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ABSTRACT shared (in the noiseless case) by some sdt a¥ x
N observations-related “property matricgsV/ } 5

Quite a few algorithms for Blind Source Separation (to be specified immediately),

(BSS) rely of approximate joint diagonalization (AJD)
qf a set of matrices. Tr_\ese ma_trlces are usual_ly es- v AMZAT k=12 ..K )
timates of some underlying matrices which admit ex-

act joint diagonalization (EJD) in a noiseless scenario., hara {MZ}kK | is a similar set of sources-related
When additive noise is present, the underlying set no“property matrices”, which, by virtue of the sources’

longer admits EJD, since an unknown noise-related;nqenendence, are known to be diagonal (but are oth-
matnx. IS ugually added to the.dlagonahzable fqrm. OF erwise unknown). The observations-related “property-
ten this n0|se-r'elated r“natrlx is knowin _to bg dlagopal. matrices” M? can be estimated from the observed

Hence, we define the “approximate joint biagonaliza- data, but usually their respective estimaﬂ/e\ﬁﬁ no

tion (AJB) problem, almed_at fitting thg noisy model longer share the joint eigen-structure (2) (with any di-
to the estimated set of matrices. AJB differs from AJD . s .
agonal matriceds,, replacing the truéVf). Thus, A

in the presence of an additional unknown diagonal ma- P ,
trix in the model. We provide an iterative algorithm (and POSSIbIY{M .}, as nuisance parameters) are
for minimizing the AJB Least-Squares (LS) criterion, estimated from{ M };*, using approximate joint di-
based on an extension of an existing AJD algorithm. @gonalization (AJD). Quite a few iterative algorithms
In addition, we provide some analytical results on ex- for AJD have been proposed in recent years (e.g.,
act and approximate biagonalization, applicable only [1, 2,3, 4,5, 6,7, 8]).

to the special cases of two- and three-dimensional BSS Examples of such “property matrices” are, e.g., cor-
problems. relation matrices at different lags (SOBI, [9]), cumu-

lant matrices (JADE, [10]), zero-lag correlation matri-
ces over different segments (for nonstationary sources,
[11]), Hessians of the second characteristic function

[13

1. INTRODUCTION

model .
However, in the case of noisy observations (1), the
xlt] = As[t] +o[t] t=1,2,....,T Q) joint eigen-structure form (2) no longer holds, even for

the true se{ M} . In many (but not all) cases, this
wheres|[t] is anN' x 1 vector of statistically indepen-  re|ation can be substituted by

dent source signalsd is an unknownV x N mixing

matrix, v[t] is some additive noise vector and¢] is M? = AM;A" + D, kE=1,2,.,K (3)
the N x 1 vector of observed noisy mixtures (we as-
sume the square model for simplicity). where{Dk}sz1 are related to statistical properties of

Quite a few well-known BSS algorithms, origi- the noise. This relation usually holds when the noise
nally designed for the noiseless case, rely, for theis statistically independent of the sources. Naturally,
purpose of estimatingi, on the joint eigen-structure if statistical knowledge about the noise is available to



the extent that alD;, are known, then usually by sub- of the noise variances can be assumed to be identical
tracting the knownD),, from the estimated/\Ziz it is (reflecting spatially-white noise), namely is known
possible to resort to a standard AJD problem. to be a multiple off (the ldentity matrix). We re-
However, often the statistical properties of the noise fer to such special cases as tdeiform AJB prob-
(and thereforg Dy }X_ ) are unknown, and have to be lem. In general, howevel) would have free diagonal
estimated (as nuisance parameters) as well. Luckily,elements, implying thé&lon-UniformAJB, or simply
in the context of some of the above-mentioned casesAJB. Naturally, Uniform AJB is a particular case of
further (quite reasonable) assumptions ensure that alAJB, yet it implies different constraints on the solu-
D, are equal, and may therefore be dendf2dinde- tion, an hence would be treated differently.
pendent oft), which in the following cases equals the ~ While, as mentioned above, the classical AJD prob-
(constant) zero-lag correlation of the noise signals:  lem has been studied quite extensively in recent years,
the AJB problem has seen very little treatment, if any
- despite its relative importance. For example, Car-
, . .~ 'dosoet al. [14] and Cardoso and Pham [15] consider
ary (as opposed to the sources’ non-stationarity); the case of noisy mixtures in the context of Gaussian

e Hessians of the second characteristic function: Sources and noise, and apply the Estimate-Maximize

