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ABSTRACT shall refer to [3, 4, 5]. We start by a presentation of homo-

In this paper, we take a look at diffusion methods and reassi-geneous diffusion and then review adaptive diffusion.
gnment techniques to process adaptive time-frequency dis-

tributions. We briefly recall both techniques. Next we rein- 2.1. Homogeneous diffusion

terpret the reallocation of spectrogram in terms of homoge- e . .
neous diffusion. This allows us the extend the classic reas_frorr?:\fruesa:(s)noéshtihﬁ Eg%izﬁrgﬁg:]h;ghagzgegf'ﬁ)&i?sc%%réig
signment process via adaptive diffusion. Finally, some si- 9

mulations are proposed to illustrate the efficiency of our ap tratlon_ as_ aresult .Of the mqvement of ar_1 ensemble of mole-
proach. cules inside a region. This is mathematically formulated by

a basic equation referred to as Fick’s law [8] :
J=-CVU, 1)

whereJ is the flux of moleculesl/ their concentration’'
hthe diffusion tensor, an& the gradient operator. I’ is

1. INTRODUCTION

Because time-frequency representations (TFR) illus-
trate evolutions of signals with respect to both time
and frequency, they have been largely used to deal wit . DA
non-stationary environment. Among the host of solutions a scalar-valued.conductam.:e fgnctlon, Wh'c_h implies shat
that have been proposed, Cohen class encloses biIinea?.ndVU are_col_llr_\ear, the d_|ffu3|or_1 Process 1 calledtro_-
TER that are covariant with respect to time shifts and pic. Otherwise it is calle@nisotropic It is said that the dif-

frequency shifts. Such tools lead to representations Withfus'o? ptroces?hmompgen?pliff th? dLlffustlpn tgnsoer;td
better localization properties, but at the cost of undetgra constantover the region otinterest. Location-depen

cross-terms [1]. One of the main goal of time-frequency fusion is callednon-homogeneousr inhomogeneousThe

smoothing is to improve readability by removing these law of conservation of mass is expressed as :
- i i izati ou .
cumbersome cross-terms while preserving localization of — _div(J), @

signal components. or

wherer is the diffusion time, and div the divergence ope-

In the context of homogeneous smoothing, a low-pass rator. Combining this relationship with Fick’s law prodsce
kernel is chosen such that the trade-off between readabithe |aw of diffusion, which states :

lity and localization is optimum. The radial gaussian kérne oU
proposed in [2] is such a kernel. Observing that the analy- — = —div(-C V). (3)
zed signals are nonstationary, many authors have proposed .87- o . ]
to use locally adaptive techniques. This paper deals with !N this paper, this diffusion is said to tieear because the
two of them, namely adaptive diffusion [3, 4, 5] and reas- tensqu does not \_/ary.wnh—. ITet us now restrict our dis-
signment [6, 7]. We interpret spectrogram reassignment in€ussion to 'the pgrtlal differential equations (PDE's) imtw
terms of homogeneous diffusion. This allows us to extend Plus-one dimension
the classic diffusion process via adaptive diffusion. U(vy,ve; 7 = 0) = Up(vy,v2) @
%—H =div(VU),
2. TIME-FREQUENCY DISTRIBUTION

1 2 P . oy
DIEEUSI ON whereU, € £'(IR") denotes the initial spatial condition. It

is well-known that the solution of (4) is

In this first part we briefly recall the principles of adap- _ (G*xUy)(v1,v2) (7 >0)
ted diffusion. For a more thorough treatment, the reader U(v1, v2i7) = Up(v1,v2) (r=0), ©®)



with « the usual 2-D convolution, an@/(vq,ve;7) =
(471) "t exp(—[v? + v3]/47) an isotropic Gaussian kernel

In an analysis context, the aim is to remove cross terms
while preserving the localization of signal terms. In [3let

which is referred to as the Green function of the PDE given authors have proposed a scalar valued function to achieve

above. This means that the solutibifv,, vo; 7) of the heat
diffusion equation (4) at each time instantcan simply
be obtained by convolution of the initial spatial condition
Up(v1,v2) with the Green functio? (v, va; 7).

this goal. This diffusion is calle@otropic. This technique
relies on the spectrograrfi,. Although this distribution
spreads out signal components in the time-frequency do-
main, it is approximately equal to zero over non-energetic
areas where the interference terms of the WD are likely to

The spectrogram is a widely used tool that belongs to be situated. Thus making the conductance function a de-
the Cohen class. As the square modulus of the short-timecreasing function of, such as

Fourier transform, it can also be written as a convolution
between the Wigner distribution of the signal and that of

the analysis window. Note that the Wigner distribution of
a gaussian window is a 2D-gaussian kernel.
time-frequency representation as a heat distribution ane c
consider its diffusion as follows :

Da:(t>f;7—:0) = Wa:(tvf) (6)
ODLIT) — div, (V4 p Du(t, f57)),

wherelV,, is the representation to be processed, which plays

the role of the initial state of the diffusion process. Thie di
fused representatioD, (¢, f; 7) denotes the energy distri-
bution at the time instant. As we just stated, the solution of

such classical heat diffusion equation is an isotropic gaus

sian function. Therefore the partial derivative equatiéh (
has the following solution :

/Wn,

_ =2+ (f-)? +(f v)?

