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ABSTRACT

In this paper, robust decorrelating detectors for DS-CDMA
communication systems with theα-stable channel noise are
presented. The proposed detectors are derived using two
optimization criteria: the leastlp norm (LP) and the max-
imum likelihood (ML) criterion. The robust decorrelating
multiuser detection schemes are implemented in an itera-
tive form (with use of the IRLS algorithm), as well as in an
adaptive one (with use of the RWLS algorithm). In order
to compare these schemes with the conventional non-robust
method, computer simulations are carried out. They show
that all considered robust detectors significantly outperform
the non-robust detection technique. The obtained results of
Monte Carlo simulations show also relations between per-
formance of the proposed iterative and adaptive detectors in
near-far situation, as well as for different levels of channel
noise impulsiveness.

1. INTRODUCTION

The direct sequence code division multiple access is a main-
stream multiple-access method applied in the third genera-
tion (3G) wireless communication systems [1]. Capacity
of DS-CDMA systems, considered as the number of users
that can simultaneously communicate with a specified level
of performance, is soft-limited by multiple-access interfer-
ences (MAI) between the users. MAI arise for lack of or-
thogonality of signature sequences assigned to particular
users in the system [2]. A number of techniques have been
proposed to mitigate deterioration of system performance
caused by MAI. Some of these techniques, such as spread-
ing sequence design, forward error correction (FEC) or po-
wer control algorithms (PCA), are now used in commer-
cial 3G systems. Other advanced methods combating MAI,
like multiuser detection (MUD), smart antennas and space-
time processing are mentioned in 3G system specifications
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as options, and it seems probable that they will be soon im-
plemented [3].

The optimal maximum likelihood (ML) sequence de-
tection method for DS-CDMA systems has been proposed
by Verd́u [2]. Unfortunately, the Verd́u’s optimal detector
has two essential disadvantages: it requires full knowledge
of parameters of interfering users’ signals and its compu-
tational complexity grows exponentially as the number of
users increases. Many suboptimal detection schemes have
been proposed since Verdú’s fundamental work was pub-
lished. However, derivation of these detectors is usually
based on the assumption that the ambient channel noise is
Gaussian. In fact, in many physical channels, the ambient
noise turns out to be decidedly non-Gaussian and has the
impulsive nature. Especially, experimental measurements
of the noise distribution in real wireless channels confirm
its impulsiveness [4].

Recently, one can find more and more works which deal
with the robust multiuser detection [5], [6], [7], [8], [9]. In
most of them, it is assumed that the channel noise is ade-
quately modeled by a two-term Gaussian mixture distribu-
tion with exponential tails, which belongs to the set ofε-
contaminated Gaussian distributions[10]. For that reason,
many of robust MUD techniques employ theM -estimation
method [5], [7]. However, the results of measurements show
that the distribution of an electromagnetic noise in urban
environments has heavier than exponential tails, and may
be approximated by theα-stable distributions [11]. Perfor-
mance of multiuser decorrelating detectors in the presence
of the α-stable channel noise has been studied in [7] and
[8]. In both cases, the detection schemes were based on the
M -estimation method.

In this paper, two robust decorrelating detectors for DS-
CDMA systems with theα-stable channel noise are pro-
posed. They are based on minimizing specific cost functions
for robust regression: thelp norm of estimation errors, and
the function derived from the maximum likelihood estima-
tion criterion. In the latter case, it is assumed that the chan-
nel noise is modeled by the Cauchy distribution (α = 1).



The paper is organized as follows. In Sec. 2, the model
of signal in the DS-CDMA communication system is intro-
duced. In Sec. 3, the proposed robust decorrelating detec-
tors are derived. Some implementation issues are addressed
in Sec. 4. Performance of various detectors is verified via
simulations in Sec. 5. In Sec. 6, some concluding remarks
are given.

2. SIGNAL MODEL

Let us consider an asynchronous DS-CDMA communica-
tion system withK active users operating with the coherent
binary phase-shift keying (BPSK) modulation format. The
waveformr(t) at the input of the receiver can be modeled
as superposition of modulated data signals related to indi-
vidual users, and observed in additive channel noisew(t)

r(t) =
K∑

k=1

Ak

M−1∑

i=0

bk(i)sk(t− iTb − τk) + w(t), (1)

whereTb is the symbol interval andM is the length of the
data frame of interest.Ak, τk, {bk(i); i = 0, 1, ..., M − 1}
and{sk(t); 0 ≤ t ≤ Tb} denote the received amplitude,
delay, symbol stream and normalized signature waveform of
thekth user, respectively. For eachk, {bk(i)} is a sequence
of M independent binary random variables (RV) taking on
equiprobable values1 or −1. Signature waveformsk(t) is
supported on interval[0, Tb], has unit energy, and is given
by

sk(t) =
N−1∑
n=0

a(k)
n pTc(t− nTc), t ∈ [0, Tb], (2)

whereN is the spreading factor,{a(k)
0 , . . . , a

(k)
N−1} is the

binary-valued spreading code of thekth user, andpTc(t) is
the normalized chip waveform of durationTc = Tb/N .