When the noise signals are assumed to be GaustEM) algorithm to the data in order to circumvent
sian; the associated AJB problem (posed under a different

matching criterion). Alternatively, an iterative opti-

e Spectral density matrices: When the noise signalsmization methods (e.g., a Newton-like optimization)
are assumed to be spectrally white. is applied in [15].

Under the additional reasonable assumption that the " the foII“owmg section we briefly sketch an exten-
noise signals are mutually uncorrelatdd, is known sion of the “Alternating Columns - Diagonal Centers

to be diagonal. Thus, we loosely refer to this relation (AC-DC) AJD algorithm [5] to AJB problems, and
as Joint Biagonalization(as opposed to Joint Diago- then move on, in Sec_:tlon 3, to_more interesting results,
nalization), where thBi- prefix insinuates thatvodi- ~ €XPloring some basic properties of the AJB problem.
agonal matrices are involved (for eakh We outline possiblaon-iterative(closed-form) solu-

Therefore. when the estimated s{al\/ZIS}K is tions, which are true minimizers d@f;,s in the2 x 2

) kS k=1 _ i - i

given in the case of noisy BSS, it is often desired to (V = 2) case (both for the Umfo_rn_q_and non Unlfor_m
find respective estimates of, {M}}% | andD such gases), a_nd can serve as good initial guesses for itera-
that the joint biagonalization (JB) model (3) is fit “as tive algorithms in other cases. These solutions can be

D . o viewed as extensions of similar solutions obtained for
closely as possible”. One possible measure of fit is thethe noiseless case in [16]
squared norm of differences, giving rise to the follow- '
ing definition of theApproximate Joint Biagonaliza-
tion (AJB) problem (in the Least Squares sense): 2. AC-DC FOR APPROXIMATE JOINT
Given a set of K N x N “target matrices” BIAONALIZATION
{M}£ , find anN x N matrix A, K N x N di-
agonal matrice§A,}* | and an additional diagonal In this section we provide a brief extension of the AC-
matrix D, such that the following criterion is mini- DC algorithm [5], enabling to accommodate the noisy
mized: case. AC-DC essentially iterates between two phases:
K the so-called “Alternating Columns” (AC) phase, in
K Ay _ T P2 which the LS criterion is minimized with respect to
Crs (A, {Ax}ier, D) ; |Mi—AA A" =D (w.r.t.) each column ofd4 while maintaining all other
4) columns (and other parameters) fixed; and the so-
where|| - ||% denotes the squared Frobenius norm. called “Diagonal Centers” (DC) phase, in which the
In addition, we differentiate between two possible LS criterion is minimized w.r.t. all diagonal matrices
“flavors” for this problem: In some applications all {A,}X | with all other parameters fixed. A natural

e Zero-lag correlations over different segments:
When the noise signals are assumed to be station



extension of the AJB problem is to augment the DC
phase with the parameter(s) bX.

