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ABSTRACT

The gradient identification of the linear filter part of a non-
linear Wiener system with unknown output non-linearity is
investigated with respect to robustness in a deterministic
sense. In order to estimate accurately the linear filter co-
efficients, an adaptive nonlinear filter is placed at the output
of the Wiener system which compensates the output non-
linearity. Therefore, two adaptive algorithms work simul-
taneously. Local and global passivity relations are derived
from which information on the robustness of the algorithm
can be extracted.

1. INTRODUCTION

Nonlinear systems occur frequently in applications, e.g., in
wireless and satellite communications the power amplifier
is driven near saturation for efficiency reasons. A simple
and low-complex model for such nonlinear power ampli-
fiers with memory is a Wiener system [1]. A Wiener system
is a series connection of a linear filter and a static (memory-
less) non-linearity in that order. Such a model can be used
to model the AM/AM conversion [2] of power amplifiers,
describing the (nonlinear) dependence of the amplitude of
the output signal from the amplitude of the input signal in-
cluding memory effects.

The problem is that most often in real applications nei-
ther the linear part nor the nonlinear part is known and must
be identified, e.g., with a low-complex gradient algorithm.
A statistical analysis of the adaptation algorithm is hardly
possible, often only information about convergence-in-the
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mean can be extracted [3], assuming a specific output non-
linearity. A further problem is that the Wiener system is
nonlinear-in-parameters, thus, without a good initial esti-
mate of the parameters the gradient algorithm locates pos-
sibly only a local minimum, resulting in a very inaccurate
parameter estimation.

In this paper a method for the identification of the lin-
ear filter parameters with a gradient procedure is presented
which avoids the problem of local minima. The conver-
gence properties of the algorithm are analysed in a deter-
ministic sense [4].

2. IDENTIFICATION METHOD

A graphical representation of the Wiener system is shown
in Fig. 1.
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Fig. 1. A nonlinear Wiener system

Both, the linear filter and the static output non-linearity
are assumed to be unknown. The signals z[n] and y[n]
are not observable, which complicates the system identifi-
cation. The noise v[n] is the measurement noise. Since f(+)
is a nonlinear function, the input/output relation is nonlin-
ear in the parameters h. ,, of the linear filter H.(¢7Y) =

SN heg™™,
d[n] = f(H.(u[n])) +v[n] . ¢))

The minimisation of a quadratic cost-function for the esti-
mation of the parameters of the linear filter

h? = arg mhin (E(d[n] — hu,,)?) 2)



withh = [ho, ..., har 1), w, = [uln],. .., un—M+1]]"
and E(-) denoting the expectation operator, can lead to poor
estimation results, depending on the output non-linearity,
see also Section 3 further ahead.

Following an idea in [5] the adaptive scheme in Fig. 2
is proposed. Here, the non-linearity g(-) tries to compen-

ufn] — 1) P )] e apn)
\ é[n] /
Adaptive algorithm

Fig. 2. Proposed adaptive identification scheme

sate the negative effects of the output non-linearity f(-) on
the estimation of the linear filter parameters. The objective
function which is minimised by the adaptive algorithm is

J[n) = E(zp[n] — zn(n])? . 3)

It is assumed that f(-) is invertible. The inverse of the non-
linear map f~!(-) is approximated by g(-), which is repre-
sented using a series

K
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{4, }1X_, being a set of basis-functions. The objective func-
tion is therefore

J[n] = E (hu, — wp,)* | 5)

with the signal-vector ¥, = [v1(d[n]), ..., YKk (d[n])]T
and the parameter-vector w = [wy,...,wg|. The trivial
solution h = w = 0 has to be excluded. Here, the co-
efficient hg is fixed to one, hg = 1. This is no restriction
since Wiener systems are invariant to scaling [6], meaning
that the linear filter can be assumed w.l.o.g. to be monic.
Now, a reduced parameter vector has to be estimated, h' =

[h1,. .., har—1], giving the error
éln] = uln] + h'w, — wip, , (©)
with u,, = [uln —1],...,uln — M + 1}]T.

