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ABSTRACT of interleaved temporal and spatial vectors, see [1]. The
(M x Kt) matrix N consists of zero-mean circular complex
Gaussian interference (clutter plus noise) with iid colgmn
ng ~ CNwm(0,C). The detection problem is usually treated
as a hypothesis test with the null and alternative hypothese
given by

Traditional STAP processors for radar target detectioch su
as the GLRT and AMF, require an estimate of the noise co-
variance matrix. In practice, this estimate is obtainedifeo
training data set that is usually constructed from rangesgat
surrounding the test gate. The training data must be targe
free and statistically homogeneous with the test data. th he Ho: X =N
erogeneous and target rich environments, these assummption

do not necessarily hold and degradation in the detection per and @)
formance results. In this paper, we propose a new detection Hi: X=ass +N.

algorithm, which we call the maximum likelihood estima-

tion detector (MLED), and that operates only on the test ~ The optimum STAP filter, derived in [3], essentially con-
data. We show that the new detector has the highly desir-Sists of a whitening operation followed by a matched filter.
able CFAR property. We give the expressions for its prob- The weights vectomopy, is given by

abilities of false alarm and detection and show that it has .

a performance that is comparable with the traditional algo- Wopt = BC™"Ss, @)

rithms. . . .
B being an arbitrary constant. Fé& available test snap-

shots, the filter is applied to the coherently combined data.
1. INTRODUCTION Letg = cXs with c being an arbitrary normalization con-
stant, then the filter output is = W';ptg. The output power

The detection of a signal in colored Gaussian noise is rele-js then compared to a threshold according to the test
vant to many fields such as radar, sonar and communications

to name a few. In this paper, we focus on the detection of Hq

targets in the context of radar space-time adaptive precess M? = 5. (4)

ing (STAP), see [1] and [2]. Consider a linear antenna array Ho

consisting ofM sensors that collectst data snapshots de-

noted byxy, k = 1---Ky. Then, the problem is that of A highly desirable requirement of any radar target detec-

detecting the presence of a signal with spatial and temporaltor is the constant false alarm rate (CFAR) property which

steering vectors; ands respectively. The model we adopt provides the ability to control the probability of false lada

here is This can be achieved with a suitable choice of the normal-
X =ass +N (1) ization constan. Puttings = (s{C's;) * results in the

where the received data snapshots have been arranged inttrequwed normalization and gives the processor denoted as

an M x K1) matrix X, anda is a complex magnitude. Note %e matched filter (MF).

that the temporal and spatial notation of the steering vec—k In pra(cj:t_lce, tt.he :rtéef covarJltanIC('a m;\t?x 'St ijhs u:.‘”% un-
tors is for convenience and in general each of the steering hown and IS estimated from a training data Set that 1S drawn

vectorsss and & is a space-time vector that is composed from neighboring range gates. The tralnm_g data must be
target free and statistically homogeneous with respetigo t
The authors acknowledge the support of BAE systems. range gate under test. Assuming that such a secondary (or




training) data set of sizK; is available, it is well known that 2. THE MAXIMUM LIKELIHOOD ESTIMATION

the maximum likelihood covariance matrix estimate is DETECTOR
& 19 H 5 The Amplitude and Phase Estimation algorithm was sug-
T K g AL - ®) gested in the context of synthetic aperture radar imaging,

[11]. The filter minimises the sum of the squares of the er-
Here the training data vectors are denotedzbin order to rors between the received signal and the temporal steering
distinguish them from the test data vectors. The malix  vectors, subject to a gain constraint at the spatial steering
which is complex Wishart distributed, is non-singular with vectorss. The filter design problem is stated as follows:
probability 1 provided thaK; > M, [4] p. 73. Using this es- M
timate in place of the true covariance matrix gives the adap- min(wW"X - o ) (WX - of] )" stwfs; =1, (8)
tive matched filter (AMF) detection test, [5], e

The solution, obtained using the Lagrange multiplier métho

|5|;|(;‘19|2 H1 is given by, [13],

Hé—_l Z . (6) N

$% S Ho w:Q—js and @ =w'g 9)
Qs

Kelly, on the other hand, applied the generalized like-
lihood ratio approach to the detection problem and derived whereQ = ;2 XX" — gg" andg = 2 Xs;. Noting that the

the generalised likelihood ratio test (GLRT), [6], filter output powerP, = wHQw, is an estimate of the resid-

g2 ual noise power at the target steering vecome see that

|s§'C g| Hi @) the APES filter implicitly derives a measure of the output
- - z Y. signal to noise ratigy,, at
s';C_lss(1+KitgHC_19) Ho gnal to noise ratiqyo, atss
laf?