We restrict now our attention to the synchronous case of
model (1), i.e., we assume thatτ1 = τ2 = · · · = τK = 0. In
the synchronous setup, to detect the symbols of allK users
in theith symbol interval it is sufficient to analyze the signal
which is received during theith signaling interval, i.e.

r(t) =
K∑

k=1

Akbk(i)sk(t−iTb)+w(t), t ∈ [iTb, (i+1)Tb].

(3)
At the receiver, signal (3) is chip-matched filtered and

sampled at the chip rate (1/Tc). As a result, we obtain the
discrete-time signal model which can be written in the fol-
lowing concise matrix form

r(i) = SAb(i) + w(i), (4)

wherer(i) is the N × 1 vector of the received sampled
signal,S , [s1| · · · |sK ] is theN × K spreading matrix,

sk , [s(k)
0 , . . . , s

(k)
N−1]

T = 1√
N

[a(k)
0 , . . . , a

(k)
N−1]

T ,

A , diag[A1, . . . , AK ] is theK ×K matrix of signal am-
plitudes,b(i) , [b1(i), . . . , bK(i)]T is the K × 1 vector
of the user’s bits in theith symbol interval andw(i) ,
[w0(i), . . . , wN−1(i)]T is theN × 1 vector of samples of
the channel ambient noise whose elements are independent
and identically distributed (i.i.d.) random variables having
a non-Gaussian distribution.

2.1. Channel Noise Model

The statistical-physical models for electromagnetic radio
disturbances proposed by Middleton (class A, B, and C) [4]
are the most credited, but they are relatively complicated.
The class B, modeling highly impulsive phenomena, is a
particulary adequate noise model for wireless channels in
the urban environment, but this model is described by two
pdf functions, which are characterized by seven parameters
(six generic plus one empirical). For that reason, an approx-
imation for the class B should be considered. Theα-stable
model seems to be a very attractive model for this aim [11].

The symmetricα-stable (SαS) random variables, with
the location parameter equal to zero, are usually defined by
its characteristic function

ϕ(ω) = exp(−γ|ω|α), (5)

whereα ∈ (0, 2] is thecharacteristic exponentandγ > 0
is the scale parameter analogous to the variance, also called
the dispersionof the SαS distribution [12]. The charac-
teristic exponentα measures ”heavyness” of the pdf tails.
When the value ofα decreases, the tails become heavier.
For α = 1, the stable distribution is the Cauchy distribu-
tion, while forα = 2 is the Gaussian one. The stable distri-
butions withα 6= 2 havealgebraic tails, and do not have
second-order moments. However, for these distributions
there exist finite moments of orderp < α, calledfractional
lower order moments(FLOM). The stable distributions ful-
fill Generalized Central Limit Theorem(for details see [13]
and [12]).

3. ROBUST DECORRELATING MULTIUSER
DETECTORS

The signal model (4) for a synchronous DS-CDMA sys-
tem can be considered as a linear regression model with
unknownK parametersθk , Akbk, and can be rewritten
as

r = Sθ + w, (6)

whereθ = [θ1, θ2, . . . , θK ]T is to be estimated (for sim-
plicity we drop argumenti). Classical solution of the linear
regression problem is obtained using the least-squares (LS)



method

θ̂LS = arg min
θ

N−1∑
n=0

(
rn −

K∑

k=1

s(k)
n θk

)2

= arg min
θ
‖r − Sθ‖2. (7)

Differentiating cost functionJLS(θ; r) , ‖r−Sθ‖2 in (7),
one obtains a linear system of equations that, assuming that
signature waveforms of all users are linearly independent,
has unique well known solution given by

θ̂LS = (ST S)−1ST r. (8)

The non-robust decorrelating detector consists of two stages:
LS estimator (8) and hard-limiter

b̂ = sgn(θ̂LS). (9)

If the distribution of noise vectorw is Gaussian, the
LS estimate and the maximum likelihood estimate ofθ are
identical, i.e. the LS estimator is optimal in the sense of
achieving the Craḿer-Rao lower bound (CRLB). However,
even a slight deviation of the noise density from the Gaus-
sian distribution causes that the LS estimator loses its opti-
mality. In particular, the presence of impulses (outliers) in
the noise waveform causes a substantial degradation of LS
estimation accuracy.

