

If the array steering matrix A is parameterized with one pa-
rameter per source, then

Ai =
[
0m×(i−1), ai, 0m×(nθ−i)

]
. (12)

By defining the matrix

∆A = [a1, . . . , anθ ] (13)

it is easy to show that (10) reduces to

H = 2Re ∆∗
AZΠ̄

⊥
Z∆A � Ā†EsWE∗

sĀ
†∗

G = 2Re ∆∗
AZΠ̄

⊥
Z∆A � Ā†EsW

× (Λs − I)−2(Λs + αI)WE∗
sĀ

†∗. (14)

With a slight modification of the derivations in [4] and [22] the
following theorem can be shown.

Theorem 2 Let C(W) be given as in (9) and (14). Then

C(W) ≥ C(Wnew),

Wnew = (Λs − I)2(Λs + αI)−1. (15)

In fact, as proved in [21], the weighting is optimal also for the case
of multiple parameters per source. Furthermore, just as in standard
WSF, the weighting matrix Wnew can be replaced by a consistent
estimate without affecting the asymptotical performance. This is
also proven in [21]. It can furthermore be shown that [21]

C(Wnew) = NCRBθ , (16)

where CRBθ is the CRB for the signal parameters. This implies
that WSF with the new, optimal weighting is asymptotically statis-
tically efficient.

It is easy to see that the asymptotical covariance coincides with
the standard expression for WSF (see e.g. [15]) as the ratio α = N

M
tends to zero.

It is interesting to note that the standard method can be made
optimal by a small modification of the weighting matrix. The
change of weighting does not complicate the implementation of
the algorithm in any way (note that the new weighting matrix is
diagonal). Algorithms such as MODE [3] can be used with only
minor modifications, avoiding a multidimensional search by ex-
ploiting certain array geometries.

4. A COVARIANCE MATCHING APPROACH

Although conceptually appealing, it is not obvious that explicit
whitening of the data using an estimated whitening matrix is the
best way to solve the estimation problem at hand. In this section,
a covariance matching approach that is based on joint estimation
of Q, P and θ will be pursued. The underlying framework for co-
variance matching is presented more closely in [23]. The proposed
method is by construction asymptotically (in N and M in the same
way as in the previous section) efficient. This follows from the ex-
tended invariance principle [24] and from [23]. In order to claim
this, it is necessary to assume that the signal covariance matrix P
is p.d. (see [20] for a discussion on this issue).

The criterion function to be minimized is (since R̂1 and R̂2

are uncorrelated)

VC(θ,P,Q) = vec∗{R̂1 − Q}W1vec{R̂1 − Q}
+ vec∗{R̂2 − Q − APA∗}W2

× vec{R̂2 − Q − APA∗}. (17)

The weighting matrices should be chosen as [24]

W1 = Cov
[
vec{R̂1}

]−1

= M(Q−T ⊗ Q−1),

W2 = Cov
[
vec{R̂2}

]−1

= N(R−T ⊗ R−1). (18)

The matrices Q and R can be replaced by the consistent estimates
R̂1 and R̂2, respectively, without affecting the asymptotical prop-
erties of the estimate. The criterion function (17) can be concen-
trated w.r.t. P and Q. To that end,

P̂(θ,Q) = argmin
P

VC(θ,P,Q)

= (R̂
− 1

2
2 A)†R̂

− 1
2

2 (R̂2 − Q)R̂
− 1

2
2 (R̂

− 1
2

2 A)†∗. (19)

In order to concentrate the criterion w.r.t. Q, write

VC(θ,P̂,Q) =

Mvec∗{R̂1 − Q}(R̂−T
1 ⊗ R̂−1

1 )vec{R̂1 − Q}
+ vec∗{R̂2 − Q}Ŵ3vec{R̂2 − Q}, (20)

where

Ŵ3 = N
(
R̂−T

2 ⊗ R̂−1
2

− R̂
− T

2
2 ΠT

R̂
− 1

2
2 A

R̂
− T

2
2 ⊗ R̂

− 1
2

2 Π
R̂

− 1
2

2 A
R̂

− 1
2

2

)
. (21)