Both the AMF and GLRT have been analyzed and shown to po wHSw
possess the CFAR property, [6] and [5]. = |al’s]Q7tss. (10)

It has been recognized for some time that the homogene-
ity assumptions are often not satisfied, [7]. Terrain varia- We propose using this signal to noise ratio, which we call
tions lead to inhomogeneity in the clutter returns, even be-the MLED statistic, for target detection in the STAP context
tween adjacent range gates. Furthermore, high target-densiSubstituting the expression for the weights vector intg (10
ties can bias the covariance matrix estimate. Consequentlywe can re-write the MLED test as
the detection performance is degraded. This has led to re- 2 H
search in knowledge-based STAP (KB-STAP) aimed at uti- |S'§ Q_19| >1
lizing a-priori information (such as digital terrain mafts) SHQ s |_T
help in the training data or algorithm selection, [8], [9pan 0
[10]. In such heterogeneous environments, “single data set Note the similarity between the MLED statistic above and
(SDS) STAP algorithms that avoid the need for training data that of the AMF shown in equation (6).
from other range gates are clearly desirable. Inspired éy th
APES filter, [11],we propose here an SDS algorithm that
is “analogous” to the AMF. We analyze the algorithm and
show that it possesses the CFAR property. We also give théVe will now present an alternative perspective of the MLED
theoretical probabilities of false alarm and detectiofihe statistic to that of the previous section. Recall that the MF
detailed derivations of thB;, andP4 expressions is beyond assumes that the true noise covariance matrix is known. In
the scope of this paper and are carried out in [12]. The paperpractice, this is usually not the case and Robegl. in [5]
is organized as follows: In the following section we present used an estimate of the covariance matrix in the MF expres-
the APES filter and then proceed to obtain the MLED detec- sion to give the AMF. The estimate is obtained from a set
tion statistic from it. An alternative derivation of the MCE of noise only training data. Since the noise only data is zero
is also given in section 2.1. The new detector is analyzed inmean under both hypotheses, it is well known that the max-
section 3 and shown in section 3.1 to possess the constanmum likelihood estimate of the noise covariance matrix is
false alarm rate (CFAR) property. The theoretical expres- given by equation (5). In the absence of a training data set,
sions for the probabilities of false alarm and detection are the noise covariance matrix estimate must be obtained from
given in section 3.2 and are verified by simulation in sec- the test data itself. It is evident from our signal model that
tion 4. Finally some conclusions are given in section 5. under both hypotheses the target signal is representeaby th

(11)

2.1. Alternative Derivation of The MLED



sample mean of the test data whereas its covariance matrixXy ~ CNw(a5ss(K), 1), wheress = C ss. LetU be the uni-

gives the noise subspace (with the target amplitude O

tary transformation that rotates the whitened spatiatistge

underHo). Therefore, the detection test is equivalent to one vector into the first elementary vector. ThatU§'s = e,

of testing for the data mean with the covariance matrix un-

known. Assuming thaKy test data vector} are avail-

wheree” = [1,0,---,0]. Since the unitary transformation
does not alter the statistical properties of the randonovect

able, we obtain the maximum likelihood estimates of the it is applied to, we retain the same notation for the rotated
mean and covariance matrix of the data and substitute thenguantities. Substituting the transformed quantities thi®

into the expression of the MF. These estimates are

o= L Yust0- Lxg (12)
" sl &S T g
and
18
Q = o7 20— 90) (%~ gs(k)"
k=1
1
= @XXH - ggH (13)

detection test, we re-write it in the equivalent form, [12],

_1.12

’eTQ () Hy
——=a 27 (15)
e'Q e Hy

Under the null hypothesis, the received data consistsysolel
of noise and the transformed quantitigandQ are distrib-
uted as

g~ CNm(0,1), andQ ~ CWyw(K - 1) (16)

Note thatCWy (Kt — 1) is a complex Wishart distribution

The use of these expressions in the MF statistic gives theWith the scale matrix being the identity. Since bgtandQ

MLED statistic with arbitrary temporal and spatial steer-

have standard distributions that do not depend on the noise

ing vectors. If the temporal steering vector is taken to be covariance matriC, and asC itself does not appear in the

a complex sinusoid, theg|? = K1 and the MLED statistic
reduces to the form given in the previous section.

3. THEORETICAL ANALYSIS

test statistic or the threshold in equation (15), we corelud
that the test is independent of the true noise covariance and
is consequently CFAR.

3.2. Probabilities of False Alarm and Detection

In this section we proceed to analyze the MLED test and In this section we present the theoretical expressionéor t
show that it has the required CFAR property. We also give probabilities of false alarm and detection. In [12], we show

the probabilities of false alarnR¢,, and detectionPy, in
forms that are analogous to those of the GLRT and AMF.

Using our assumed model, the data snapsketfol-
low a multivariate complex normal distribution. That is
Xk ~ CNm(asss(K),C). Furthermore, assume that they
statistically independent and set, without loss of geiitgral
IsI> = 1. Now the vectog is a linear combination of inde-
pendent Gaussian vectors and is itself Gaussian distdbute
Its mean and covariance matrix are easily shown tate
andC respectively. The matriQ, on the other hand, has a
complex Wishart distribution independently @fsee [12].
In summary we have that

g~CNm(as;,C) and Q ~CWwn(C,Kr-1) (14)
whereCWpu(C, K — 1) is the complex Wishart distribution
with scale matrixC.