Thus, the extended AC-DC algorithm for the min-
imization of the AJB criterionC'rs (4) would alter-
nate between application of the AC phase (for=

vector, essentially given by the sum of all columns of
the Non-UniformG. Note also that in the Uniform
case the vectad would be replaced by a scalér(re-
flecting the single uniform variance). For notation pur-

poses, let us denoté 2 (A*® A). Itis now straight-

1,2,...N), and the DC phase, whose extended versionsiorward to observe, that minimization w.r.t. eah

take the following forms:

2.1. AC phase

Minimization of C'rg w.r.t. ay, the/-th column of A:
Calculate

K N

PEY N My - > WHa,al - D
k=1 n=1
n#l

Find the largest eigenvalye and the associated unit-
norm eigenvectow of P; If 1 < 0, seta, = 0, other-

wise set
o/l

Here Al denotes thén, n)-th element ofA .

ay =

2.2. DC phase

The addition of the unknown parameter(s) fin in-

duces coupling between minimization operations w.r.t.

the diagonal matrice§A,} | - which renders the

yields

Ai(d) = (ATA)TAT (my, — Gd) &k

K

(6)
(hence they all depend on the unknosnn contrast to
the noiseless case). In order to extract the minimizing
d, we now need to minimize

1,2, ...

K
Crs =Y |mi — AXi(d) — Gd||* =

k=1
K
> llmi — Pa(my, — Gd) — Gd|)* =
k=1

K

Y IIPymy, — P4Gd|* =

=1

K
> |PA(my, — Gd* (7)
k=1

where Py 2 AATA)'AT and P4 2 T - Py
denote projection matrices onto the subspace spanned
by the columns of4 and the complementary subspace

DC phase considerably more complicated than in(resp.). It can now be easily observed that the mini-
the noiseless case. Nevertheless, the formulation ofmizingd is given by

the associate linear LS problem aimed at minimizing
Crs w.rt. {Ax}5 | and D (simultaneously) is quite
straightforward, and the solution is tractable. Denot-
ing my 2 vec{ M}, A diag{Ax} andd 2
diag{ D}, we can rewrite’ s (4) as:

K
Crs =Y |lmi — (A" © AN — Gd|*  (5)
k=1

whereA* ® A denotes the Khatri-Rao product 4f*
and A (essentially a column-wise Kronecker product -
see, e.g., [5]), ands depends on whether the noise
variances are “Uniform” or “Non-Uniform™ In the
Non-Uniform casea is aN? x N matrix, whosen-th
column is all-zeros except forlaat the((n—1) N +n)-

th location; In the Uniform cas@&' is anN?2 x 1 column

d=(GTP4G)'GTPim (8)
wherern, £ LS my is actually thevec{-} form
of the average of alK™ target matrices. Once com-
puted,d can be plugged intd(d) (6) to produce the
minimizing { A, }5_,.

3. SUBSPACE ANALYSIS

Next, we proceed with characterizing the solutions in
a derivation which extends a similar subspace analy-
sis presented for the noiseless case in [16]. The ba-
sic goal in this analysis is to eliminafen, } 2, andd
from Cr g, expressing@’r s in terms of A only, and ex-
ploring the minimizing solution. However, in order to



avoid over-parameterization, we first slightly modify

the definitions of some of the quantities defined above,

by essentially replacing theec{-} operator with the
svec{-} operator as follows.

The well-knownvec{-} : RV*M —, RNM gperator
is often used for transforming aN x M matrix into
an NM x 1 vector by concatenating all columns. For

of (7). Substitutingﬂ (8) into (7) we further obtain
K

Crs =Y _ | Pim—P4G(G"P4G) 'G" P ym|”
k=1

K

AN _

= |Pami — Ppem|?, (10)
k=1

square symmetric matrices, it may be desired to define _ o )
a more succinct transformation, free of redundancies,Where P p¢ is a projection matrix onto the subspace

by transformingV x N matrices intaV(N +1)/2 x 1

spanned by the columns ()PjG. With further

vectors. Further, in order to maintain proper weight- straightforward manipulations, exploiting the property

ing of elements in the calculation of norms, all off-
diagonal elements should be multiplied 2. To this
end, we define thevec{-} : RN*N — RN(N+1)/2
invertible transformation as follows: For ady x N
symmetric matrixY’, the N(N + 1)/2 x 1 vector
y = svec{Y } is constructed using:

if m <mn,

2 Y(n,n)

for n=1,2,...,. N and m=1,2,...,n,

if m=n,

(9)

. m> _ {m(m,m

where y(i) and Y (i, j) denote thei-th and (i, j)-

th elements ofy and Y, respectively. Thusy
contains all the (weighted) elements of the uppe
right triangular section ofY. Conversely, the
unsvec{-} : RNWV+D/2 . RNXN transformation
Y = unsvec{y} would be defined, for any (N +
1)/2 x 1 vectory, as the (only)N x N symmetric
matrix Y such thaty = svec{Y }.

