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ABSTRACT

This papers addresses the problem of non-negative source
separation using the maximum likelihood approach. It is
shown that this approach can be effective by considering
that the sources are distributed according to a density hav-
ing a non-negative support from which an adequate non-
linear separating function can be derived. In the particular
of spectroscopic data which is our main concern, a good
candidate is the Gamma distribution which allows to en-
code both non-negativity and sparsity of the source signals.
Numerical experiments are used to assess the performances
of the method.

1. INTRODUCTION

This work is motivated by the need to apply blind source
separation methods to the processing of spectral data sets re-
sulting from the analysis of multicomponent chemical sub-
stances by spectroscopy. The analysis aims at identifying
the chemical composition of the substances and at evaluat-
ing the amount of each pure component. According to Beer-
Lambert law, the measured data are a linear combination of
the unknown pure component spectra. This is a source sep-
aration problem where the source signals correspond to the
pure component spectra and the amounts of these compo-
nents are deduced from the mixing coefficients. Both the
source signals and the mixing coefficients are non-negative,
so the problem is referred to as a non-negative source sepa-
ration.

The observation model assumes thatm observed sig-
nals, notedxt = [x1(t), . . . , xm(t)]

T , are a non-negative
linear combination ofp non-observable non-negative source
signalsst = [s1(t), . . . , sp(t)]

T

xt = A st + et, (1)

whereA is the(m×p) mixing matrix whose columns define
an evolution profile of the amount of each source in the mix-
tures andet is a vector of measurement errors and model

uncertainties. Havingn samples,(t = 1, . . . , n), and using
matrix notations, the whole mixing model is expressed as

X = A S + E, (2)

whereX is the(m × n) data matrix,S is a(p × n) matrix
containing the source signals in its rows. By assuming a
known number of components, the separation problem con-
sists in estimating the source signals and the mixing coeffi-
cients that reproduce the data according to the mixing model
(2) and fulfil the non-negativity constraints.

To address this problem several approaches are possible.
The first one is based on non-negative least squares estima-
tion using either alternate optimization techniques [1, 2]or
non-negative matrix factorization methods [3]. However,
this approach suffers from the problem of non-uniqueness
of the solution, since considering only the non-negativity
constraint does not ensure the uniqueness of the decom-
position, unless under some restrictive conditions [4, 5].
Penalized least squares estimation methods allow to select
one particular solution, among the admissible ones, by con-
sidering additional assumptions [6, 7, 8]. Assuming the
mutual independence of the non-negative sources leads to
non-negative independent component analysis [9] and the
proposed algorithms are suitable forwell groundedand or-
thogonal sources [10]. As pointed in [11], using an ICA
method enforcing source orthogonality such as JADE [12]
may lead to negative estimates when the available samples
of the source signals present a spatial correlation.

The maximum likelihood source separation approach does
not impose source orthogonality but requires the choice of
appropriate non-linear functions to get the most indepen-
dent sources whose statistical distributions are close to the
density functions from which the non-linear functions are
derived. In this paper we consider the case of Gamma dis-
tributions which are good models for spectral data allow-
ing to encode both non-negativity as well as sparsity of the
sources [8, 13].



2. MAXIMUM LIKELIHOOD NON-NEGATIVE
SOURCE SEPARATION

The case of noise-free observation model and a square mix-
ing (m = p) is considered. If the number of observations
is greater than the number of sources(m > p), a dimension
reduction is necessary in order to use the maximum likeli-
hood approach. This reduction can be performed using a
(p × m) random transformation matrix before applying the
maximum likelihood approach.