Lt f37) dndv. (7)

Sz (t, f)

: )Tzo@ﬂ) €\ xR (9)

es.(.9)= 1+

Interpreting allows to tune the diffusion rate over the time-frequency do

main. In [4, 5], the authors have proposed a tensor valued
conductance function that enables to act on both the local
strength and orientation of the smoothing, caléesotro-

pic diffusion. In a nutshell, diffusion methods start from a
concentrated distribution with cross terms and selegtivel
smooth them out while preserving localization of signal
components.

3. TIME-FREQUENCY DISTRIBUTION
REASSIGNMENT

Another very popular method tackles the problem from
another perspective. The reassignment method starts from
an interference free distribution, like the spectrogram fo
example, and increases its sharpness. The interfereaee-fr
distribution results from the low-pass filtering of a Wigner
distribution. This has two consequences : elimination eof in

Thus the use of the heat diffusion equation with a Wigner terferences and delocalization of signal-terms. For a-spec

distribution is equivalent to convolving it with a gaussian
kernel whose variance increases with the diffusion time
We will detail these results in the fourth section.

2.2. Adaptivediffusion

Adaptive diffusion was recently introduced in the
context of time-frequency distributions smoothing [3]. In

this paper, the authors propose a smoothing based on the
link between heat diffusion and gaussian kernel smoothing.

trogramsS, based on a windowk(t),

Su(tFi) = [[Waln ) Wan =t = f)dn v, (20)
the reassignment process operates as follows [6, 7] :
Su(t, f;h) =
[[svimite— ). s - onvanav, @

Next they |0C8.”y tune the diffusion process in order to geta where 7?9: and th indicates the location where the energy

locally adaptive smoothing scheme that reads :

Dy(t, fi7=0) = Wa(t, f)

D, (t,f:7) ; (8)

TH - dlvt,f(cx(t»f)vt,wa(tf;T))v
where W, is the to-be-smoothed distributiody,, is the

smoothed distribution up to time andc, is the function
that locally controls the amount of smoothing. This later is
referred to as the conductance function.

has to be moved to. They are given tﬁ’(t,f)

Tolt, 1)/ Sa(t, fh) and (¢, f) = To(t, £)/Sa(t, f5h)
with

it f) = // W (1, )Wi(n — t,v — fdg dv - (12)

and

7 ) = // W (1, ) Wi — tov — fdn dv. (13)



frequency
frequency

time time
(a) Reassigned spectrogram (b) Reassigned diffusedodistm

Fig. 1. Comparison between the reassignment of a spectrograninamdassignment of a distribution processed by adaptive
diffusion.

In the next section we present an alternative reassign-As the spectrogram with a gaussian window is a special
ment formula based on diffusion process for gaussian spec-case of separable smoothing of the Wigner distribution with
trograms and distributions resulting from a separable smoo ¢(t) = h(t), we also have :

thing. We then extend these results to propose a reassignegroposition 4.2. 1sotropic homogeneous diffusion smoo-

version of a locally adaptive distribution. thing D, (¢, f) of the Wigner distribution of a signat up
to timer = % is equivalent with the spectrogram of that
4. DIFFUSED DISTRIBUTION REASSIGNMENT signal using a gaussian windoas follows :
—Tr 2
4.1. Alternative Cohen distribution reassignment h(t) =24 (20)
. 2 . .
As hinted in the first part, one can use the Green func- Choosinga(t) = 21/~ = g(t) implies that
tion of time-frequency diffusion to obtain equivalenceswi —on(at?+L2)
members of the Cohen class. More precisely, as the diffu- g(t) H(—f) =2e . (21)
sion Then (16) and (15) are equal for= ¢-.
Dy(t, f;7=0) = Wa(t, f) -
(14) These results can be used to propose alternative imple-
% = dive ; (Ve p Do(t, £57)), mentations of spectrograms and of distributions smoothed

. . _ via separable kernels.
is equivalent to the convolution

Equations (12) and (13) can be interpreted as the convo-

1 _ =2+ (f=)?
Da(t, fi7)=7— //Wm(na v)e i dndv, lution of tW,.(¢, f) and fW, (¢, f) with the smoothing ker-
(15) nel employed in (10). Building on the equivalence between
one can put forward the two following propositions. (14) and (15) one can use the following diffusions :
Proposition 4.1. Isotropic homogeneous diffusion smoo- t(t, f;7=0) = tW.(t, f)
thing D, (t, f) of the Wigner distribution of a signal up N _ (22)
; . . . 9ta(LFT) iy (Ve fla(t, f;7))
to time 7 is equivalent to the separable smoothing of the or t,f AV fla(ly J5 T
Wigner distribution : and
Wa(t, f) = [9(t) H(=[)], (16) falt fi7=0) = fW,(t, f) 23
of the same signat using gaussian windows such as 6?m((9t;f;r) = div, (Ve Fu(t. £i7))
g(t) = (drm) M2 /U0 (17)  to compute time and frequency locations for reassignment.
H(f) = (4rm) 2 o1 /ar) (18) The reassignment process is then defined as
This proposition can be easily verified as Dy(t, fi7) =
o) H(=f) 1 ete? (19) //Dm(n, viT)8(t —to(n,vi7), f — fu(n,v;7))dndy