For ease of notation, we shall, from now on, de-

note the number of “non-redundant elements?\asé
N(N +1)/2.

Note that for any symmetric matriY’ we have
1Y% | vec{Y }||? = ||svec{Y}||2. Note fur-
ther, that there exists an impliell, x N? constant
matrix F' (with a single non-zero element in each row,
either1 or v/2), such thatvec{Y'} = F vec{Y} for
allY € RV*N_ We shall useF for notation purposes
only, without explicitly specifying its structure.

We now redefine accordinglyy svec{ M}
andA £ F(A*® A), so thatC',s maintains the form

P4 Ppc = Ppg, we get

K
Crg = Tmce{Pj% Z myml — Ppgmm!}
k=1

(11)
which has to be minimized w.rA in order to obtain
the minimalCrgs. We can now make the following
observations for th&/ = 2 and N = 3 cases.

3.1. TheN =2 case

When N = 2 we haveN, = 3. Thus, in such cases
the ranks of th& x 3 matricesP 4 and P are2 and
1 (resp.). In the Uniform case we ha@ = [1 0 1]
(also rankl), thusPpe = P (unlessP4G = 0, in
which caseP p¢ is undetermined, but this only hap-

¢ pens on a set of measure zero in termsAf We

therefore need to minimizErace{ P4 R}, where

K

% Y _(my —m)(my, —m)".
k=1

1>

R (12)

Now, sincer has rankN 2 (for any choice

of a nonsingularA, and lower if A is singular),
Trace{ P4 R} cannot be decreased below the smallest
eigenvalue ofR (by any choice ofA) - see, e.g., [16].
Moreover, a matrixA which attains this lower bound
can almost always be found, as it is given by the exact
joint diagonalizer of the two matricesisvec{u, } and
unsvec{us }, whereu; andu, are the eigenvectors of
R corresponding to its two largest eigenvalues (again,
see [16] for a rigorous proof).

Note further, that the rank aR is at mostK — 1
(since the sum of thé( vectors(my; — m) is zero,
hence each one is given by a linear combination of the
others). Therefore wheli = 2 or K = 3, the smallest



eigenvalue ofR is zero, s@xact joint biagonalization
(EJB) of two or three matrices can almost always be
attained. For< = 2 this is quite trivial, since itis well-
known that exact joint diagonalization (EJD) is almost
always possible for two symmetric matrices, and EJD
is merely a particular case of EJB (wiih = 0). How-
ever, forK = 3 this result is new.

In the Non-Uniform case the rank éf is 2, yet the
rank of P3G is still 1 - namely, its two columns are
collinear - thereforel cannot be uniquely determined
(see (8)), and so neither cdi, 1 | (see (6)). Never-
theless, we still haij = Ppq, and the conclusions
regarding the minimizingd remain valid.

3.2. TheN = 3 case

WhenN = 3 we haveN,; = 6. Thus, the ranks of the

6 x 6 matricesP 4 and P~ are both3. In the Non-
Uniform case the rank dd is also3, therefore we still
havePpg = Pj (except for degenerate cases, which
can only happen on a set of measure zero in terms o
A), and agairC s = Trace{ P R}. Therefore, the
lower bound orC, g is now the sum of the three small-
est eigenvalues aR, but in this case we do not have a
proposed minimizeA guaranteed to attain that bound,
since in general only the two largest eigenvalues of
R can be zeroed out by the EJD wfisvec{u;} and
unsvec{us }. However, denoting the exact joint diago-
nalizer ofunsvec{u; } andunsvec{us} by A, we can
make the following observations:

e If K =2 or K = 3 the third through sixth eigen-
values ofR are zero, and EJB of the entire set is
attained byA, just as in theV = 2 case above.