2.1. Problem Statement

Under the assumptions of mutually independent and i.i.d
(independent and identically distributed) source signals, the
maximum likelihood estimate of the separating matrix,B =
A−1 is defined as

B̂ = arg max
B

p(X|B), (3)

or equivalently as [14, 15]

B̂ = arg min
B

{
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The optimization of this criterion can be achieved by the
relative/natural gradient algorithm [16, 17] which leads to
the iterative update rule
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whereŝ
(r)
t = B̂

(r)
xt andψT (z) = [ψ1(z1), ..., ψn(zn)]

and the non-linear separating functionsψj(z) are defined by

ψj(z) = −
∂

∂z
log pzj

(z). Ideally, the non-linear functions

should be obtained from the probability density functions of
the source signals [15, 16]. However, unless in some appli-
cations [18], these distributions are not knowna priori. So,
they are approximated using either high order statistics [14]
or a parametric density function model [15, 19]. The choice
of a density model allows to specify some information on
the structure of the source signal distributions. Example
of parametric models are the generalized Gaussian distribu-
tion, the Student distribution and the mixture of Gaussians.
Taking generalized Gaussian and Student distributions im-
plicitly assumes unimodal symmetrical source signals and
the mixture of Gaussians allows to consider multimodal and
asymmetrical distributions. However, none of these models
allows to explicitly account for the non-negativity.

2.2. Synthesis of an Appropriate Non-linear Function

To separate non-negative sources, the non-linear function
may be obtained through an assignment of a parametric non-
negative support density function to the statistical distrib-
ution of the sources. However, the choice of a particular
model needs additional informations or assumptions on the
source signals. In the case of spectral data, one can assume
sparse non-negative sources which can be represented by a
Gamma distribution model. The Gamma density is defined
by

p(s|α, β) =
βα

Γ(α)
sα−1 exp{−βs} Is≥0, (6)

whereα > 0 andβ > 0 are its shape and rate parameters
andIs≥0 is the indicator function. The choice of this distri-
bution is motivated by two advantages ; firstly it explicitly
accounts for non-negativity sincep(s < 0) = 0 and its
parameters allow to adjust its asymmetrical shape to fit the
distribution of the source signals. The non-linear function
deduced from this model is given by

ψ(s;α, β) = β − (α − 1) s−1, for s > 0. (7)

Since during the optimization negative intermediate esti-
mates may occur, this function is rectified as

ψ(s;α, β) = β − (α − 1)/max(s, ǫ), ∀ s ∈ R. (8)

where ǫ is set to a small value (10−3). An example of
Gamma distribution shape and the corresponding non-linear
function are shown in figure 1.
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Fig. 1. (a) Gamma distribution forα = 1.1 andβ = 4 and
(b) related non-linear function forǫ = 0.01.

2.3. Algorithm Stability

According the results of [20, 21] a sufficient condition for
the algorithm stability is

E[ψ′(s̃j)s̃
2
j ] − E[ψ(s̃j)s̃j ] > 0 ∀ j = 1, . . . , p (9)

whereE[f(s̃j)] are the non-linear moments of the centered
sources

s̃j = sj − E[sj ] = sj − αj/βj .



The calculation of all these moments yields

E[ψ′(s̃j)s̃
2
j ] = E

[

(αj − 1)

s̃2
j

· s̃2
j

]

= (αj − 1); (10)

and

E[ψ(s̃j)s̃j ] = E [βj s̃j − (αj − 1)] = (1 − αj). (11)

Consequently, a sufficient condition for the algorithm sta-
bility is

αj > 1, j = 1, . . . , p. (12)

From this stability condition, it turns out that, due to the
optimization method used, only Gamma distribution having
shape parameterα > 1 can be considered. We believe this
is the main shortcoming of such an optimization scheme.
We come back to that point in section 3.3.

2.4. Estimation of the Gamma distribution parameters

In order to handle the problem of choosing manually the
values ofθ = [α1, . . . , αp, β1, . . . , βp]

T , these parameters
are estimated jointly with the separating matrix by maxi-
mizing the joint likelihood

(

B̂, θ̂
)

= arg max
B,θ

p(X|B,θ), (13)

