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ABSTRACT

This study focuses on an information theoretic approach for
estimating the number of clusters K, in microarray data
sets. We present an automatic method for estimating K,
based on a particular version of the Normalized Maximum
Likelihood (NML) model. The strength of the Minimum
Description Length (MDL) methods, such as the NML model,
in statistical inference is to find the model structure which,
in this particular clustering problem, amounts to find the
best number of clusters and the best cluster structure for the
data. The models are compared using the NML code length.
The study introduces a new method for computing the code
length of the encoded clustering vector for the data samples,
based on the NML model. Experiments with publicly avail-
able microarray data sets demonstrate the ability of the new
method to find the biologically meaningful clusters.
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1. INTRODUCTION

Unsupervised analysis of microarray data sets is of particu-
lar significance for gene expression data analysis. The accu-
rate estimation of the number of clusters K, is particularly
important for gene expression data analysis because most of
the existing clustering procedures request K as input. Re-
cent proposals exist for estimating the number of clusters
K in a data set based on cluster stability [1, 2], resampling
methods [3], Bayesian model-based method [4], Gap statis-
tics [5], and Minimum Description Length (MDL) principle
[6, 7, 8].

Recently, a modern and more efficient form of MDL
principle based on the Normalized Maximum Likelihood
(NML) model [9], which effects a universal sufficient sta-
tistics decomposition to separate noise from the learnable
information in data, has been found [10]. The NML model
and the MDL principle [11] have been used successfully be-
fore in genomic signal processing for classification and fea-
ture selection problems [10], simultaneous gene clustering

[12], fast iterative gene clustering [7], compression of DNA
sequences [13], and for finding large domains of similarly
expressed genes [14].

We propose a new method for estimating the number of
clusters that makes use of the NML model for the K-Means
clustering algorithm with the Euclidean distance. We re-
strict our investigation to the agglomerative K—-Means clus-
tering algorithms mainly because this class of clustering
methods is very popular in microarray data analysis [15].
According to the MDL principle [11], the model is selected
based on its fitting performance but also penalizing a too
high complexity of the model. The MDL principle has been
widely used in statistical inference in an asymptotically jus-
tified form [10]. The MDL principle is used in this study for
evaluating the model for clustering, based on the idea that
a good clustering is such that one can encode the clustering
together with the data such that the resulting code length is
minimized [8]. The new method uses the NML model for
data clustering, which is a refinement of the method intro-
duced by Kontkanen et al. [8], with an improved method for
computing the code length of the clustering vector.

We study in the first part of the paper the modeling of
the data with clusters using the MDL principle and the NML
model. We then proceed by introducing the new method that
contains the NML model and the K-Means clustering algo-
rithm. Finally, we apply the new method to estimate the
number of clusters for publicly available microarray data
sets and evaluate its effectiveness in discovering biologi-
cally meaningful clusters.

2. MODEL BASED DATA CLUSTERING

We present here the MDL principle for data clustering and
the NML model approach for (i) encoding an g-ary sequence,
for (ii) encoding the cluster data, and for (iii) encoding the
clustering vector.



2.1. MDL principle

The MDL principle [11] considers the description length of
the data D and the model M as follows

L(M, D) = L(M) + L(D|IM), (1)

where L£(D) is the length of the model’s description and
L(D|M) is the length of data’s description, where the data
is described using the model M. According to the MDL
principle the best model for the data is the model with the
shortest length of the total description £L(M, D).

2.2. The NML model for g-ary sequences

Let us consider a sequence z" = [z1,...,2,] where
z; € {1,...,q} fori = 1,...,n. The NML approach is
used for encoding the g-ary sequence z" by postulating a
simple parametric model P(z";©O(z")). The sequence z"
contains in general h; values of i. For a g-ary sequence
z", the ML estimate of © = {6;,...,0,} is O(z") =
{01(z"),...,0,(z")}, where 0;(z") = hi " The probabil-

ity of the z" becomes P(z"; O(z")) = [[%_, (%)hl The
NML model is known to be a solution of two minmax prob-
lems, which gives it strong optimality properties [9]. The

normalized maximum likelihood is
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is the normalizing factor for the probability P(z"; ©(z"))
and Z" is chosen to include all the possible g-ary sequences
y". Thus, one has
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for hi,...,hy > 0. Kontkanen et al. [8] introduced an
efficient way of computing the R, as following
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where R) = 1, R = 1,¢* = 1,and 71,73 > 0. The values
for Ry can be pre-computed and tabulated to speed up the
computations. The code length in bits for the encoded g-ary
sequence z™ using the NML model is
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2.3. The NML models for data clustering