2.1. Gradient updates

Derivation of the objective function with respect to the pa-
rameter vectors h and w and simplification of the expecta-
tion operator leads to the update equations

h, =h, , — pua[nléa[n]u,” , n >0, hygiven  (7)

n

Wy = W1 + pw[n)éa[n]tpl . n >0, wo given. (8)

Here,
éa[n} = U[TL] + hn—lun - Wn—1¢71, ©

is the disturbed a-priori error. In the error-vector form the
update equations read

fl;l = fl;hl + ,uh[n]éa[n]u/T (10)

n

‘x’n - ‘X/n—l - /J/W[n]éll[n]wg ’ (1 1)

with the parameter error-vectors fl; =h, —h;L, Wy, = Wy —
w,,, where the * denotes the optimal values, h/n, w,, are the
estimated parameter-vectors at time n. The disturbance v[n]
is indirectly included in the above definition of the a-priori
error, namely via the signal 1,,.

The task is to analyse the stability of the algorithm in
(10) and (11) and possibly device bounds for the step-sizes
pn[n] and g, [n] which guarantee stable operation of the al-
gorithm. Since a stochastic analysis without a-priori know-
ledge of the output non-linearity is not feasible, the analysis
is carried out deterministically.

2.2. Local passivity relations

Decomposition of the disturbed a-priori error into
€a[n] = eqw[n] — eqn[n] + ve[n] (12)

with e, o [n| = Wp_19,,, eqnn] = fl;_lu;, and v.[n] =
vg[n] + vy[n], whereby

| = 7 (d[n]) — watp, (13)
voln] = f~ 1 (y[n]) — £~ (d[n]) (14)
— fayffl(y[n])v[n] + O(v[n})

are reflecting the errors due to the approximation of f~1(-)
using g(+), see (13), and the influence of the measurement
noise, see (14), which primarily depends on the first deriva-
tive of the function f~1(-).

The error é,[n] can be decomposed into two different
expressions,

éa[n] = eqwln] + vw[n] = —eq n[w] — vy [n) (15)
with the noise terms

Vw([n] = —eqn[n] + ve[n] (16)

vp[n] = —eqwn] — veln] . (17

Assuming no noise v[n| the noise v, [n], see (14), vanishes.
The remaining disturbance is v,4[n], due to the approxima-
tion of the inverse nonlinear function with a truncated se-
ries, cf. (4). At the other hand, if v[n] does not vanish but
F7(-) = g(-), the noise vy[n] = 0 but not v,[n], resulting
in ve[n] = v,[n]. Further, additional disturbance, i.e., the



undisturbed a-priori errors e, ,[n] and e, ., [n] appear and
couple the two adaptive systems.

The update equations in the error-vector form read now

h, =h, | — pu[n](eqn[n] + vn[n])u,’ (18)
Wi = Wp—1 — [y [n](e%w[n] + Uy [N])ibf . (19)

The equations are coupled via the noise terms vy, [n], vy, [1]
which depend on the undisturbed a-priori errors of the re-
spectively other system, see (17) and (16).

The local passivity relations can now be stated as fol-
lows [4]: If

1
/-Lh[ ] m = /j'h[n] (20)

1
w 5 = Hw 21
poln] < g g = el b

then
2

l + pnln ( ) 22)

H2+“h ( )2
||Wn||2+ﬂw J(ea,wln] )2

3
1% 1][5 + proo[] (v )

(23)

The two relations a coupled via the noise terms — the adap-
tation processes are not independent. The relations (22)
and (23) with the conditions (20) and (21) fulfilled, define
two contractive forward maps: as long as pup[n] < fn[n]
and pi,y[n] < fip[n] local stability of the individual parts is
guaranteed.

For one iteration step the error energy, the ¢o-norm of
the parameter error-vector and the squared magnitude of the
undisturbed a-priori error, are guaranteed to remain smaller
than the disturbance energy, the ¢o-norm of the parameter
error-vector at the previous iteration step with the squared
magnitude of the noise terms v, [n] and v,,[n]. From (16)
and (17) can be seen that these noise terms contain the un-
disturbed a-priori errors of the respectively other system.
Thus, no matter how large these errors are, the error ener-
gies (nominators in the passivity relations) are smaller than
the energy of the disturbance.