The minimization of the resulting criterion is obtained by
a gradient based algorithm which updates at each iteration
the separating matrix estimate using the last estimate of the
parameters and uses this new estimate to update the prior
model parameters using a gradient descent algorithm. The
separating matrix being updated using equation 5, the Gamma
prior hyperparameters are updated as follows: let{s(t)}

n

t=1

a sequence of non-negative random variables assumed to
be Gamma distributed. We want to estimate the parame-
ters of the Gamma density(α, β) from the realizations =
{s(t)}

n

t=1. The likelihood is expressed as

p(s|α, β) =

(
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Γ(α)

)n n
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t=1
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t

)
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,

(14)
and the related criterion

J (s|α, β) = −
1

n
log p(s|α, β), (15)

is given by

J (s|α, β) = −α log β + log Γ(α)−

(α − 1)
1

n

n
∑

t=1

log s(t) +
1

n

n
∑

t=1

βs(t). (16)

At eachr-th iteration of the algorithm, the parameters are
updated using the gradient algorithm according to

{

α(r+1) = α(r) − ρα∇αJ (s|α(r), β(r)),

β(r+1) = β(r) − ρβ∇βJ (s|α(r+1), β(r)),
(17)

where(ρα, ρβ) are positive learning parameters and the gra-
dients(∇α,∇β) are given as


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
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


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β
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n

n
∑
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s(t),

whereΨ(α) =
d

dα
Γ(α) is the digamma function [22]. Ac-

cording to the algorithm stability conditions 12 and the de-
finition of the Gamma density, the values ofαj andβj are
forced to satisfyαj ≥ (1 + ǫ) andβj ≥ ǫ whereǫ is set to
a small value (10−3).

3. NUMERICAL EXAMPLE

The source signals and mixing coefficients are simulated in
such a way to get mixture signals similar to spectometric
data sets. Each source signal is obtained by a superposi-
tion of K = 15 of Gaussian and Lorentzian shapes with
different randomly chosen parameters (location, amplitude
and width). The mixing coefficients are also simulated to
get evolution profiles similar to what we get in kinetic reac-
tions. Figure 2 shows an example ofp = 3 normalized (unit
variance) source signals ofn = 1000 samples and the mix-
ing coefficient evolution profiles form = 3 observations.
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Fig. 2. Simulated source signals and mixing coefficients.



3.1. Performance Measures

To assess the separation performances of the tested algo-
rithms, we use the normalized mean square error, notedEsj

,
and defined by

Esj
=

(

n
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(sj(t) − ŝj(t))
2

)

/
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n
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sj(t)
2

)

, (18)

whereŝj is the estimate of thej-th sourcesj . This index
measures the quality of the source reconstruction. To asses
the estimation quality of the mixing matrix, we use the per-
formance index notedPI and defined by

PI =
1

2p (p − 1)
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wheregij is the(i, j)-th element of the matrixG = B̂A.

3.2. Noise-free Case

The empirical covariance matrix of these sources

R̂s =





1.00 0.13 −0.18
0.13 1.00 −0.22
−0.18 −0.22 1.00



 , (20)

is not diagonal showing that the available samples of the
sources present a significant spatial correlation, therefore
applying a separation algorithm enforcing orthogonality leads
to an incorrect solution, as illustrated in figure 3 where neg-
ative estimates obtained with JADE algorithm [12] can be
seen. Due to the non orthogonality of the available sam-
ples of the sources the NNICA algorithm may also lead to
negative estimates, as illustrated in figure 4.
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Fig. 3. JADE results: (a) Estimated second source signal
(the true source is shown in dotted line) and (b) estimated
(circles) and true (cross) mixing coefficients.

On the other hand, applying methods, such as NMF,
which are based only on non-negativity do not provide a
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Fig. 4. NNICA results: (a) Estimated second source signal
(the true source is shown in dotted line) and (b) estimated
(circles) and true (cross) mixing coefficients.

unique solution since the necessary conditions for the unique-
ness (see [5]) are not satisfied (it can be checked out in
the mixing coefficient profiles since there in no zero coeffi-
cient). Figure 5 shows some admissible solutions obtained
by several different initializations of the NMF algorithm.
The point is that we cannot know in advance the one which
will be recovered.
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Fig. 5. NMF results: (a) Estimates of the third source signal
and (b) estimated mixing coefficients of the third source.