In order to robustify the LS estimator against changes of
the noise distribution, Huber [10] proposed to replace a sum
of squared residuals by a sum of a less rapidly increasing
penalty functionρ(·) of residuals

θ̂ = arg min
θ

N−1∑
n=0

ρ

(
rn −

K∑

k=1

s(k)
n θk

)
. (10)

To find an estimatêθ on the basis of observationsr it is re-
quired now to solve the following nonlinear system of equa-
tions

ST ψ(r − Sθ) = 0K , (11)

where functionψ(·) is the derivative of penalty function
ρ(·), andψ(x) , [ψ(x1), . . . , ψ(xK)]T for anyx ∈ RK .
An appropriate choice of penalty functionρ(·) and corre-
sponding functionψ(·) determines a specific robust estima-
tor.

The minimax approach proposed in general case by Hu-
ber, and adopted by Wang and Poor in [5] for the case of
minimax decorrelating detection, is derived with the assump-
tion that the noise pdf belongs to the class ofε-contaminated
Gaussian pdf’s. In case of theα-stable channel noise, it is
obvious that the choice of Huber penalty function is not op-
timal. In [7] and [8] this function was used forα-stable
channel noise under the tacit and not justified formally as-
sumption that it will mitigate the effect of an impulsive chan-
nel noise.

Further, we consider two approaches to synthesis of ro-
bust estimators: the maximum likelihood and the leastlp
norm approach.

3.1. Maximum Likelihood Approach

The likelihood function of the received signalr under the
true parametersθ is given by

Lθ(r; fα) , ln
N−1∏
n=0

fα

(
rn −

K∑

k=1

s(k)
n θk

)

=
N−1∑
n=0

ln fα

(
rn −

K∑

k=1

s(k)
n θk

)
, (12)

wherefα(·) is the pdf of channel noise samples. There ex-
ists only one interesting for us pdf that can be defined in
closed form in the class ofSαS distributions, namely the
Cauchy distribution:

fα=1(x) =
γ

π(x2 + γ2)
. (13)

Therefore, we will assume that the Cauchy distribution is
representative for allSαS distributions, and derive for it the
ML-estimator. Maximization of likelihood function (12) is
equivalent to solution of minimization problem (10) with
the following penalty function

ρML (x) = − ln fα(x)|α=1 = ln(x2 + γ2). (14)

Derivative of (14) is given by

ψML (x) = −f ′α(x)
fα(x)

∣∣∣∣
α=1

=
2x

x2 + γ2
. (15)

A similar approach to a different signal processing prob-
lem was presented in [14]. For the Cauchy noise, we obtain
the optimal solution. This solution, however, is suboptimal
for other values ofα.

3.2. Leastlp Norm Approach

The leastlp norm approach is well known in the field of
robust signal processing [15]. In the case ofα-stable dis-
tributions, this approach has strong mathematical justifica-
tion that comes from the Zolotarev theorem [12]. TheMin-
imum Dispersionof error (MD) criterion for signals having
α-stable distributions corresponds to the minimum mean
square error (MMSE) criterion for signals with the finite
variance. Zolotarev theorem states that the dispersion of
SαS random variable is proportional to its FLOM of the
order1 < p < α. Thus, minimization of dispersion of the
estimation error is equivalent to minimization of itspth or-
der moment

θ̂MD = arg min
θ

E

∣∣∣∣∣rn −
K∑

k=1

s(k)
n θk

∣∣∣∣∣

p

1 < p < α. (16)



Moreover, the FLOM (1 < p < α) of anSαS RV describ-
ing the estimation error is a measure of distance between
the true value and the estimated one in thelp norm sense.
By analogy to the LS solution (7), we can now formulate
our robust estimation problem in the sense of the following
leastlp norm criterion

θ̂LP = arg min
θ

N−1∑
n=0

∣∣∣∣∣rn −
K∑

k=1

s(k)
n θk

∣∣∣∣∣

p

1 < p < α.