2.2.1. Feed-back structure
Straightforward manipulation leads to the update equations

h, = h,, ; — fin[n] (ean[n] + T [n])u,” (24)
z = fiw[n] (eaw[n] + D)), (25)

Wp = Wp_1

with (time-index n omitted)

_ h h
Up = — (1 - M) €a,h — ’[fi (ea,w + 7Je) (26)
Hh Hh
feedback disturbance
_ p p
Vw = (1 - w) €a,w — _w (ea h — ) . (27)
Jw Hw
feedback disturbance

Since in (24) and (25) the step-sizes are equal to fiy[n] and
[iw[n], the energy relations are now

h + . 2

iy
2

Hwn||2+ﬂw 1] (ea,u[n]) .y 29)

[Wn1 5 + fiw[n) (v [n])*

and define two lossless forward maps, T), and T,. The
feedback is defined via (26) and (27).

Using the small-gain theorem [7] the conditions for sta-
bility of the system (24) and (25) can be devised. Since the
forward path is lossless, the stability depends entirely on the
gain of the feedback paths. Therefore, if

‘1*”‘[”] <1 (30)
fin[n]

’1—““’["] <1, 31)
Mw[n]

the system is locally stable. This yields the following limits
for the step-sizes:

0 < pnln] < 2fin[n] (32)
0 < py[n] < 2[w[n] . (33)

The upper bounds are now twice as large as the bounds ob-
tained in (20) and (21).

In Fig. 3 the feedback structure corresponding to the up-
date equation for the linear-filter parameters is shown. The
a-priori error e, ,,[1] constitutes an additional disturbance,
which adds to the disturbance v.[n]. The condition for ap-
plying the small-gain theorem is that the energy of the com-
plete disturbance-signal (time n omitted)

= = Hh —

Uh ,ah HhUe \/m\//Twea,w (34)
is bounded. This can be guaranteed if the energy of both
components, e, ,,[n] and v.[n] are also bounded. The en-
ergy of the a-priori error e, .,[n] depends on the stability
of the second update-equation, which can be assured if the
step-size is in the derived limit, cf. (33). The energy of
the noise v, [n] depends on the approximation of the inverse
f71(-), cf. (13), and on the noise v[n], cf. (14), and is as-
sumed to be bounded.
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Fig. 3. Feedback structure — only the branch corresponding
to the update-equation for the linear system is shown. The
other branch, corresponding to the update-equation for the
parameters of the nonlinear filter, is similar

2.3. Global passivity relations

Rewriting the local relations (28) and (29)

B, 5+ ] (eanln])” = |18 [; + 2n ) ()
(35)

50 [ + w2 (€ 0])” = ([l + fo o] (5[
(36)

and summation of both sides over the the finite time-horizon
n=1,...,N gives

S il (eanln])® < [0 |2+ D" fnlnl (on[n])?

(37)
> il (awln])” < [Woilly + D frwlnl (uln])”
n=1 n=1 (38)

which, after insertion of the noise terms (26) and (27) and
simple manipulations gives (omitting the time-index n)

a 1 ~ 2
; e (I 15 (39)
N
+ 6}27, Z ﬂh(ea,w + Ue)2)
n=1
N 1 )
> uean’ < Ty (Il (40)
N
+00, > w(ean + Ue)2) ;
n=1

whereby

— _ ,uh[n]
Th = max ‘1 il ‘ (41)
Uw[n]
- 1-— 42
o= e @)
_ fn[n]
Sw = max o [n] ) (44)

Therefore, for global stability the following conditions must
hold:

< 1=0<ppn] <2ppn],n=1,...,N (45)
Yo <1=0< pyn] < 2fiyn],n=1,...,N, (46)

which are the same conditions as for local stability, except
that the conditions must hold for the whole time-horizon.

