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ABSTRACT

In this paper we develop a Bayesian method to extract indi-
vidual notes from a polyphonic piano recording. The distribu-
tion of the note activation is non-negative and we therefore in-
troduce a modified Rayleigh distribution to model this note be-
haviour. Sparseness of the note activation is achieved by a mixture
distribution that is a mixture of a delta function and the modified
Rayleigh distribution. The used learning rule requires integration
over the note activations, which is done using a Gibbs Sampling
Monte Carlo method. We analyse the behaviour of the algorithm
using a simplified test signal as well as a real piano recording.

1. INTRODUCTION

Sparse signal representations (e.g.[1]) often lead to signal descrip-
tions in terms of meaningful features. On the other hand, signal
models that restrict all or some of the coefficients to be positive
have also been proposed for many applications with the promise
of extracting salient signal features [2]. From a Bayesian point of
view, these constraints are part of prior knowledge about the model
parameters and should therefore be represented in the prior distri-
bution of those parameters. We take this view here and develop a
model that uses both the non-negativity constraint as well as the
sparseness constraint. The aim of the model is to analyse musical
mixtures, however, other application domains are possible.

In analysing music signals we are often interested in which
notes are played at which time instances as well as in a description
of the individual notes. For most music, many notes can sound
at once such that analysis is complicated. In a previous paper
[3] we introduced a shift-invariant Sparse Coding formulation to
solve this problem. In this paper, we extend the work in [3] by
introducing a positivity constraint on the note activations. This is
done by introducing a modified Rayleigh distribution which was
found to closely model note activations in the analysed piano sig-
nal. The estimation of the note prototypes requires integration over
the note-activations. This integration is not possible analytically.
We therefore develop a Gibbs Sampling Monte Carlo approxima-
tion to approximate this integral.

In section 2 we introduce the model which describes the signal
analysed. Here we state a generative signal model which is a linear
mixture of note prototypes. We also state the probability distribu-
tions of model parameters. In particular we introduce a modified
Rayleigh distribution to model the amplitude of active notes. In
section 3 we develop the computational strategies which allows us

to learn the model parameters and to infer note activation. This is
achieved by the introduction of a Gibbs Sampler that draws sam-
ples from the note distribution. In section 4 the developed method
is used to analyse an artificial signal with known properties as well
as a real piano recording.

2. MODEL FORMULATION

A standard method of dealing with time-series in signal process-
ing is to partition the signal into blocks. We denote a realisation
of such a block by x ∈ R

M . These observation blocks are as-
sumed to be generated by a linear summation of a small number
of note prototypes ak of length L. We assume that a piano re-
produces a scaled version of the same waveform whenever a note
is played.1 A complication when dealing with time-series is that
features such as notes can be located at arbitrary locations rela-
tive to the chosen observation block. In order to account for this
uncertainty we model the observation with all possible shifted ver-
sions of the note prototypes. The model does not exactly describe
the signal, so we assume an i.i.d. Gaussian error term, which also
facilitates Bayesian analysis. We write this generative model as:

x = As + ε, (1)

where s ∈ R
N is the vector of coefficients that describes when

and which notes are played and ε is a vector of i.i.d. observation
noise. Both A and s are unknown. In this paper we concentrate on
the problem of learning the matrix A, i.e. the note prototypes, by
marginalising over the unknown coefficients s.

As note prototypes can occur at arbitrary positions in the ob-
servation block, the matrix A has to include prototypes ak at all
possible shifts. This is shown graphically for two notes of length
three with M = 4 and N = 12 below.

A =
2
64

�3 �2 �1 0 0 0 ◦3 ◦2 ◦1 0 0 0
0 �3 �2 �1 0 0 0 ◦3 ◦2 ◦1 0 0
0 0 �3 �2 �1 0 0 0 ◦3 ◦2 ◦1 0
0 0 0 �3 �2 �1 0 0 0 ◦3 ◦2 ◦1

3
75

(2)

The different notes are shown with stars and circles respectively
and the subscripts label the samples of each note.

In music most notes do not occur most of the time so that s is
zero with very high probability. We further assume that notes are
independent a priori.

1This is clearly not true in practice, especially as notes can have differ-
ent lengths. However, we have already shown that such a model can extract
a great deal of information from the signal and finds note-like functions [3].



The physical mechanism in a piano always excites the piano
strings in the same direction, such that the first excursion of the
observed waveform of a piano note is also always in the same di-
rection. This means that the coefficients s always have the same
sign. As the note prototypes ak and the coefficients s can be in-
verted together without changing the reconstruction we can, with-
out loss of generality, assume s to be non-negative. Furthermore,
in most music performances notes are played at similar amplitudes
- otherwise louder notes would overshadow quieter ones, and these
would then be inaudible. These considerations lead us to propose
the distribution for non-zero coefficients s described in the follow-
ing section.