(17)
From (17) it follows that the appropriate penalty function
and its derivative are given by following expressions

ρLP(x) = |x|p, ψLP(x) = p |x|p−1sgn(x). (18)

4. IMPLEMENTATION OF ROBUST DETECTORS

As we mentioned above, finding of an estimatesθ̂ on the
basis of observationsr requires solution of nonlinear set of
equations (11). This task can be done with use of iterative
or recursive algorithms. In order to solve (11), we use the
Iteratively Reweighted Least Squares(IRLS) algorithm and
theRecursive Weighted Least Squares(RWLS) algorithm.

4.1. Iteratively Reweighted Least Squares Algorithm

The IRLS algorithm is very often used for calculation of
robust estimates of linear regression parameters [15]. An
initial estimateθ̂0 for this algorithm is the LS solution (8).
In consecutive iterationsl = 1, 2, . . . we firstly compute the
vector ofresidual errors

el = r − ST θ̂l, (19)

and then we create a diagonalweight matrix

W l = diag {φ(el)} , (20)

whereφ(·) is a weight function, related to robustification
functionψ(·), and defined as

φ(x) , ψ(x)
x

. (21)

The weight matrixW l is now used for updating the vector
of estimated parameters

θ̂l+1 =
(
ST W lS

)−1

ST W lr. (22)

Iterations are stopped, if‖θ̂l+1 − θ̂l‖ ≤ δ, whereδ is a
small number, or after arbitrarily specified number of steps.

There are two convergence conditions for the IRLS al-
gorithm [15]; namely the weight functionφ(x) should be:

(1) nonincreasing with|x|, and (2) bounded for allx. Un-
fortunately, functionφLP(x) = |x|p−2 does not meet the
second condition and usually has been replaced by

φLP(x) =
{ |x|p−2 for |x| > ε,

εp−2 for |x| ≤ ε,
(23)

whereε is a small positive number. Computational com-
plexity of the IRLS algorithm is of the order(NK2 + K3).

4.2. Recursive Weighted Least Squares Algorithm

The adaptive structure of the decorralating multiuser detec-
tor was firstly proposed in [16], where theRecursive Least
Squares(RLS) algorithm for recursive estimation ofθ̂ has
been used. In this paper, we propose to use the RWLS algo-
rithm for robust recursive estimation ofθ̂ in the presence of
theα-stable channel noise. The task consist in minimization
in each stepn the following cost function

JRWLS(n) ,
n∑

j=0

λn−jρ(ej), (24)

whereλ ∈ (0, 1] is theforgetting factoranden is thea poste-
riori estimation error

en = rn −
K∑

k=1

s(k)
n θ̂k,n = rn − s̄T

n θ̂n, n = 0, . . . , N − 1,

(25)
whereθ̂n is the vector of estimated parameters innth step

and s̄n ,
[
s
(1)
n , . . . , s

(K)
n

]T

. Following the derivation of

the RLS algorithm [17, pp. 563-569], we obtain RWLS al-
gorithm in which main recursion is given by

θ̂n = θ̂n−1 + knξn, (26)

whereξn is thea priori estimation error

ξn = rn − s̄T
n θ̂n−1 (27)

andkn is theKalman gain vector

kn =
P n−1s̄n

λ φ−1(ξn) + s̄T
nP n−1s̄n

. (28)

The matrixP n is a recursive estimate of the matrix inverse
to the weighted autocorrelation matrixof spreading sig-
nals.P n is updated in consecutive stepsn according to the
recursion

P n =
1
λ

[
P n−1 − kns̄T

nP n−1

]
. (29)

Specification of theφ(·) function in (28) leads to special
cases of the RWLS algorithm. ForφML (x) = ψML (x)/x
(see (15)), we have theRecursive Maximum Likelihood
(RML) algorithm. ChoosingφLP(x), we obtain theRecur-
sive Leastlp norm (RLP) algorithm. The computational
complexity of RWLS-type algorithms is of the orderK2.



5. SIMULATION RESULTS

In order to compare the proposed robust decorrelating de-
tectors with the classical linear decorrelator, the DS-CDMA
system withK = 7 active users and spreading gainN = 31
was simulated. The spreading sequence of each user is a
shifted version of anm-sequence. The signal amplitudes
Ak of all users were equal to 1. In all experiments, robust
regression estimates were calculated using the IRLS algo-
rithms (LP IRSL and ML IRLS) with the maximum number
of iterations equal to 31, as well as using the RLP and RML
algorithms withλ = 1. The value of the channel noise char-
acteristic exponentα was 1.5. For the LP IRLS and RLP
algorithmsp = 1.3.