In this study, we use a refinement of the model-based ap-
proach introduced by Kontkanen et al. [8] for estimating the
number of clusters and finding the cluster-structure of the
data. The approach is based on the idea that a good clus-
tering is such that one can encode the clustering together
with the data, using the NML model, so that the resulting
code length is minimized [8]. The models, representing the
given cluster-structures of the data, are compared using the
NML code length. The problems of finding the number of
clusters and the cluster structure are solved simultaneously
by choosing the best model, which gives the shortest NML
code length for the data.

Let us consider a data set x” = [x1,...,X,] consist-
ing of n column vectors, where X; = [7;1,...,%in]T, for
it = 1,...,n. The x;; are quantized to g levels, such that
xzy; € {1,...,q} for j = 1,...,m. Clustering the data set
x™ is defined as a partitioning of the data into disjoints sub-
sets whose union forms the data set. Each clustering is rep-
resented by the clustering vector y” = [y1, ..., y,] where
yi € {1,..., K} and y; = k if and only if x; belongs to the
cluster k. The number of clusters is denoted by K where
K=1,...,n.

The NML code length, in bits, of the encoded data x™
together with the clustering vector y™ considering the model
Mk [8], where K is the number of clusters, is
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where hy, is the number of times y; such that y; = k [8],
fikv 1s the number of data points x;,, such that x; belongs
to clusters k and z;, = v [8], and R%, Rfl“ are the nor-
malization factors computed using (5). The first two terms
in (7) give the cost in bits of encoding the clustering vector
y" and the last two terms are needed to encode the data x"
given the clustering vector y™.

The estimated number of clusters for a data set x™ is
given by the value of K, where K = 1,...,n, for which
the NML code length £(x",y"| M) is minimum.

2.4. A new NML model for encoding the clustering vec-
tor

In the approach of Kontkanen et al. [8] the clustering vector
y™ is encoded considering all possible g-ary sequences of
length n, as in (6). We introduce a novel way of comput-
ing the code length of the encoded clustering vector y” by
taking into account more faithfully the number of cluster-
ing vectors. This allows us to encode more efficiently the



clustering vector using the NML model and to discriminate
better between different models. The normalization factor
for encoding the clustering vector y” with K clusters, using
the NML model, is

Sk = Y_ Pt 6(t"), (8)
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where F" is chosen to include all possible and unique clus-
tering vectors t" with K clusters. Two clustering vectors
(partitions) are considered unique if they do not agree, i.e.
RAND index # 1. The RAND index [16] ranges between O
and 1 and it is a measure of agreement between alternative
data partitions (data clusters).

For instance, one has for n = 4 and K = 3, the follow-
ing space F* of 6 unique clustering vectors

1 2 3 3
13 2 3
31 2 3
1 3 3 2
31 3 2
3 3 1 2

instead of 36 possible clustering vectors which are not all
unique between them.

One can notice that the normalization factor in (8) for
encoding the clustering vector y” with K unique clusters
becomes R ( 0)

nK r1,T2 >
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where R} (r1,72 > 0) is computed using (5) such that
r1,72 > 0. The code length, in bits, of the encoded cluster-
ing vector y™ with K clusters using the NML model is

S =
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For instance, for a clustering vector y™ such that n =
K, one has from (10) that Ly a1 (y™) = 0, which is what
one would expect. In this case no additional information is
needed for encoding the clustering vector beside the speci-
fied model order. It is enough for the decoder to know that
n = K in order to decode the clustering vector. When (6)
is used, one has Ly (y™) > 0 and the code length of
the encoded clustering vector is longer than in the previous
case.
The new NML code length, in bits, of the encoded data
x™ together with the clustering vector y™ considering the
model M g, where K is the number of clusters, is
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where S} is computed using (9) and Ay, fiky, R, and sz”
are as in (7).