2.1. The Modified Rayleigh Distribution

The Rayleigh distribution is given as:

pR(s; σR) =
1

σR
se−s2/2σR (3)

for s > 0 and zero otherwise. This distribution can be easily
extended to allow for a shift parameter µ, and is then:

pR(s;µ, σR) =
1

σR
(s − µ)e−(s−µ)2/2σR (4)

for s > µ and zero otherwise. This distribution is zero for all
values smaller than µ. In the problem introduced above this is
not desired. We therefore introduce a modification of the above
distribution, which we call here the modified Rayleigh distribution
and define as:

pmR(s; µ, σR) =
1

ZmR
se−(s−µ)2/2σmR (5)

for s > 0 and zero otherwise. Note that this distribution is nonzero
for all positive values of s. This distribution has the advantage that
the marginalisation required in the Gibbs sampler (see below) is
analytically tractable. An example of this distribution is shown in
figure 1 (dashed line). The normalising constant for this distribu-
tion is:

ZmR = σmRe−(µ)2/2σmR + 0.5µ
√

2πσmR(1 + erf(
µp

2σ2
mR

))

(6)
where erf(·) is the error function.

We compare this distribution to the histogram of note ampli-
tudes in figure 1. Here we show the histogram of the note am-
plitude as recorded from the velocity value of a midi keyboard,
i.e. an electronic keyboard which records the velocity with which
keys are pressed during a musical performance. The histogram
here shows the velocity values for the notes of a performance of
Ludwig van Beethoven’s Bagatelle No. 1 Opus 33. The dashed
line in this figure is the graph of a modified Rayleigh distribution
defined above, the dotted line is the standard Rayleigh distribution
and the dash dotted line is the shifted Rayleigh distribution.

It is clear that the modified Rayleigh distribution introduced
above fits the distribution of the note activations better than the
other two distributions. For other data such as biomedical time-
series, however, other positive distributions for the non-zero coef-
ficients might be more appropriate. The modified Rayleigh distri-
bution can in this case be readily replaced by a zero mean Gausian
distribution restricted to positive values or a uniform distribution
over some positive interval. Both of these distributions can be used

in the Gibbs Sampler developed below. For these well known dis-
tributions the derivation of the required terms is relatively easy.
We therefore concentrate on the presentation of the derivation of
the algorithm for the more complicated modified Rayleigh distri-
bution.

Fig. 1. Histogram of midi note velocities (solid) versus the mod-
ified Rayleigh distribution (dashed). Also shown are an unshifted
Rayleigh distribution (dotted) and a shifted Rayleigh distribution
(dash dotted).

2.2. Model Distributions

We use an i.i.d. Gaussian error term ε so that

p(x|A, s) ∼ N (x;As, σεI). (7)

We further define a factorial mixture prior p(s|u) =
Q

p(sn|un)
with

p(sn|un) = unpmR(s; µσp) + (1 − un)δ0(sn). (8)

This is a mixture of a modified Rayleigh distribution and delta
function at zero. The modified Rayleigh distribution models the
amplitude of active notes while the delta function forces the coef-
ficients to be exactly zero. The factorial form of the prior enforces
the independence of the sn. The hyper prior is the discrete distri-
bution

p(un) = Z−1e−0.5λuun , un ∈ {0, 1}, (9)

where Z is the appropriate normalising constant. We use the nota-
tion θ to denote the set of parameters θ = {A, λp, λε, λu, µ}.

3. COMPUTATIONAL STRATEGY

3.1. Maximum Likelihood Estimation

Learning of the model parameters θ can be achieved by finding
the maximum likelihood estimate of the marginal likelihood Z =
p(x|θ) =

R
p(x|θ, s)p(s|u)p(u) ds du, which can be accom-

plished by stochastic gradient optimisation.
We can write the gradient of the marginal log likelihood with

respect to the pth component of the coefficients θ and for a single
observation as:

∂ logZ
∂θp

=

fi
∂

∂θp
log p(x, s,u|θ)

fl
p(s,u|θ,x)

, (10)

where 〈·〉 denotes expectations.



3.2. Updating the Parameters

The gradient of log p(x, s,u|θ) with respect to the pth component
of the feature ak is:

∂

∂akp
log p(x, s,u|θ) =

1

σε

X
m

εmsk,p−m. (11)

Here we use εm = xm −Pk∈K,l∈L akm+lskl. Note that this
term is a convolution. The values of A can be updated by inserting
this gradient into Eq. (10).2 With this gradient the learning rules
become:

∆akp =
1

σε

*X
m

εmsk,p−m

+
. (12)

Here and in the following, expectations are always with respect to
p(s,u|θ, x).