0 5 10 15 20
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

GSNR  [dB]

B
E

R

LS
LP IRLS
ML IRLS
RLP
RML

Fig. 1. Bit error rate of user 1 in DS-CDMA system with
equal powers of received signals of all users;N = 31,
K = 7, α = 1.5

In Fig. 1, the bit error rate (BER) of the user 1 as func-
tion of the Geometrical Signal-to-Noise Ratio(GSNR) is
depicted. GSNR is a generalization of the conventional
SNR for signals with infinite variance [18], and for the user 1
is defined as

GSNR = 10 log

(
A2

1

2C
(2/α−1)
g γ2/α

)
, (30)

whereCg = exp(Ce) ≈ 1, 78. Ce is the Euler constant. It
can be seen that for theSαS channel noise all robust detec-
tors significantly outperform the classical linear (LS) decor-
relator. Furthermore, for the assumed simulation parame-
ters, iterative detectors perform better than adaptive ones,
and LP detectors behave more reliable than ML detectors.
The best performance is provided by the iterative LP detec-
tor. A more detailed simulation analysis shows that relations
between performance of robust detectors depend simultane-
ously on the GSNR and the numberK of active users with
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Fig. 2. Near-far resistance of decorrelating detectors;
GSNR of user 1 is equal to 15 dB,N = 31, K = 7, α = 1.3

equal signal powers. ForGSNR = 15 dB andK > 15,
the best performance is offered by the ML adaptive detector
based on the RML algorithm.

In Fig. 2, BER performance of the user 1 as function
of the Near-Far Ratio(NFR) is shown. NFR is defined as
a ratio of powersA2

k, k = 2, . . . , 7 of interfering users
(in the considered case all interferers have the same power)
to powerA2

1 of the desired user 1. GSNR of the user 1 is
equal 15 dB. The characteristic exponent ofSαS channel
noiseα = 1.3. The parameterp in the case of LP detectors
equals 1.2. From Fig. 2 it follows that the linear decorrela-
tor and iterative robust decorrelating detectors are near-far
resistant. Unfortunately, BER of robust adaptive detectors
grows with NFR. ForNFR > 25 dB, the linear decorre-
lator outperforms the robust detector based on the RML al-
gorithm. Poor performance of robust adaptive detectors re-
sults from the fact that RLP and RML algorithms (especially
RML) have slow convergence for relatively large values of
thea priori estimation errorξn arising in the case of a strong
near-far effect. Appearance of many large values ofξn in a
short data record (we haveN samples of the received signal
for each adaptation process connected with theith symbol
interval) causes that values of the weight function are close
to zero, and for many steps the recursion (28) is not updated.
This effect manifests more clearly in the case of the RML
algorithm, because functionφML (x) decreases faster than
φLP(x) for large values of|x|.

The BER curves of the user 1 as functions of character-
istic exponentα of the channel noise are plotted in Fig. 3.
The signal powers of allK = 7 users are equal,GSNR =
10 dB. The parameterp for LP detectors was calculated ac-
cording to the following rule:p = α − 0.1. It is seen from
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Fig. 3. Bit error rate of user 1 as function of characteristic
exponentα; N = 31, K = 7, GSNR = 10 dB, equal
powers of received signals of all users

Fig. 3 that performance of the linear decorrelator strongly
depends on impulsiveness of the channel noise. The fastest
changes of the BER curve for this detector are seen for
α ∈ [1.8, 2]. This confirms that the linear decorrelator is
very sensitive to presence of an impulsive noise.

For α > 1, LP detectors outperform ML detectors. For
α < 1, we have an opposite situation. This follows from
the fact that LP detectors are designed only for1 < p < α
(see (17)), and theoretically they should not operate when
the characteristic exponent of the channel noise is less than
1. Forα ∈ [1, 2], performance of ML detectors only slightly
depends onα. This justifies the assumption that the Cauchy
distribution is a representative distribution for theα-stable
noises withα > 1. For α → 2, LP detectors perform like
the LS detector.

6. CONCLUDING REMARKS

In this paper, new robust decorrelating detectors for DS-
CDMA communication systems with the non-Gaussianα-
stable channel noise have been presented. The proposed de-
tector schemes are derived using the leastlp norm criterion
and the maximum likelihood criterion with assumption that
the noise has the Cauchy distribution. The results of simu-
lations have shown that robust detectors offer a significant
performance improvement over the linear decorrelator. Fur-
thermore, good performance of all proposed robust detec-
tors is guaranteed for a wide range of values of the char-
acteristic exponentα that determines impulsiveness of the
channel noise. It also shown that the proposed iterative ro-
bust detectors are near-far resistant.
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