As (20) is quadratic in Q, its minimizer is easily found to be

vec{Q̂} = (M(R̂−T
1 ⊗ R̂−1

1 ) + Ŵ3)
−1

× (Mvec{R̂1} + Ŵ3vec{R̂2}). (22)

It can be proved that P̂ and Q̂ are hermitian by construction. Fur-
thermore, due to the consistency, both P̂ and Q̂ are p.d. for large
enough N and M . These are in fact necessary conditions for opti-



mality (efficiency) of the approach. Finally, insertion gives

θ̂C = argmin
θ

VC(θ),

VC(θ) = VC(θ, P̂, Q̂) +′′ θ−indep.term′′

= −vec∗{MR̂−1
1 + NR̂

− 1
2

2 Π⊥
R̂

− 1
2

2 A
R̂

− 1
2

2 }

× (
M(R̂−T

1 ⊗ R̂−1
1 ) + Ŵ3

)−1

× vec{MR̂−1
1 + NR̂

− 1
2

2 Π⊥
R̂

− 1
2

2 A
R̂

− 1
2

2 }, (23)

since

vec∗{R̂2}Ŵ3vec{R̂2} = N(m − d). (24)

While having the same large-sample performance as the opti-
mally weighted whitened WSF method, the two methods can be
expected to behave differently in small samples. In Section 5, sev-
eral numerical studies are presented that indicate that the covari-
ance matching approach performs better for small sample sizes.
However, existing techniques for avoiding the multidimensional
minimization of the criterion function can be used for the WSF
method while no such methods are known for the covariance match-
ing technique.

5. SIMULATIONS

A number of computer simulations have been performed in or-
der to illustrate the theoretical, asymptotical results derived in this
work and to investigate small sample performance of the methods.

5.1. Simulation setup

The asymptotical covariance expression for whitened WSF as in-
troduced in Theorem 1 is included in all plots. Two weighting ma-
trices (W in (8)) were tested. The asymptotical covariance with
Wnew = (Λs − I)2(Λs + αI)−1, which is the optimal weighting
for the problem, is shown as a solid line. The asymptotical covari-
ance with WWSF = (Λs − I)2Λ−1

s , which would be the optimal
weighting if Q (and thereby Z) was known exactly, is shown as a
dotted line.

In addition to the asymptotical covariances, three versions of
the CRB are included. The CRB for the estimation problem in
this work coincides with the asymptotical covariance for optimally
weighted WSF (solid line). The CRB for the estimation problem
if Q was known exactly is also included. It is shown as a dashed
line in the plots. In one case the CRB with N 	 M is included.
It is shown as a dash-dotted line.

In addition to the theoretical quantities, a number of estimation
methods were used and their performances were evaluated using

Monte Carlo methods. Let θ̂
i

k be the estimate of the kth DOA
in Monte Carlo trial i (using the method in question) and θk be
the true DOA. Then the performance measure used is the RMS per
source √√√√ 1

d

1

L

L∑
i=1

d∑
k=1

(θ̂
i

k − θk)2, (25)

where L is the number of Monte Carlo trials. In the simulations
presented here, L = 1000.

Two versions of whitened WSF were tested. The results for
the version based on the optimal Wnew weighting are marked with
stars in the plots. The squares are for the version that is based on
WWSF.

The covariance matching approach of Section 4 was also tested.
The results using this method are shown as circles in the plots.

In addition to the methods discussed in the present work, the
well-known root-MUSIC method was also included in one of the
plots (see Figure 2). It was implemented using whitening in the
same way as the WSF method above. The results for the root-
MUSIC method are shown as hollow stars.

In all simulations, the signal covariance matrix P was of the
form

P =

(
1 ρ
ρ∗ 1

)
, 0 ≤ |ρ| < 1. (26)

This makes it possible to use the parameter ρ to control the correla-
tion of the signals. In the plots, ρ is real. The noise covariance ma-
trix Q was designed to be reminiscent of a spatial AR(1)-process.
The i, jth element of Q is

[Q]ij = σ2a|i−j|, (27)

where a is a parameter used to control the noise covariance. The
array steering vectors correspond to those of a uniform linear array
(ULA) with sensors separated by a half wavelength. The DOAs of
the sources are measured from array broadside.