We find the updates for the other parameters in a similar way
and get:

∆λ = −0.5

*X
sn �=0

(sn − µ)2 − U

c1
(−0.5µλ−1c2 − c3λ

−2)

+
,

(13)
where the sum is over the non-zero sn, U is the number of the non-
zero sn, c1 = µc2+λ−1c3, c2 = 0.5

√
2πλ−1(1+erf(µ

√
0.5λ))

and c3 = e−0.5λµ2
,

∆λε =

fi
λ−1

ε − (x − As)2

µ

fl
, (14)

∆λu =

fi
1

1 + e0.5λu
− U

N

fl
(15)

and

∆µ =

fiX
λ(sn − µ) − U

c1
c3

fl
, (16)

where again, the summation is only over the non-zero sn.
We can not evaluate these expectations analytically. Instead

we propose Monte Carlo approximations with samples drawn us-
ing the Gibbs Sampling strategy described in the next section.

3.3. The Gibbs Sampler with the Modified Rayleigh/Delta Mix-
ture Prior

The Gibbs Sampler proposed here is a modification of the method
in [4]. The algorithm produces a Markov Chain by cyclic draws of
samples from the conditional distributions p(un|sj �=n, uj �=n,x, θ)
and p(sn|un, sj �=n,x, θ). Here sj �=n refers to all values of s apart
from the nth so that we have to marginalise over sn. This marginal-
isation can be solved analytically. We then set variable un = 1
with probability:

P (un = 1|sj �=n,x, θ) =
p(un=1|sj �=n,x,θ)P1

k=0 p(un=k|sj �=n,x,θ)

= 1

1+e−E1
,

where

E1 = − log
p(un = 1|sj �=n,x, θ)

p(un = 0|sj �=n,x, θ)
. (17)

2Note that the model used here has a scale ambiguity between the co-
efficients s and the functions ak . We therefore re-scale the functions ak to
unit L2 norm after each update.

Therefore we only have to evaluate the logarithm of the ratio of
the distributions such that the conditional distributions have to be
known only up to a normalising term.

If we use the mixture prior in Eq. (8), the expression for E1 in
Eq. (17) becomes:

E1 = −λun

2
+

λnn

2
b2
n + ln Φ (18)

where Φ is:

ZE

Zp

"
1

Ψn
e−0.5ν2Ψn + 0.5ν

r
2π

Ψn

 
1 + erf

 
ν

r
Ψ

2

!!#

with
ZE = e−0.5(−ν2Ψn+b2nλnn+µ2

nλ)

and

Zp = λ−1e−µ2
n0.5λ + 0.5µn

√
2πλ−1

“
1 + erf

“
µn

√
0.5λ

””
νn and 1

Ψn
are the parameters of the posterior p(sn|sj �=n, un =

1, θ) which is also of the modified Rayleigh form. They are given
as:

νn =
λnnbn + λµn

λnn + λ

and
Ψn = λnn + λ

Here we have used the notation λnn = ‖An‖2λε and bn =
AT

n (I−A§n=0)

‖An‖2 where An is the nth column of the matrix A and
λε is the inverse of the variance of the likelihood.

Once we have sampled from p(un|sj �=n,x, θ) we need to draw
samples from p(sn|sj �=n, un,x, θ):

sn ∼


pmR(s; νn, Ψ−1
n ) if un = 1

δ0(s) if un = 0.

3.4. Sampling from the Modified Rayleigh Distribution

In the above sampling scheme it is necessary to draw samples from
the modified Rayleigh distribution. this requires implementation
of a method that allows us to draw samples from this distribu-
tion for different parameters. It is instructive to write the modified
Rayleigh distribution in the form:

1

ZmR
(s)e−(s−µ)2/2σ2

mR =

1

ZmR

“
(s − µ)e−(s−µ)2/2σmR + µe−(s−µ)2/2σmR

”
.

For s > µ, the modified Rayleigh distribution can be understood
as a mixture distribution of a Gaussian and a shifted Rayleigh dis-
tribution. However, the modified Rayleigh distribution is defined
for values greater than zero, while the shifted Rayleigh distribu-
tion is defined for values greater than µ, as it would be negative
for values smaller than µ. We therefore propose a hybrid sam-
pling strategy, which first determines whether the value is greater
or smaller than µ. If s > µ we have

p(s > µ) = p1 =
1

ZmR
(σmR + 0.5µ

√
2πσmR)

whilst for s < µ p(s < µ) = p2 = 1 − p1.



With probability p1, s > µ which means that we can sample
from:

p(s|s > µ) = µ +

»
σmR

ZmR

–
σ−1

mR(s)e−0.5σ−1
mR

s2

+

»
0.5

µ

ZmR

√
2πσmR

–
2

s
σ−1

mR

2π
e−0.5σ−1

mR
s2

,

which is a mixture of a rectified Gaussian and a shifted Rayleigh
distribution with mixing probabilities given in the square brackets.
For s < µ we have to reject samples smaller than 0. For s < µ we
know that the distribution is bounded from above by

1

ZmR
µe−(s−µ)2/2σmR

as
1

ZmR
(s − µ)e−(s−µ)2/2σmR

is negative. We therefore use a simple rejection sampler to draw
samples for 0 < s < µ.