If K > 3, A does not (in general) attain the (gen-
erally unattainable) EJB of the entire set, nor does
it minimize C's (in contrast to theV = 2 case).
Nevertheless, it can serve as a very good “ini-
tial guess” for an iterative algorithm (such as the
extended AC-DC above), since it eliminates the
two largest eigenvalues @ from Trace{ P4 R}
(see [16] for more details).

In the Uniform case, howeve& has rank one, so
we do not have a simple relation betweEYp and
Pj; ThereforeCs can no longer be expressed as
Trace{ P3R} (with any R), and analytic minimiza-
tion of Cr s w.r.t. A is currently unknown, so an iter-

ative algorithm such as the extended AC-DC may be
used.

3.3. TheN > 3 case

WhenN > 3 the rank of P, which isNy — N =
N(N — 1)/2is (unfortunately) always larger than the
rank of G (be it 1 in the Uniform case ofV in the
Non-Uniform case), so just like in th¥ = 3 Uniform
case - the absence of a simple relation betwPBen;
ande prevents a simple analytic solution of the min-
imization problem.

4. CONCLUSION

We defined the AJB problem, naturally encountered
in AJD-based BSS algorithms when additive noise is
present. We provided an extended version of the AC-
DC algorithm for solving the general EJB problem. In

falddition, we used subspace analysis of the LS criterion

to obtain additional results as follows.

Regarding EJB, the following results were derived
(on top of the somewhat trivial result stating that EJB
is possible for almost anyvo symmetric matrices):

e Inthe2 x 2 case (V = 2), EJB is possible for al-
most evenytriplet of symmetric matrices, in both
the Uniform and Non-Uniform cases. The mixing
A is uniquely identifiable (up to the trivial scaling
and permutation ambiguities) in both cases. How-
ever, in the non-uniform casd,;, A2, Az and D
are not uniquely identifiable (hence EJB is pos-
sible, but the solution is not unique in terms of
these (usually nuisance) matrices). Note that this
result is in agreement with general identifiability
results on noisy Independent Component Analy-
sis (ICA) [17], developed in a different context.
In the uniform case the solution is almost always
unique.

In the3 x 3 case (V = 3), Non-UniformEJB is
possible for almost evetyiplet of symmetric ma-
trices, and the solution is almost always unique;
However,Uniform EJB is almost always impos-
sible (for anyK > 2).

For N > 3, EJB (Uniform or Non-Uniform) is
almost always impossible fak > 2.



In addition, we derived the following results concern-
ing the general AJB (rather than EJB) problem:

e Inthe2 x 2 case (V = 2), we provided the true
global minimizer of Cg for the EJB problem
in closed form(i.e., no iterative algorithm is re-
quired). This minimizer is not unique in terms of
A1, A5, A3 and D in the Non-Uniform case, but
it is always unique in terms ol (up to the trivial
ambiguities).

e Inthe3 x 3 case (V = 3) we provided a closed-
form approximate solution for the Non-Uniform
case. Although this solution is not the true mini-
mizer of Cyg, it can serve as a good initial guess
for a subsequent iterative algorithm. In addition,
we provided a non-trivial lower bound on the at-
tainable value o’ g, useful in gauging the dis-
tance of a prospective solution from optimality.

It has to be noted that although the main focus in

this paper is on the estimation &, in noisy BSSA
is often insufficient for optimal reconstruction of the

sources, and the so-called “nuisance parameters” ma

be of interest as well. The minimization algorithms

(6]

[7]

(8]

9]

[10]

Y1)

may vyield arbitrary values for these parameters when-

ever they are non-identifiable (see, e.qg., [17] for gen-[

eral identifiability conditions in noisy ICA).
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