3.1. CFAR Property

In order to show that the test is CFAR, we first apply a
whitening operation followed by a unitary transformation.
Since C is positive definite, we can take its square root.
Let X = C2X. The columns ok are now distributed as

that the detection test of (15) is equivalent to

Hy

’ B
Ho

Ly (17)

whereL = Ky — M. The random variablesandn are mu-
tually independent withy having a type | beta distribution
withm = L+ 1 andn = M — 1 degrees of freedom. Its
probability density function is

r'(m+n)

5 (m) - (n) XrTFl(l _ X)n—l.

fﬂ,m,n(x) = (18)
The variable’, on the other hand, has a complex singly non-
centralF distribution with 2 and R degrees of freedom and
a non-centrality parametdr= Ky Mrnp, p being the signal
to noise ratio. The probabilities of false alarm and detecti

are then given by, [12],

1
Pra(y) = fo @+ m) ™ Gramadn  (19)

and

1
Py = f )bl + LM —1)dy.  (20)
0



where performances become almost identical. Note that in a het-
erogeneous environment the performances of the AMF and

L

_ L A i .

h() = 1= (L+y)™" Z( I )(U)’)IGI (1+ m/) (1) GLRT algorithms degrade whereas that of the MLED re
=1

mains unchanged. Thigfect, however, is hot demonstrated

in this paper.
and | It is important to clarify that the MLED algorithm dif-
Gi(y) =e? Z y_? (22) fers from the QLRT and AMF with respgct to one important
=M aspect. This is the fact that the MLED is essentially a spec-

These expressions show that there is a loss of 1 comple%ral estimator with the important CFAR property. Whereas
degree of freedom with respect to the AMF. This loss is in- the other two algorithms obtain an estimate of the noise sub-
curred in the denominator of the F distribution. The numer- SPace over the entire spectrum and thus filter it, the MLED

ator has 1 complex degree of freedom in both cases. Sincéeliminates the interference in the bin of interest due to the

in the case of the AMF the covariance matrix is estimated "€St of the spectrum.

from a separate noise-only training data set all of the avail

able degrees of freedom are employed in the noise subspac Probabilty of Detection Vs SNR for M=10, K =2M and K =2M
estimation. The MLED, on the other hand, estimates both ——— %
the signal subspace (of dimensionality 1) and the noise sub
space from the same data set. Therefore, 1 complex degre
of freedom is used in the estimation of the signal subspace
and as a result, the degrees of freedom that are available fc
the noise subspace estimation are decreased by 1.
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4. SIMULATION RESULTS
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The algorithm presented above was implemented and sim
ulated along with the MF, GLRT and AMF. The results are
shown in figs. 1 to 4. Throughout the simulatioh,was
set to 10 and &, of 102 was used. As expected the
MF performs best and its curves form the bounds on the
performance of the other algorithms. Figs. 1 and 2 show g 1 performance of the detection algorithms with both
the performances of the algqnthms for a test data set Siz€x “andK, set to M andPy, = 1072,
Kt = 2M, whereas the training data set sikg, was in-
creased from ®1 to 5M. It is clear that this increase in the
size of the training datafects the GLRT and AMF algo-
rithms only. The performance of the MLED algorithm is Probabilty of Detection Vs SNR for M=10, K =2M and K =5M
seen in fig. 1 to be slightly worse than the AMF due to the T :
loss of degree of freedom mentioned in the previous section
In fig. 2, the traditional algorithm show a significant im-
provement in performance with respect to the MLED since
the increase ifK; improves the noise covariance matrix es-
timation. Fig. 3 and 4 show the performances for an in-
creased test data set size thl5 The increase irKt re-
sults in an increase in thefective SNR for all algorithms.
However, we see that it also has an additiorfédet on the
performance of the MLED due to the increased number of
degrees of freedom available for the noise subspace estime 0al
tion. Thus, fig. 3 shows that the MLED outperforms the
other two algorithms. In fig. 4, the test and training data
set sizes are both equal td/5 In this case we find that all
Fhree algorithms have almqst identical performances. ThISFig. 2. Performance of the detection algorithms foF =
is due to the fact that at increases (ani; = Ky), the >

. . 2M, K; = 5M andPs5 = 107,
loss in the degrees of freedom, i.e. the loss of one degree
of freedom for the MLED, becomes insignificant and the
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Probabilty of Detection Vs SNR for M=10, K;=SM and K=2M algorithms, namely the GLRT and AMF. Thefidirence is
' ‘ ‘ ) ) due to the loss of one degree of freedom in the case of the
MLED as the signal and noise subspaces are estimated from
the same data set. Thisfidirence, however, reduces as the
size of the test data set increases since the 1 degree of free-
dom becomes less significant as the total number of degrees
of freedom increases. The performance of the MLED then
approaches that of the TDS algorithms.
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