4. EXPERIMENTAL ANALYSIS

Our application of interest is to extract individual piano notes from
a polyphonic recording of a piano performance. However, the
computational complexity of this task is very high. Therefore, we
study the proposed method on a simplified signal first, which al-
lows better analysis of the method proposed. After that we tackle
the problem of interest, however, we have to introduce a simplifi-
cation step into the algorithm to be able to compute results for a
real world signal.

4.1. A Toy Problem

We generated a test signal, which on the one hand has many of the
properties of the signal of interest, but on the other hand requires
calculation of a smaller number of parameters. This is done by
using the information of a real piano performance of Ludwig van
Beethoven’s Bagatelle No. 1 Opus 33. This information includes
the strength with which each note was played and the length, pitch
and timing of each note. To generate a simple signal we restricted
all pitches played to one octave (12 notes), and also reduced the
time scale. However, the relative timing as well as the strength
of the notes were left unchanged. The signal was then generated
from features of length 128 samples. Thus the signal followed the
model studied here in that it was generated from 12 waveforms
at different locations and with different amplitudes. The location
and the amplitudes of the waveforms had the same statistics as the
original piano performance. We did not add noise to the model.

We used this signal and trained the model with 12 functions
of length 128 samples. We initialised the functions to sinusoids
of different frequencies. After 10000 iterations the functions had
converged to those shown in figure 2. Figure 2 shows the origi-
nal functions from lowest to highest frequency with dotted lines.
These are labelled with letters from A to L. The learned functions
are overlaid with solid lines. To assign the learned functions to the
true functions we calculate the inner product between each of the
learned functions and each of the true functions. We then assign
to each true function the learned function with the highest inner
product. These inner products are shown in table 1. Two of the
learned functions did not have a high inner product with any of the

A B

C D

E F

G H

I J

K L

Fig. 2. Learned (solid) vs. original (dotted) functions.

true functions. Therefore pairs of true functions A and B, as well
as true functions K and L, were assigned a single learned func-
tion each. Due to the use of a shift-invariant model we found that
many of the learned functions were slightly shifted to the original
functions. We also corrected for this in the assignment of learned
to true functions. It is clear that the learned functions model the
original functions relatively well.

A B C D E F
0.9980 0.7106 0.9986 0.9721 0.9958 0.9987

G H I J K L
0.9957 0.9942 0.9102 0.9719 0.4836 0.9966

Table 1. L2 distance between the learned and original functions.

We see in table 1 that functions B and K are not represented



well by one of the learned functions. All other functions have been
found with high accuracy. This lack of learning can be explained
by the fact that functions B and K only occur a few times in the sig-
nal. However, whether the model has a local maximum or whether
the learning for the missing features is very slow could not be de-
termined.

The model parameters converged to λε = 172, λp = 1.05,
λu = 13.15 and µ = 0.45.

4.2. Learning Piano Notes: A Real World Problem

In this section we analyse a real piano recording. For a training sig-
nal we use the acoustic recording of the same piano performance
which we used in the previous section. This time we learned 100
functions of length 1024 samples. The functions were initialised
to i.i.d. Gaussian signals. As the dimension of the problem is too
large for a straightforward implementation, we used a subset selec-
tion step to preselect a small number of functions before sampling.
This selection process was dependent upon the correlation of the
signal with the functions as described in [3]. The results in figure
3 show 47 functions which converged to harmonic signals after
100,000 iterations. The left panel shows the time domain structure
of the functions while the right side gives the magnitude spectrum.
The harmonic note like structure of the functions is clearly visi-
ble. The parameters were: λε = 58, λp = 1.1, λu = 8.3 and
µ = −0.039.

5. CONCLUSION

In this paper we have introduced a modified Rayleigh distribution
to model the distribution of note amplitudes in a piano signal. This
distribution was used in a mixture prior so that we enforced spar-
sity as well as positivity of note activations. A Gibbs Sampler was
developed to draw samples from the note activation distribution
conditioned on an observation. This sampler allowed us to learn
note-like features from piano recordings as was demonstrated both
with a toy problem as well as with a recording of a real piano per-
formance.

Both, sparsity and non-negativity have been proposed to ex-
tract meaningful features from signals. We have shown that these
constraints are easily implemented using Bayesian techniques. Other
problems might require another prior formulation as used here, but
it is easy to replace the proposed modified Rayleigh distribution
with zero mean Gaussian or uniform distributions, which are re-
stricted to positive values. The integrals required for the Gibbs
Sampling method proposed here can then still be solved analyti-
cally.
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