Figure 6 shows the estimation results using the maxi-
mum likelihood approach with a Gamma distribution model
(the method is termed as MLPSS formaximum likelihood
positive source separation). It appears that the non-negativity
of the mixing coefficients is ensured even if this constraint
has not been taken into account by the separation algorithm.
This result can be explained by two points. Firstly, the dis-
tribution of the source signals is well fitted by the gamma
distribution resulting in a correct estimation of the sources.
Secondly, the mixing model is noise free, so a good estima-
tion of the source signals ensures the non-negativity of the
mixing coefficients.

The performances of the applied methods are summa-
rized in table 1 and the comparison shows that, in the case
considered, the maximum likelihood separation approach
with gamma distribution model leads to better performances.
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Fig. 6. MLPSS results: Estimated source signals and mix-
ing coefficients using the maximum likelihood approach
(the true source signals are shown in dotted lines). The al-
gorithm was run withµ = 0.001, ρα = ρβ = 0.01 and
iterated forrmax = 10000 iterations.

Table 1. Comparison of the performances. The perfor-
mance indexes are expressed in decibels (dB)

JADE NMF NNICA MLPSS
EA -10.58 -16.20 -15.11 -35.88
EB -10.96 -15.88 -14.19 -42.25
EC -17.40 -14.14 -39.41 -40.30
PI -12.06 -15.67 -15.90 -38.32

3.3. Case of Noisy Observations

In order to discuss the performances of the method with re-
spect to the noise level, a random Gaussian noise is added
to the mixtures. The noise level is assessed using the sig-
nal to noise ratio (SNR) defined for eachi-th mixture as the
ratio between the variances of the noise-free mixture signal
and thei-th noise sequence. Figure 7 shows the evolution
the performance indexes reached by the NNICA, MLPSS
and BPSS (method based on assigning a Gamma distrib-
ution prior on both the source signals and mixing coeffi-
cients and estimation using Monte Carlo Markov chain sam-
pling [23]) algorithms with respect to the noise level. For
high SNR, the use of a Gamma distribution prior either us-
ing maximum likelihood or Bayesian estimation approaches
perform better than NNICA. In spite of the fact that BPSS
and MLPSS use the same prior model on the source signals,
they yield different results for high SNR which can be ex-
plained by the restriction of the Gamma distribution shape
parameter to be greater than unity in order to ensure the gra-
dient algorithm stability. When the noise level increases, the

performance of the MLPSS decreases since the maximum
likelihood approach does not take into account the additive
noise in the observation model. To overcome these limita-
tions, an alternative method would be to use expectation-
maximization algorithms, allowing to jointly estimate the
mixing coefficients and the noise covariance matrix and to
consider sources with Gamma shape parameter0 < α < 1.
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Fig. 7. Influence of the noise level on the performance index
reached by NNICA, MLPSS and BPSS methods.

4. CONCLUSION

The aim of this paper was to show that the maximum likeli-
hood approach can be applied successfully to the separation
of non-negative sources, provided that adequate non-linear
functions are used. The non-negativity of the source signals
is accounted through the synthesis of a non-linear function
derived from non-negative support probability density func-
tions as prior models of their distributions. In the case of
spectral data, the source signals are non-negative and sparse.
These informations are accounted by using a Gamma distri-
bution model which due to the stability condition should be
constrained to have a shape parameterα > 1. The result-
ing algorithm is illustrated through a simulation example in
the noise-free case and compared with other available ap-
proaches. The results of the separation using the proposed
approach are good when the actual source distributions can
be well approximated by a Gamma density, as it the case for
spectral data. If not, other distributions should be consid-
ered. The analysis of the performances in the case of noisy
observations pointed out the need to use alternative methods
allowing to jointly estimate the mixing coefficients and the
source signals. In this context, expectation-maximization
algorithms can be used to account for the noisy observation
model and a Bayesian source separation approach can be
used to incorporate the mixing coefficient non-negativity.
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