3. CLUSTER STRUCTURE INFERENCE

The new method for estimation of number of clusters and
finding the cluster structure in a data set X" proceeds as fol-
lows. For each K = 1,...,n one clustering vector y” with
the best K clusters are found using the K—Means cluster-
ing with the Euclidean distance. The clustering vector y”
with its corresponding K that gives the shortest NML code
length £(x™, y"| M), computed using (11), is considered
the one which provides the best estimation for (i) the cluster
structure, and (ii) the number of clusters.

4. EXPERIMENTAL RESULTS

We illustrate the estimation of number of clusters on sev-
eral real publicly available microarray data sets. The mi-
croarray data sets: “Leukemia”, “Novartis”, “St. Jude”,
“Lung Cancer”, “CNS tumors”, and ‘“Normal tissues” are
described and preprocessed as in [3]. Further, we quantize
independently each gene profile of each microarray data set
to binary states (“express”/“not expressed”’) by applying the
Lloyd algorithm [10].
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Fig. 1. The NML code length versus the number of clusters
K, for Novartis microarray data set. The minimum of the
NML code length is circled on the graph and it occurs for
K=4.

We apply the new method for estimating the number of
clusters using the NML model for data clustering, as in (11),
and the K-Means clustering, for the Novartis data set. The
corresponding NML code lengths £(x",y"| M) for dif-
ferent number of clusters K, for the Novartis data set are
as plotted in Figure 1. The minimum NML code length is



found for K = 4 clusters that corresponds to the biological
knowledge.

Table 1. Estimated number of clusters using Consen-
sus Clustering (CC) with Hierarchical Clustering (HC) and
NML model with K-Means clustering, for microarray data
sets

Dataset | Kiue | CCc | NMLk_Means |
Leukemia 3 5 5
Novartis 4 4 4
St. Jude 6 5 6
Lung cancer 4+ 5 9
CNS tumors 5 5 5
Normal tissues 13 7 8

Table 2. RAND index for Consensus Clustering (CC) with
Hierarchical Clustering (HC), and NML model with K-
Means clustering, for microarray data sets. In parentheses is
RAND index corresponding to partitioning into Ky,e clus-
ters when this differ from estimated K

Data set CCro | NMLk_Means |
Leukemia 0.648 (1.000) | 0.832 (1.000)
Novartis 0.921 0.980
St. Jude — (0.948) | 0.981
Lung cancer 0.310 (0.280) | 0.572 (0.745)
CNS tumors 0.549 0.835
Normal tissues | 0.457 (0.572) | 0.869 (0.911)

Monti et al. [3] introduces the Consensus Clustering
(CC) method for estimating the number of clusters for mi-
croarray data sets. They find that the CC with the Hierarchi-
cal Clustering (HC), notated as CCy¢, outperforms the CC
with the Self-Organizing Map (SOM), the Gap with the HC,
and the Gap with the SOM at estimating number number the
clusters and agreement between the predicted and real clus-
ters in microarray data sets. Thus we compare our method
against the CCpc using the same microarray data sets and
results reported in [3]. The comparison results between
our newly introduced method, notated as NMLk _pfeans and
CChc, are shown in Table 1 and Table 2. We note that for
the “St. Jude” data set in [3] the right number of clusters
is found after “visual inspection of the consensus matrices”.
For the comparison we use only the values found automati-
cally with both methods.

The new method, based on the NML and the K-Means
clustering, outperforms the Consensus Clustering with the
Hierarchical Clustering [3] at finding the true number of
clusters in real microarray data sets (Table 1) and also in
classification accuracy (Table 2).

5. CONCLUDING REMARKS

We have introduced a new method for estimating the num-
ber of clusters in microarray data sets based on the NML
model for the K-Means clustering algorithm. The NML
model is used for evaluating the goodness of clustering such
that one can encode the clustering together with the data,
where the data samples from the same cluster can be com-
pressed well together and the resulting total code length is
minimized. The problems of finding the number of clus-
ters and the cluster structure are solved simultaneously by
choosing the best model, which gives the shortest NML
code length for the data. We have applied the new method to
real microarray data sets in order to demonstrate its ability
to find biologically meaningful clusters.
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