The error-energies on the left-hand side of (39) and (40)
depend on the size of the feedback-gains vy, and ,,, as well
as on the size of §;, and 6,,. E.g., choosing pup[n] = fix[n]
minimises the gain 1/(1 — 7,21), since v, = 0, but d;, = 1,
which can result in a relatively high error-energy, since the
disturbance-energy is not attenuated.

3. SIMULATION RESULTS

For illustration purposes an example is analysed and sim-
ulations are carried out. A reference Wiener system with
a linear FIR filter with 17 taps defining a bandpass filter
and a static non-linearity given by f(x) = tanh(1.5z) is
feeded with a white gaussian sequence with variance equal
to one. For this example no measurement noise is added.
The filter g(-) is a Taylor series with only uneven terms up
to the seventh order, the basis-functions being {1)(d)}}_, =
{d,d3,d>,d"}. The algorithm is run 50 times and averages
are taken to approximate the relative misadjustment

b ||2
my[n] = E ( ~t‘|§> : (47)

by 13
Four different cases are investigated, in each case the
initial values for the filter parameter are wy = [1,0,0,0]

and hg = [1,0,...,0]. The learning curves are shown in
Fig. 4:

Case 1 Here, the step-sizes are up[n] = fin[n], pwln] = 0,
thus only the linear part is identified. A relative mis-
adjustment of minimally 12.5dB is achieved. The
system is stable. Since no noise at the output is added,
the remaining misadjustment is entirely due to the in-
fluence of the nonlinear output filter in the Wiener



system. By a reduction of the amplitude of the in-
put signal, the error can be reduced, since the output
non-linearity looses influence, i.e., the Wiener system
behaves more linear.

Case 2 In this case, the step-sizes are up[n] = fip[n] and
tw[n] = 0.01. Both step-sizes are smaller than the
respective limits, as can be assured by observing fi,,.
A significant reduction of the relative misadjustment
of approx. 5 dB compared to case 1 can be achieved if
the output of the Wiener system is nonlinearly filtered

by g(-).

Case 3 1f juy[n] = juofn] = fifn] with fifn] = 1/ (|, 3 +
[4,,]13), both step-sizes are within their limits. The
system is guaranteed to be stable. The remaining er-
ror is in this case relatively large.

Case 4 A further increase of the step-sizes to i, [n] = 0.55
and pp[n] = 1.57,[n] brings the system to instabil-
ity in the time-horizon simulated. The bound for the
step-size fi,,[n], namely 2fi,, [n], is exceeded approx.
in only 0.2 % of the time (averaged over the reali-
sations). From this it can be seen that the obtained
bounds are relatively tight.

Case 27

0 500 1000 1500 2000 2500 3000
# of iterations
Fig. 4. Learning curves for the first simulation example. No

noise is added at the output, v[n] = 0.

In the second example, see Fig. 5, white, zero-mean
gaussian noise v[n] with a standard-deviation of o, = 0.05
is added at the output. The resulting SNR, defined as

2
SNR [dB] = 10log <||y[n]||2> (48)

lonlll3
is approx. 21dB. Case 1 and Case 2 are simulated again.
Although significant noise is added only a slightly larger
misadjustment compared to the first example of approxi-
mately 2 dB results, emphasising that the principal cause of
the misadjustment is due to the influence of the nonlinear
function at the output of the linear filter of the Wiener sys-

tem.

Case 1,-with noise

Case 2, with-noise: -

0 500 1000 1500 2000 2500 3000
# of iterations
Fig. 5. Learning curves for the second simulation example.

Noise is added at the output, resulting in an SNR ~ 21 dB.

4. CONCLUSIONS

A method for the identification of the linear filter of a Wie-
ner system has been analysed with respect to robustness in
the /5-sense. The influence of the unknown output non-
linearity is reduced by an adaptive static nonlinear filter in
order to improve the estimation quality for the linear-filter
parameters. Therefore, two adaptive algorithms run simul-
taneously, which complicates the stability analysis. Bounds
for the step-sizes of both update-equations for a robust be-
haviour could be derived and simulation results confirmed
the theoretical predictions.
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