- 4rrr
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time time time
(a) Reassigned spectrogram (b) Reassigned diffusedodistm (c) Wigner distribution

Fig. 2. Comparison between the reassignment of a spectrogranhamdassignment of a distribution processed by adaptive
diffusion. Isotropy of the diffusion kernel yields a simil@eatment to both atoms. Entropy was used as a stoppiragiorit
The Wigner distribution is provided as a reference.

with f;, = f,/D. andt, = t,/D,. equivalent to use either the convolution or the diffusioe W
therefore propose to use the diffusion, bypassing the need
This provides an alternative way to obtain reassigned to compute the Green functid@®(t, f; 7, z), as follows :

distributions. Using stable diffusion numerical processyr B
such as the additive operator splitting method presented in to(t, f;7=0) = tWL(t, f)

[9], this can be a very efficient technique. It can also be T (t,1:7) , _ (27)
used in situations were the iterative nature of the diffasio = = divy g (ca(t, [) Ve pta(t, f1 7)),
would be an advantage. We now propose to leverage this,
into signal-adapted distribution reassignment by the tdise o
adaptive diffusion instead of homogeneous ones. fot f;7=0) = fW,(t, f)

_ (28)
4.2. Signal adaptive distribution reassignment SLGED — divy s (ca(t, )V Fults £37)).

In order to obtain signal adaptive distributions, one can The reassignment process is done as previously.
use adaptive diffusions such as :

Dy (t, f;7=0) = Wa(t, f) 4.3. Stopping criterion and illustrations

24
(24) Without constraints on the diffusion timd), would

converge to a uniform distribution over the time-frequency
In that case we assume that the Green function exists and w&lomain regardless of the analyzed signal. Hence, thisireass
denote it ag7 (¢, f; 7, =) to emphasize its local dependency gned diffusion process is to be stopped when some criterion
on the signal. Reassignment of this signal-adapted distrib is achieved. The Rényi entropy, defined as [10]

tion requires to compute the time and frequency locations 1 R

using : Hp(r) = —7—— log/ Do(t, f;7)dt df,

DT — div, f(cy(t, [)Vi s Da(t, ;7))

is a natural candidate for measuring the concentration of
t(t, f;7) = //T]Wm(n,l/)G(T) —t,v— fi1,x)dn dv TFRs. While in previous studies, e.g. [4, 5], we used the
(25) entropy of the diffused distribution as a stopping critena
propose here to use the entropy of the reassigned distribu-
tion. While the first iterations of the diffusion are smoothin
N ) out interference terms, the later ones slowly regularize th
ot fi7) = //VW””(H’ VIWi(n = t,v = fi7,2)dn dv. signal. Too much diffusion produces a uniform distribution
(26) that cannot be reassigned properly anymore. This yields a
Note that it requires a formal knowledge of the signal- - . o
dependant Green function. This analytical formulation, up Ve suggest the reader to refer to [10] for detailed study@Ranyr's
. . . entropies as time-frequency information measures. We alst ihim to
to the aUthlorS kn0W|edg.€". IS still an open question. HQVYe' consult [11, 12] for full details on the Rényi's entropies asneans of
ver according to the definition of the Green function, it is extracting information from images during diffusion.

and




(1]
(2]

(3]

[4]
Fig. 3. Evolution of the entropyy = 3, of the reassigned
diffusion as a function of . Experimentally, we observe that
interferences are smoothed out during the first iteratidns o
the process, while the next ones operate on the regularity of
the distribution. Chosen stopping time is hete= 105. (5]

minimum in the entropy curve that we use as a stopping
point for the diffusion process, see figure 3 for an illustra-
tion.

As we can see on the figure 1, both representations are
interference free and very concentrated. We note that using
a diffused distribution yields a more regular result combi-
ning the good properties of both techniques. This denotes [7]
a smaller entropy. Note that the entropy of the reassigned
spectrogram (see figure 1.a)9st whereas the entropy of
the reassigned diffused distribution (see figure 1 .1§).2s
Figure 2 illustrates this technique with another signaleOn  [8]
can note that the shape of components is better preserved by
our technique than by the reassigned spectrogram. The Wi- [9]
gner distribution is also provided as a reference of theadign
of interest.

(6]

[10]

5. CONCLUSION
[11]

In this paper, we proposed an extension of the reas-
signment technique. First we reviewed diffusion and
reassignment techniques. We interpreted the reassignment
of spectrogram in terms of homogeneous diffusion and
proposed an alternative way to compute time and frequency
localization of reassignment. This new formulation is lshse [
on two diffusion equations which led us to propose an
extension of the conventional reassignment process via
adaptive diffusion.

12]

One should note that our approach can be easily exten-
ded to include the recent developments of diffusion proces-
sing such as anisotropy and processing of time-scale repre-
sentations.
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