5.2. Results

Results for a case with sources at 0 and 10 degrees and five sen-
sors are shown in Figure 1. The two sample sizes M and N have
a fixed ratio of five in the experiment, and they are both varied.
The noise was spatially correlated with parameters a = 0.5 and
σ2 = 0.5 and the signals were correlated with ρ = 0.7. It can
be seen from the plot that the suggested optimal weighting gives a
small performance gain compared to the standard choice. This is
evident both in the asymptotical expressions and in the experimen-
tal evaluations of the different methods. It can also be noted that
the covariance matching approach performs better than optimally
weighted WSF for small M and N . Asymptotically in N and M
the methods have the same error covariance.

In the next plot, Figure 2, the number of samples were kept
constant at N = 5000 and M = 1000. Instead, the signal corre-
lation, ρ, was varied. As could be suspected, the gain obtained by
using Wnew instead of WWSF depends on ρ. This can be explained
by the fact that Λs will have fewer dominating eigenvalues when
the signals are correlated, making Wnew differ more from WWSF.
In the experiment, ρ was real. The phase of ρ is however not unim-
portant. Further investigations also indicate that the source spacing
has a similar significance.

It is quite clear that the advantage of the improved methods
developed here will be larger when M is small compared to N .
This is illustrated in Figure 3. For the particular case studied there
it can be seen that the effects of small M (poor whitening matrix)
will dominate until M > N

3
. Note that the new methods never will

perform worse than the standard methods. The plot (and the other
plots in the study) also indicates that the asymptotical expressions
are valid for fairly small sample set sizes.

In Figure 4, the impact of the noise correlation is investigated.
In terms of difference between the tested methods, the plot indi-
cates that the noise correlation is of little importance. It is some-
what surprising to note that increasing noise correlation gives an
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Fig. 1. RMS per source in estimation of direction of arrival with
two sources at 0 and 10 degrees. A ULA with m = 5 elements
was used. The sources were correlated with ρ = 0.7. The noise
covariance matrix had parameters a = 0.5 and σ2 = 0.5. The
number of signal-free samples, M was varied and the number of
signal-containing samples N was 5M .

improved performance. An explanation for this is that the noise
is then partially filtered-out by the whitening transformation. Note
that a performance gain can be obtained with the new methods also
when the true noise covariance is identity, as is the case in Figure 2.

6. CONCLUSION

The problem of estimating parameters of narrowband signals im-
pinging on an array of sensors has been studied. It is assumed
that the sensor array output is the superposition of the response to
the impinging signals and a spatially correlated noise (with an un-
known correlation matrix). In addition to the samples containing
both signals and noise, a batch of samples containing only noise
was assumed to be available.

A standard approach is to use the noise-only samples to esti-
mate a transformation that is used to whiten the signal containing
samples. In the paper this procedure was used together with WSF.
The asymptotical (in the sample sizes) covariance of the estimation
error for the resulting estimate was derived for a general weighting
matrix. It was further shown that a particular choice of weighting
matrix minimized the asymptotical covariance and, in fact, made
it coincide with the CRB for the problem. The optimal weighting
matrix is diagonal and the new formulation does not increase the
computational complexity compared to the standard choice.

A covariance matching approach to the estimation problem
was also introduced, avoiding explicit whitening of the data. The
method is asymptotically efficient.

Computer simulations indicated that the asymptotical results
are useful also for relatively small sample sizes, and that the new,
optimal WSF weighting gives a performance improvement. In the
simulations, the covariance matching method had the best small
sample behavior of the tested methods.
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Fig. 2. RMS per source in estimation of direction of arrival with
two sources at 0 and 10 degrees. A ULA with m = 5 elements
was used. The sources were correlated with ρ varying from 0.3
to 0.99. The noise covariance matrix had parameters a = 0 and
σ2 = 0.5. The sample sizes were fixed at M = 1000, N = 5000.
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